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NPEIUCIOBUE TUTYIbHBIX PENAKTOPOB

HacToamec uananue «C6opHUKA 33124 110 MATEMATHKE JJIA BTY30B»
HOABEPIIIOCH 3HAYUTEJLHOM IepecTaHOBKe INIaB U UX PACIpeneJeHUI0
1o ToMaM. B pesyabrare nepBblif TOM COREPAUT ajredpauveckue pas-
IeJbl Kypca BhICHIEH MaTeMaTHkH, B TOM YHCIIEe BEKTOPHYIO aarebpy u
QHAIUTHUYECKYIO T€OMETPHUIO, OIPEICIUTETN U MAaTPUILbI, CUCTEMBbI JIH-
HCHHBIX ypaBHEHUIf, JUHEHYyI0 aarebpy M HOBBIH pasgen — obIyro
anrebpy.

Bropoit ToM HOIHOCTHIO OCBALIEH U3I0AKEHUI0 0CHOB MaTEMaTH-
YEeCKOro aHadusa, nqud(GepeHnuaIbHOMy U UHTErPAJILHOMY MCYUCIE-
HUAM (QYHKIUI OfHOI M HECKOJbKHX IEepEMEHHbBIX, a Takme gudde-
PEHIUANLHLIM yPaBHEHUAM.

B Tperbem TOMe cOOpaHbI CHeMUAJbHbIE Pa3geNbl MaTeMaTHye-
CKOT'0 aHaJIN3a, KOTOPBIE B Pa3IMYHLIX Habopax U ob6bemax u3yvyarorcdA
B TEXHUYECKUX By3aX U yHuBepcurerax. (I0fa OTHOCATCA Takue pas-
JeNbl, KAK BEKTOPHBIIl aHAIU3, 3JIeMEHTbI TeOpUU QYHKIUN KOMILIEKC-
HOIf IepeMeHHOI, PANbI X UX IPUMEHEHUE, ONepalOHHOE HCHHCIEHHE,
MeTO0IbI ONITUMU3ANUY, YPABHEHUA B YaCTHBIX IIPOU3BOJHBIX, a TaKKe
HHTErpajbHble YDaBHEHUA.

Hakouer, 4eTBepTHIN TOM COIEPAUT TEOPETUYECKUE BBEICHUA, TU-
HOBbIE IPUMEPBI U IUKJILI 33144 0 TEOPUU BEPOATHOCTEH U MaTeMa-
TUYECKOM CTaTHUCTUIE.

Yra3aHHbIE BbIIIE UBMEHEHUA COCTABIAIOT JUIIb CTPYKTYPHYIO Ie-
pepaborky COopHMKaA, HUKOUM 00pa3oM He 3aTparuBas HU PaCIOJIOAKe-
HUA MaTePUaJla BHYTPU COOTBETCTBYIOIIEH IN1aBbl, HU HOCJIEI0BATEIb-
HOCTHM HyMepaunuu IPUMEPOB U 3amad.

B cMbIc/0BOM OTHOIIEHUY ABTOPHI BHECJIM TOJMBKO CIEIYIOLIVE U3-
menenus. Bo Bcex pasmenax COOPHHMKA MCKIIIOUEHDLI TEOPETUYECKUE
BBEICHUA U IUKJIbI 3a0a4, CBA3AHHbIE C YUCIEHHLIMU MerogaMu. Jleno
B TOM, 4YTO B HACTOAILIEE BPEMA CYLIECTBYET IEJIbIH PAX HPOTPAMMHBIX
000s04yer, Kasmaad U3 KOTOPLIX peajiu3yeT HOCTAaTOYHO MOJHBLIN Habop
CTAHZAPTHBLIX METOIOB IPUOIMAREHHOI'O PEIIEHUA 33434, a OCHOBHBIE
HaBbIKM paboThl ¢ KOMIBLIOTEPOM MOMHO NMPHOOpPECTH YKe B LIKOJIE.
ABTOpLI HOCUMTANM TaKKe HEOOXOIUMBIM 100aBUTL OQWH HOBLIH pas-
ned «OcHoBbI 06111e#t anredphly U IPEIIoAUTD HUKI 33134 II0 TeH30PHOH
anrebpe B pasgeine «/luneitHaa anrebpas B MepBLIi, «aaredpauyecKuin
roM COopHHMEKA. ITO CBA3AHO C TE€M, UTO KPYr MAEH U METONOB OO1ei
anredpsl BCe rIy0m&e MPOHUKAET B HAYKOEMKHE OTPACJIM IPOMBILILIEH-
HOCTH U, CJIeJ0BATEILHO, CTAHOBUTCA HeobXoqumMoil gacTbio 0bpasoBa-
HUA ¥ MOATOTOBKU CHEIHAJMCTOB II0 UH/REHEPHLIM CHEIHATLHOCTAM.

Kpome ormeueHHOro BbIiIe, aBTOPAMM BLINOJHEHA CTAHIAPTHAA
TCXHUUECKaA paboTa 0 UCIPABJIEHUIO OIINOOK, OIMCOK U JDYTUX He-
TOYHOCTE!, yYTEHbI TaKARe BCe 3aMEYaHHUA, BO3HUKABIINE B IIponecce
pabotnl ¢ npenpinymuMu usganuamMu COopHUEKa.

A. B. Egumos, A. C. Ilocneaos



['maBa b
BBEIEHHE B AHAIH3

§ 1. [lefictBuTENBHEIE UHCAA.
MmuomecrBa. Jorxdeckad CHMBOJHKA
1. llonarue peficTBuTeNbHOro ymena. V3 kypca MaTeMaTHKHN CpeqHei

LIKOJIBI M3BCCTHO, YTO BCAKOE HEOTPUIATEIbHOE delicmeumebroe uucao
T mpencrasiAercA 6ecKOHEYHOIT IecATHYHON Npobbio

[z)z120 - 0 (1)
rie [z] —— HauGoubluee HEN0€ W0, HE NPEBOCXOALIEE T U Ha3bIBAEMOE
yeaol wacmpio uncaa z, t, € {0, 1, 2, ..., 9} naa mwoboro n € N.

Ilpu 3ToM mpobu, y KOTOPLIX T, = 9 miA BCex n = ng (N9 — HEKOTO-

poc HATYpaJbHOE YHCIO0), OOBIMHO MCKIIYAITCA M3 PACCMOTPEHMA B CHIY
CJIEIYIOLX PABEHCTB:

(2],999... = [z] + 1,
[z), 2122 .. . pg-1999... = [z],z1Z2 ... (Tng—1 + 1) (R0 > 1, Tpy—1 #9).

JleticTBUTEILHOE YMCI0 T PAYUOHGLLHO, T.€. NPEACTABHMO B BHUIE OT-
m

HOLIEHUA —, M, N € Z, B TOM U TOJALKO B TOM CJaydae, xorma mpobn (1)
n

nepuoguYecKkad. B mpOTHBHOM Ciiydae 4uciio T UPPaYUOHAALHO.
Ab6coaromnoti 8eaununotl 1 modysem DEACTBUTEILHOrO YKUCIa T Ha-
3bIBACTCA HEOTPUIATEILHOE THCIO0

2] rz, ecmu z 20,
z| =
-z, ecm x <0.

llpexnomaraerca, 4To mMpaBHiIa CPaBHEHHA NEHCTBHTENBHBIX HICed, a
Takme apudMernyeckue onepauuy Hajg HUMH HM3BECTHBLI M3 Kypca MareMa-
TUKU CPegHEeH IIKOJILI.

5.1. Jlorasath, 4TO WHCIO
0,1010010001...10...01...
N—
n

HPPANMOHAILHO. BrInucars Mo TPY HEPBHIX YIEHA U3 TOCICAOBATENb-
HoCTelt KOHEYHLBIX JeCATHYHBIX Ipobel, npubarRamuX 5T0 YUCIO0 C
HEJOCTAaTKOM M C U30LITKOM.



8 I'n. 5. BBegenue B anau3

5.2. Ciacoyromme upcaa MPeACTABUTL B BUAC NPABUILHLIX PALUO-
HaJbHBIX Apobeit:

a) 1,(2); 6) 3,00(3); B) 0,110(25).

5.3. llokazatn, uTo wuciao lg 5 uppanuoHaanHO.

< Tlpennonomum, uto 1g 5 —— palMOHATILHOE HHEJIO, T. C.
m
lgb=—; m,nez.
n
Torga:

lom/n =5, 10" = 5:1’ om . 5m — gn.

Ho nocnienHee paBeHCTBO HEBO3MOMHO: YUCIO 2 BXOOUT B PA3JjIOiKeHHE JIEBOH
YacTH Ha NPOCTbIE MHOMMUTENIM, HO HE BXOOUT B AHAJIOTHYHOE Pa3OmeHHe
IJIA TPAaBOM YacTH, YTO NPOTUBOPEIUT ENUHCTBEHHOCTHU PA3JIOREHUA NEeJbIX
qKCelT Ha NPOoCThie MHOKUTEAH. 1[09TOMY HCXOOHOE IPERIoIIOKEeHEe HEBEPHO,
U, CJIENOBATEIBHO, YUCI0 g § uppamuoHansHo. >

HoxasaTb, YTO CIENYIOIIKE YUCIA UPPALHOHAILHEI:
5.4. /3. 5.5. Y/p, p —— mpocroe uucao, n > 1.

5.6. 2+ /3. 5.7.vV2+ V3.

5.8. logs p, p — mpocroe uuco.
s
5.9. 3 + wn, n € Z, eciiu U3BECTHO, YTO 7T UPPALUOHAJILHO.

B zagauax 5.10-5.13 cpaBHUTL yka3aHHLIE YHCIA.

5.10. V2 — 5 u V3 — 2.

< IlpennosnomiM, 4T0 BEPHO HEPABEHCTBO

V2-V5<V3-2. )
Torna:
V2+2<V5+ V3,
6 +4v2 < 8+ 2V/15,
2v2 < 1+ V15,
8 < 16 + 2V15.

Tak kKax mociegHee HEPABCHCTBO BEPHO, TO B CHJIy 0GPATIIMOCTH BBIIOJHEH-
HBIX NPe0Opa30oBaHUIl BEPHO U UCXOAHOE HEpaBeHCTBO (2). >

1 1 1 lg (1/7) 1 1g (1/5)
5.11. 10g1/2 § u 10g1/3 5 5.12. (g) u (?) .
5.13. logjeg, 2 3 M 1.
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He nons3ysch Tabnuuamu, 10KasaTh CIELYIOLIMC YUCIOBLIE HEpa-
BEHCTBA:!
1 1

5.14. log; 10 + 41g3 > 4. 5.15 + — > 2.

“logym  loggm
5.16. 10g4 26 > 10%6 17.

5.17. lorazaTs, 4TO MOLYIh HEACTBMTEILHOTO YKCia 0baamxaer cie-
IYIOIIUMU CBOMCTBaMM:

a) |z| = max {z, —z};
z| _ el
6) e -3l = ol Iyl |2 =
| vl lyl’
B) |z +yl <ol + 1yl u o —y| > ||2] - |yl]
(nepasencmea mpeyzoavnuKra);

r) Va2 = |a.

Peururn ypasuenusn:

5.18. |3z — 4| = 1/2. 5.19. Va2 4 2% = 0.
9 20 — 1
520. | —224+2x-3|=1. 5.2l |—/——|=1
z+1

5.22. \/(z —2)2 = —x + 2.
Peututs HepaseHcTsa:
5.23. |z —2| > 1. 5.24. |22 — Tz + 12| > 2? — Tz + 12.

1
5.25. 22 +2/(t +3)2-10<0. 5.26. —— <4 —1.

z —1|
527. /(z+1)2< -z —1.

2. MHuomecTBa ¥ onepanuy Hag HUMH. [lon MHOK€CECTE0M MOHMMACTCA
1100aA COBOKYMHOCTH 00'bCKTOB, HASBIBAEMBIX 3JEMEHTaMH MHOMKECTBA.

3amuck ¢ € A o3Havaer, YTO 0OHEKT @ CCTh 3IeMeHT MHoMmecTBa A (nmpu-
HAIJCKRUT MHOKCCTBY A); B IPOTHBHOM ciiydae muuryT a ¢ A. MHomecTBoO,
He cOofepskalliee HU OQHOTO 3JIEMEHTa, HashbIBAETCA NYCMbiM U 0003HAYAETCA
cumponom @. 3amucs A C B (A comepmurca B B) o3Hauaer, 4T0 KaKablil
BJIEMEHT MHOKECTBAa A ABNAETCA JIEMEHTOM MHOmecTna B; B 3TOM ciydae
MHORECTBO A HasbIBacrcA nodmuorcecmseom muomectsa B. Muomecrsa A
u B HaspiBawor pasubimu (A = B),ecimn A C B u B C A.

Cy1luecTByOT ABa OCHOBHBLX CIOCO6A OOMCAHUA MHOMECTB.

a) MHOecTBO A OIpenensacrcd Henocp eACTBEHHBIM €D EYHUCIEHHEM BCEX
CBOUX 3JIEMEHTOB A1, A3, ..., Ap, T.€. 3ANUCHLIBACTCA B BUMIE

A={ay,as, ..., an}.

6) MHOmeCcTBO A OnpenenAaercsa Kak COBORYNHOCTh T€X M TOJBKO TeX 3Ie-
MEHTOB M3 HEKOTOPOrO OCHOBHOTO MHORECTBA 1, KOTOpPBIE 001ama0T O6LINM



10 I'n. 5. Beegenne B aHaaIus

cBOficTBOM . B 3TOM Cciyuae menonns3yerca 06o3HaueHue
A={zeT|alz)},
rie 3anuch «(T) 03HAYaeT, YTO SNEMEHT T 00J1aZacT CBOHCTBOM Q.

Mpumep 1. Ouucats nepeYUCICHHEM 31EMEHTOB MHOMCCTRO
A={zeZ|(x-3)(z*~-1)=0 u z > 0}.

<4 A ecTh MHORECTBO BCEX LENLIX HEOTPULATENLHBIX KODHEH ypanHeHUA
(z — 3)(z? — 1) = 0. Cnenorareanto, A = {1, 3}. >
Ob6vedunenuenm muomects A u B HazbIBaeTCA MHOMKCCTBO

AUB = {z|z € A wm z € B}.
IHepeceuenuem MuOmeCTB A U B Ha3bIBaETCA MHOMKECTBO
AnNB={z|z€ A n z € B}.
Pasnocmuio MHOmecTB A 1 B Ha3bIBAETCA MHOMKECTBO
A\B={z|r€e A u z ¢ B}.

Ecnn, B yactHOCTH, A — NOOMHOKECTBO HEKOTOPOrO YHIBEPCAILHOTO MHO-
mectBa T, To pagHocts T\ A ofo3uauaerca cuMoinoM A u HaswiBaercA do-
noanenuem Muomecrsa A (no muomectsa 7T').

5.28. YcraHoBUTDh, KakaA U3 ABYX 3alKCE}l BepHA:
a) {1,2} e {1,2,{1,2,3}} mm {1, 2} C {1, 2, {1, 2, 3} };

6) {1, 2} € {1, 2, {1, 2}} mm {1, 2} C {1, 2, {1, 2}}.

B samauvax 5.29-5.34 ykasaHHbIe MHOMKECTBA 3aLaTh Iepeducie-
HHEM BCEX CBOHMX DJIEMEHTOB.

529. A= {z € R|z® - 32% + 22 = 0}.
1
5.30.A={z€R|m+;<2nx>0}.
5.31. A= {z € N|z? - 3z —4 < 0}.
1
32, A= <2<l
5.32. A {:L‘EZ|4 2 <5}

5.33. A = {a: € N| logy /s % < 2}.

534. A={z € R|cos?2x=1u 0<z <27}

W306pasurth Ha KOOPAMHATHON IJIOCKOCTH CIICHYIOLIMe MHOMKE CTBA:
5.35. {(z, y) e R’ |z +y—2=0}.

5.36. {(z, y) € R?*|z? —y? > 0}.

5.37. {(z, y) € R?| (> —1)(y + 2) = 0}.
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5.38. {(z,y) €R*|y>+V2z+1 u 2z+1 > 0}.
5.39. {(z, y) e R*|y? > 2z + 1}.

5.40. {(z,y) e R?|2"T =42 +4 u 271 Ly}
5.41. {(z, y) € R?| cos 2z = cos2y}.

5.42 {(x,y)€R2l ,a:;éO,y;éO}.

5.43. OnucaTs mepeyncieHneM BCEX 3JIEeMEeHTOB MHOmecTBa AU B,
AN B, A\B u B\A, ecin

A={z€R|z?+2-20=0}, B={zcR|z*—z+12=0}.

1 1
_>_
Ty

3anucs m|n, rue m, n € Z, 03Ha4aer, 4T0 YUCIO M €CTh NeJH-
tenb yucaa n. Qmucarth cienyionme MHOKECTBA:

544. {r eN|z|8uz #1}. 545 {z€Z|8|z}.

5.46. {z e N|z |12} N {z € N|z|8]}.

5.47. {x e N|12|z} Nn{z € N|8]|z}.

5.48. Jloxasarhb, 4T0:

a) paBeHctBo AN B = B BEpHO B TOM 1 TOJLKO TOM CIIydae, KOrIa
B C A;

6) pasencTso AU B = B BepHO B T0M 1 TOJBKO TOM ClIy4ae, KOTa
ACB.

5.49. Ilycts A = (-1, 2] u B = [1, 4). Hatttu muomectsa A U B,
AN B, A\B, B\ A u u306pa3urh nx Ha YMCIOBOH OCH.

IIpunsas orpesox T = [0, 1] 3a yHuBepcanbHOE MHOKECTBO, HAHTH
1 u300pa3uTh HA IMCIOBOM OCH JOMOJHEHMA CIACLYIOIIMX MHOMECTB:

5.50. {0, 1}. 5.51. (1/4, 1/2). 5.52. (0, 1/2].
5.53. {1/4} U[3/4, 1).

5.54. Jlokazarnb, 4T0 onepanusA B3ATHUA TOIOJHEHUA 00nanaer CBoii-
CTBOM peduaercusrocmu:

@ = 4,

a TaKMe CBA3aHa C OTHOIEHMEM BRIOUeHMA C u onepauuamu U u N
CIeOYIIINMHA 3aK0OHAMU deoticmeennocmu:

ecu ACB, 10 ADB;
AUB=ANB u ANB=AUB.

5.55. [lokazatsb, ¥yro onepauuu U 1 M CBA3AHBI 3aK0OHAMU OUCTIPU-
bymusnocmu:

(AUB)NC=(ANnC)u(BNC(C),
(ANB)UC =(AUC)N(BUCO).
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Ucnonndya pesynbrarsl 3amad 5.54 u 5.55, MOKa3aTh CACIYHOLINC
PaBeHCTBA: o
5.56. AABN(AUB) = A.

< Tak kak AU B = AN D, to 7eBas 4acTh OOKA3LIBAEMOI0 PaBCHCTBA
NPUHUMAeT BUL

(A\B)N(ANB) = (A\B)U(AUB) =A. >

5.57. A\B=ANB. 5.58. A\B=AUB.
5.59. AN (A\B) = AN B.

Onepauun U u N ecrecTBeHHBIM 06pa3on 00001IAIOTCA HA CayYalt Ipous-
BOJIBHOTO (KOHEYHOrO iu 6eCKOHEYHOro) cemciicTsa MuomecTs. IlycTs, Ha-
npuMep, 3a1aHo cemeicTso MHOMECTB A,, n € N. O6vedunenue MHOKECTB
310r0 ceMeiicta ofo3Hauaerca cuMpoioM () A, M ompemendercsa wak MHO-

neN
/KECTBO BCEX TEX 3JIEMEHTOB, KaKIBIH U3 KOTOPHIX NPUHAMLIECHKUT MO0 MEHb-
reit Mepe onHOMY U3 Muomects A,. Iepecevenue () A, onpeneaserca Kak
neN
MHOECTBO BCEX 3JEMEHTOB, IPUHANJICKALLINX KaRIOMy U3 MHOMECTB Aj,.

Ilns 3amanubIxX cemeidicts MHOKeCTB Ay, n € N, Haittu | A, u

neN
N An:
neN
5.60. A, ={z€Z| -n<z<n}.
11 1
61. A, = {3n—2, 3n—1}. .2.A={1,—,—....,—}.
5.61. A, = {3n 3n—1}. 5.62. A, 5 3 -

5.63. Ilycts A — MHORECTBO BCEX TOYEK IJIOCKOCTH, 06Pa3yIOIIMX
CTOPOHBI HEKOTOPOTO TPEYTOJLHHUKA, BIMCAHHOTO B 3aJaHHYI0 OKPYH&-
Hocts. Omnucatsb (cioBecHO) 00beIMHEHHC U IEPECEYEHME BCEX TAKMX
MHOKECTB, €CJIH:

a) TPEYTOILHUKM TPOU3BOJILHLIE;

6) TpeyroabHUKM MPABHILHLIC;

B) TPEYrOJLHUKU NPAMOYTOIBHLIE.

Muomectso X HasbIBaeTCA CYemHbimM, €CIN MORET ObITh YCTAHOBJIEHO
B3aMMHO OIHO3HAYHOE COOTBETCTBHE MEKAY 3JIeMeHTaMU HTOr0 MHORECTBA U
aneMeHTaMu MHOMecTBa N Beex HaTypaJbHBIX 4YHCEJI.

MIpumep 2. llokasatsb, 4TO MHOMKECTBO Z BCEX LEJLIX YHCEN CUCTHO.
< YcTaHOBMM B3aMMHO O[HO3HAYHOE COOTBETCTBHE MERILY IEMEHTaMH 3T0r0
MHOMECTBA ¥ HATYPaJLHBIMU YHCIAMU, HapUMEp, YIOPAIOYUB MHOMKECTBO
Z cnenyrouuim 06pasom:

0,1,-1,2,-2,3,-3,...,

a 3aTCM BCAKOMY LEJIOMY YHCJIY IIOCTaBHB B COOTBETCTBHME €r0 NOPAIKUBBIMN
HOMED B 3TOH MOC/Ien0BATEILHOCTH. [>
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IoxazaTh, YTO CIEIYIOLIME MHOMKECTBA CUETHBEL:

5.64. {n € N|n =2k, k € N}

5.65. {n € N|n = k% ke N}.

5.66. {n € N|n =2 ke N}.

5.67. lloxazaTth, uTo ecau MHomecTBo X cuero 1 A C X — ero

0€eCKOHETHOE TIOIMHOMKECTBO, TO MHOmecTBo A tanxe cuerHo. Menons-
3yA 9TOT pe3ynbTaT, NOKA3aTh, YTO MHOKECTBO

(neZ|n=k*—-k+1, ke N}

CYETHO.
5.68. Ilycts X1, Xo, ..., X, ... — cuerHble MHOKecTBa. Jloka-
3ath, yT0 ux obbenuuenue |J X, — cuerHoe MHOKECTBO.
neN
Yraszanue. llycte X, = {Tn,1, Tn,2y - -+ Tn, 1, -..}. TODHA BIEMEHTHI
muogectsa |J X, MORHO 3amucaTh B BUOE Cledyoliel Tafiunbl:
neN
«TI,I, 1‘1,2, ey 1‘1’1, ey
T2,1, T2,2y, ++-y T2ly ---,
Tn,1, Tn,2, y  Tn,ls )

Il Toro uTo6bI HOKA3ATH CueTHOCTH MHOKeCTBA |J Xp, JOCTATOYHO Temeps
neN
3aHYMepOoBaTh KaKkMM-1100 06pa3oM BCe 371€MEHThI 9TON TabIUIBI.

Ucnonws3ya pesyiaprar 3amauu 5.68, morxaszaTh, 4TO CJedyiomiue
MHOMRECTBA CYETHBI:

5.69. Q = {a: eER|z = —Tg IJIA HEKOTOpBIX M, N # 0 us Z} —

MHOKECTBO BCEX PAUMOHAIBHBIX YHCEI.

5.70. MHOomecTBO BCeX TOUEK INIOCKOCTH C PALMOHAIBLHBIMU KOOD-
IVHATAMM.

5.71. MuomecTBO BCEX MHOIOWIEHOB C PALMOHAIBHBIMKU K03 hu-
UEHTaMHU.

3. Bepxmue u uumume rpand. Ilycts X — npou3BoIbHOE HENMYCTOE MHO-
HecTBO neficTeuTenbHbIX yncen. Yueao M = max X HasbIBaeTcA nauboab-
wum (MeKCUMAILHbIM) deMeHTOM MHOomecTBa X, ecnu M € X u naa
BCAKOTO = € X BBINOJHAEICA HepaBeHCTBO T < M. Amamormudo ompe-
HeJIAETCA MOHATHE HAUMEHbWEZO (MUHUMAAbHO20) BIEMEHTa m = min X
MHORecTBa X . :

Muomectso X HaA3LIBAETCA 02PAHUMEHHBLM CEEPTY, €CIM CYLIECTBYET
IeMCTBUTENLHOE YKCIIO0 @ TaKoe, 470 T K a 1A Bcex ¢ € X. Beaxoe uucio,
o6J1amaomiee sTUM CBOACTBOM, HA3LIBAETCA 6eprHell epanbl0 MHOKecTBa X.
[l 3amaHHOr0 OrpaHMYEHHOr0 CBEpXy MHOmMecTBa X MHOMKECTBO BCEX €roO
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BEPXHHUX rpaHell MUMeeT HaUMEHBIIUH 3JeMeHT, KOTOPBI Ha3bIBAETCA MOoY-
notl eeprreti 2panbo MHoKecTBa X U 0003HauaercA cuMBoioM sup X . Oue-
BuaHO, sup X = max X Torma u ToJbkKO TOrma, xorma sup X € X.

AHanornyHo ONpPenenATCA MOHATHA 02PAHUYEHHO20 CHU3Y MHOMKECTBA,
HUNCHET 2pany U Mounot wudxcHel 2panu MHOMecTBa X ; mnociaenHdd 000-
3Havaercsa cumsosioM inf X .

Muoxkecrso X, OrpaHMYEHHOE CBEPXY M CHU3Y, HAa3bIBAETCA 02paHl-
YEHHDIM.

Hpumep 3. Halitu TouHbIE BEPXHIOI M HUKHIOI TPAaHU MHOMKECTBA
[0, 1).
<] 9TO MHOKECTBO He MMeeT HAauOOJbLIEr0 3/IeMEHTa, TaK KaK JJIA BCAKOrO
z € [0, 1) nantperca y € [0, 1) raxoe, uto y > x. MHOKECTBO BEpXHMX
rpaxefi iua noayusTepsada [0, 1) — 9To MHOmecTBO [1, +00) ¢ HAUMEHBLIIUM
snemeHTOM, paBHbIM 1. Ilosromy

sup[0, 1) =1,

npuuem 1 ¢ [0, 1).

C mpyro#t CTOpOHBI, HAUMEHBIIMI IEMEHT JIA PACCMATPUBAEMOr0 MHO-
mectBa [0, 1) cywecrsyer u paser 0. MHOMECTBO HMAHUX TpaHelt — 310
MHOKeCTBO (—00, 0] ¢ HANGOIBIINM HIEMEHTOM, PABHBIM HYIII0, KOTOPLIH U

AABJIAETCA TOYHON HuHel rpaHbio nonyuntepsaia [0, 1). Taxum oGpasom,
min [0, 1) =inf [0, 1) = 0. >

5.72. Jloxazarb, 4TO NPUBENEHHOE BBIILIE OIPENEJEHHE TOYHOMN
BEDXHEIl I'PAHU SKBUBAJEHTHO CIEXYIOLIEMY:

Yucao M ecthb TOYHAA BEPXHAA rpaHb MHokectBa X B TOM M
TOJNBKO TOM CIIy4ae, €Ciu:

1) x £ M nas scex = € X

2) mas Beawroro € > 0 Haitgerca snemeHt £ € X Takoif, 4ro x >
> M —e. L1 .

5.73. llycts X = {1, 203 }

a) YKa3aTh HAMMEHDBIINH 1 HaubOABIINIA BIEMEHTBI 9T0T0 MHOKeE-
CTBA, ECJIM OHH CYIIECTBYIOT.

6) HaxoBbl MHOKECTBA BEDXHMX M HMWKHMX TDAaHEH IJA MHOKe-
crea X7 Haitru sup X u inf X.

Haa cremyromyx MHO&eCTB Haitth max X, min X, sup X u inf X,
€CJIM OHU CYIIECTBYIOT:

1
5.74. 1 = {m€R|m= o neN}. 5.75. X = [1, 1].

n?

576. X ={r €Z| -5<z<0}. 577. X ={ze€R|z <0}
m

5.78.X={a:€R|ac=—; m,n€N un m<n}.
n

5.79. llycrs X -— MHOMKECTBO BCEX PANMOHAJILHBIX UHCEN, yIOBJE-
tBopatommx yeaopuio 72 < 2. Ilokazars, uro MHoKecTBO X HE MMeer
Haubospmero snementa. Hafttu sup X.
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5.80. IIycts X C R — npou3BoJIbHOE OrPAHMYEHHOE MHOKECTBO.
lloxasars, uro muomecrBo —X = {z| — 2 € X} Takmke orpaHuYeHO
¥ CIpaBe[JIMBLEI PABEHCTBA

sup (—X) = —inf X, inf(-X)= —supX.

5.81. Tlycts X, Y C R — mpousBosbHbIE OrpaHWYEHHEBIE CBEPXY
MHO&eCTBa. [l0Ka3aTh, YTO MHOMECTBO

X+Y={zeR|z=z+y,z€ X, yeY}
OTPAHUYEHO CBEPXY U
sup (X +Y) =supX +supY.

5.82. Ilycts X C R — orpanuuensoe csepxy u ¥ C R — orpa-
HUYEHHOE CHM3Y MHOMKecTBa. JlokasaTh, 4T0 MHOAECTBO

X-Y={zeR|z=z-y,z€X,yeY}
OIDAHUYEHO CBEPXY U
sup(X —Y) =supX —infY.

4. Jlornvecraa cumBoauka. IIpy s3anncy MaTeMaTHYECKUX PacCyRIEHUM
11e71eC006Pa3H0 IPUMCHATH 3KOHOMHYI0 CUMBOJIMKY , HCIOb3YEMYIO B JIOTUKE.
Mb1 yrameM 31€Ch JMIIL HECKOJABKO Haubolee NPOCTLIX U YIOTP eOUTRIbHBIX
CHMBOJIOB.

ycts «, B, ... — HEKOTOPBIE 6bICKA3BIBAHUAL WIM YMEEPHCOEHUA,
T. €. [OBECTBOBATENIbHBIE [IPEIJIOREHIA, OTHOCUTEIBHO KaZI0r0 U3 KOTOPBIX
MOKHO CKa3aTh MCTUHHO OHO HJIU JIOMKHO.

3anuch & 03HAYAET «HE (v, T.€. OMPUYGHUE YTBEPAICHUA Q.

danuces o => [ 03HAUaeT: «M3 YTBEDKIEHHMA « CJIENYyeT YTBepmIe-
Hue f» (= — CUMBOI UMNAUKAYUL).

danuch a < [ 03HauaeT: «yTBEPMIEHME (@ HKBUBAJEHTHO YTBEPARIE-
HUIO O, T.e. U3 a cienyer S u u3 § crenyer o (€ — CUMBOI 9K6UBAAEHTN -
HocTu,).

3anuce a A B osHauaer «a u B» (A — CHUMBON KOMDIOHKYUY).
3amuce o V § o3nauaer «a win » (V — cUMBOI Ju3 BIORKYUY).

3anuce
Vz e X a(x)

03HA4aeT: «IJIA BCAKOro aeMenTa T € X uctunHo yrBepmnenue a(z)y (V —
KBAHMODP 6CLO6UHOCTIU).

3anuce
dz € X a(z)

03HAYaeT: «CYLIECTBYET 3JEMEHT £ € X TakoH, 9TO IJIA HEro UCTUHHO yTBEP-
muenue a(z)» (3 — xeanwmop cywecmsosanus).

Ecau snement z € X, mia KOTOPOro MCTUHHO yTBepmmeHue a(z), He
TOJBKO CYLIECTBYET, HO ¥ €MUHCTBEH, TO MHIIYT:

Az e X az).
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IIpumep 4. Hcnoanaya JOruueckyrd CUMBOJIUKY, 3aMHCATH yTBEPRIC-
HUe: «yuciao M ecTb TOYHAA BEPXHAA FPAHL MHOMKECTBA X».
< Yreepmaenue M = Sup T 03HAYaeT, UTO BHINOJHEHBI YCJIOBUA:

a)Vz € X (z < M) (r.e. M — BepxHaa rpaHs MHomecTsa X );

) VAe R(Ve e X(z<A) =>A>M) (r.e. M — HauveHbIIAA U3
BEPXHUX rpaHell MHOmecTBa X ).

Yenosue 6) MomeT OLITh 3aMMCAHO TAKKE B CIENYHOLUICH 31KBUBAJEHTHOLN
¢opme (cMm. Bamauy 5.72):

Ve>03zeX (a>M-¢€).>

Mpumep 5. Hcnombaysa JIOTHYECKYI0 CHMBOJMEY, CHOPMYJIMPOBATH
IPHUHIUI MAaTEMATHUECKON MHIYKIHH.
< Ilyctb @ — HEKOTOpOe yTBepAIEHHE, UMerllee CMbICH mia Bcex 1 € N.

Bsenem mMHOmeECTBO
A={neN|a(n)},

T.€. MHOMKECTBO BCEX TEX HATYPANbHBIX YMCCI, AJIf1 KOTOPBIX YTBEPMAIEHUE
a uctuHHo. Torma mpUHIUN MaTeMaTHYeCKOM HHAYRIMU MOKHO c(hOpMYJIn-
POBaTh CJEdYIOLIMM 00pa3om:

(1eA)Aned=(n+1)e A)=>A=N. (3)

Tak wax samuch an) 03HAYAeT, YTO yTBEpROCHUE ¢ MCTHHHO A YHUCHA
n € N, 1o yrBepmuenne (3) MOXHO 3anucaTh M MHAYe:

(a(1) A (a(n) = a(n +1))) = Vne Na(n). >

IIpumep 6. 3anucare orpumanua BbicKaseiBaHuit: Vz € X a(z) u
dz € X a(z).
< Orpuuanue soickaseiBanua Vo € X a(r) umeer sun 3z € X a(z) (cy-

[IECTBYeT 3J1eMeHT & € X TawoM, IJIA KOTOPOro yreepameHue o) JOKHO).
Wnaue rosopsa, nua n060ro yTBepmOeHUA ¢ UCTHHHO CJEIyIOIIee BHICKA3bI-

BaHUe: - -
Ve X alz) & 3z € X a(z).
Amnasorunuso

dJze Xa(z) &Vr e X a(z). >

Mpumep 7. Ucnonbaysa nornyeckue CUMBOBI, 3aIHUCATh YTBEPARIEHHE:
«pyurmua f: X = R, X C R, nenpepsiBua B Touke a € X», a Takme ero
OTPUUAHHE.
< HcxonHoe yTBepHIeHHE:

Ve>0 36>0VzeX (lz—a|l<d=|f(z) - f(a)| <e¢)

(oA moboro € > 0 matigerca 6 > 0 Taxoe, 4ro mia mwoboro ducna z € X,
YIOBJIETBOPAIOLLIEr0, YCIOBUIO | —a| < J, BHINONHAETCA HEPaBeHCTBO | f(T) —
— f(a)] < €). Orpunanue 3T0r0 yTBEpHIEHUA:

Je>0Vs>03IzeX (z—al <oA|f() - fla)l > €)

(cywectsyer € > 0 Taxoe, yto anA mwGoro § > 0 mafiperca umciao £ € X
yaoBnersopsaoinee ycaosuaM |z —al < § u |f(z) — f(a)| > €). >
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[lpounTaTts NPUBENEHHbIE HUKE BLICKA3BIBAHMA, BLIFICHUTH HMX
CMBICI M yCTAHOBHTH, MCTMHHBI OHM WM JIORHBI (CUMBOIAMH I, ¥,
2z, a, b, ¢ Bcrofy, rIe 910 CIELMATHHO HE 0rOBAPMBAETCH, 0003HAUCHLY
IeMCTBUTENbHBIE 1MCia).

5.83. a) Vz Iy (z +y =3);6) IyVz(z+y =3);

B) 3z, y(z+y=3);r)Vr,y(z+y=23)

5.84. 3z, y(z >y>0Az+y=0).

5.85. Vz, y(x <y)eIz(z<z<y).

5.86. Vz, y( 2 £ 292).

5.87. V x (z? >rec>1Ve <0).

5.88.Vw(a‘>2/\x>3®2<x<3)

5.89. 3z (Vz? < x)

5.90. a) Va, b, c(EIar:(a:z:2 + bz + ¢ =0) & b? — dac > 0);

6) Va, b, c(Vz (az? + bz +c>0) & b® —dac <0 Aa > 0).

5.91. a) VbIaVz (22 + az + b > 0);

6) IbVa3z (22 + ax + b = 0);

B) 3aVbIz (2% + ax + b =0).

YcTaHOBMTDL TOUHBIN CMBICI IPUBEIEHHBIX HU/KE BLICKA3LIBAHMI 1
3aMMCaTbh UX C MCHOJIb30BAHUEM JIOTHUECKOH CMMBOIUKH, C(HOPMYIH-
POBATL ¥ 3aMMCATL UX OTPULAHUA.

5.92. a) Yucno o ects pemenne ypasaenua f(z) = 0.

6) Yucino o ects enMHCcTBEHHOE peweHue ypasaerus f(z) = 0.

B) Ypasaenue f(z) = 0 uMeer eIMHCTBEHHOC IEACTBUTENBHOE PC-
IIEHME.

5.93. a) Muomectso X C R orpanuyeHo cBepxy.

6) Yucao m ecTh HAaMMEHBIIWIT BIEMEHT MHOKECTBA X .

B) MuomecTB0 X MMeer HaMMEHBIINIT 3JIEMEHT.

5.94. a) Yucao m € Z aBasgerca NeaWTeNeM YuCIa N € Z, WiIn B
KPaTKON 3amucu: m | n.

6) Eciu uucio n € Z menmurca Ha 2 1 Ha 3, 10 OHO HeaurcA Ha 6.

B) Yucao p € N npocroe.

§ 2. Oynrumuu xeficTBUTEJHLHON IepeMeHHON

1. Monarue ¢dymwxmm. Ilycts D — npomsBobHOE MHOMKECTBO HEHCTBU-
TeJabHbIX yuces. Ecau kamnomy uuciay & € D mocTaBlIeHO B COOTBETCTBIHE
HEKOTOPOE BIOJIHE ONpeneseHHoe mefcTBUTeNLHOe uuciao f(x), To roBopaT,
uT0 Ha MHOMmecTBe D ompenenena uucaoeas Pywxyua f. Muomecrso D ma-
3bIBACTCA 004aCcMblo Onpedeenus, a MHOAKECTBO

E={yeR|y=f(z), z€ D}

— mmuoxcecmeom 3nanerut uncaosod ¢pyuxunu f. CuMmsoianuecku GyHKUNA
sanuceiBaercd B Bune f: D — E wm y = f(z)
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Haubtonee pacnpocTpaHeHHbIM ABJIAETCA aHAJUTUYECKUH crocob 3ama-
HuA ¢yakunu. OH cOCTOMT B TOM, 4TO C HOMOLIBLIO (DOPMYJBI KOHKDETHO
YCTAHABIMBACTCA AJITOPUTM BBIYHCIEHHA 3HAaYeHnH QyHrunn y = f(z) mua
KamIoro u3 3HaYeHut apzymenmae . B arom cayuae obmacts onpeneneHus
$yHKUMM 00BIYHO HE YKA3BIBAIOT, TOHUMAA 0] HEIX0 TO MHOMKECTBO 3HAYEHUH
apryMeHTa I, 1JiA KOTOPOro JaHHAaA (OPMYJIa UMEeT CMBICI (ecmecmeennas

obsacTs onpencaeHuA QYHKIMM).
Hpuwmep 1. Haitru obnacts onpeneseHnaA u MHOKECTBO 3HAUCHUH QYHE-

mwin f(z) =1/v/1 - z2.
< EctecrBennoit 0biacTbio onpeneneHna 9Tok GyHKIUN ABTAETCA MHOMECTBO
D = {z||z| < 1} = (~1, 1), a MHOmecTBOM 3HAUYeHMH — MHomecTBo F =
={yly 21} =1, +o0). >
Ilycts gyuruua f: D — E takosa, urto miA mobbix Ti, Lo € D us
yonorna xy # xp caenyer f(xi) # f(z2). B stom cayuae scAmoMy wumciay
y € E MoxeT ObITh IOCTABIPHO B COOTBETCTBHME HEKOTODPOE BIOJIHE ONmpeje-
JerHoe yncao ¢ € D Takoe, uro f(2) = y; TeM caMbIM OnpenelieHa HOBaA
dyaxmna f1: E — D, HazpiaemanA o6pamuoti K 3anaHHOM QyHKIMM f.
llycrs samaunt dyurumu f: X = Y u g0 Y = Z. Ux xomnosuyuet
{(unn caoacnott Pynxyued, NOTYyIEHHOH MOCIEAOBATENLHBIM TPUMEHEHHEM
byuxuuit f n g) HaseiBaerca oyusunAa h = go f: X — Z, onpenenAeMan

PABEHCTBOM
h(z) = g(f(z)), z€X.

5.95. Haiitu QyHKIMOHANBLHYIO 3aBUCUMOCTS paguyca R muinHapa
ot ero BeIcoTsl H 1npu maHuoM obneme V = 1.

5.96. Hanmcarr Beipamenue s obbema V woHyca Kak QyHKIMH
ero 60KOBOM MOBEPXHOCTH S NpU HAHHON obpasyromeit [ = 2.

5.97. Hanucars Boipamenue mia miuomanu S paBHOOGOYHON Tpa-
INEUMM C OCHOBAHUAMM a = 2 M b = 1 Kak QyHKuMM yria « npu
OCHOBAHUU Q.

5.98. C MomeHTa MOKOA tp TEJIO ABUKETCA C IOCTOAHHBIM YCKOpeE-
HyeM ¢. HallTi 3aBUCUMOCTE CKOPOCTH U IPOMIEHHOr0 MyTH OT BpEMe-

B N ¢ HU IBUZRCHUA. Ha“rc CBABAHBI MERIY
———-—-—\ €060l MpONAEHHDLIN IyTh U CKOPOCTD
B MOMEHT BpemeHu 17

5.99. B pasuobenpennoit tpamne-
uun ABCD (puc. 1) ¢ ocHoBaHUAMU
a v b 1 BricOTOM h mpoBemeHa IpA-
M D wmaa M N, nepneHIuKylapHaA 0CHO-

p BAaHHAM U OTCTOALLAA 0T BCPIIUHLBI A
nc. 1
Ha paccroanue |AM| = z. Broipasurs
wiowags S ¢urypsr ABN M xax QyHKIMIO ICpEMEHHOR T.

5.100. B wmap panuyca I? Bomcan umamuap. Hanumcars ¢yHEmmo-
HAaJIbHYI0 3aBUCUMOCTE ofbema V uunuuipa or ero seicorst H. Haittu
06122 Th ONPCHETCHU ATON (YHRINH.

>
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5.101. B wap pamuyca R Bmmcan npamoit kpyroBoil kouyc. Hamu-
caTh (PYHKIMOHANLHYI) 3aBUCUMOCTD IUIONIALK GOKOBOM MOBEPXHOCTH
S KoHyca:

a) ot ero obpasytorueit ;

6) oT yria ¢ mpy BepIIMHE KOHYCA B CrO 0CCBOM CCUEHMU;

B) 0T yraa (3 npM OCHOBAHMH KOHYCA. ’

Haittu obnacty onpenencHud Kamaoi U3 MOJYYCHHBIX ()yHKIAA.

5.102. Haitru f(—1), f(—0,001), £(100), ecim f(z) = lgz2.

5.103. Hairu f(_2), f(_l)a f(o)a f(l)a f(2)a ccaun

(z) = 1+z, —oco<z<£0,
flz) = 2%, 0<z<+00.

2.104. Hairtu (1), f(a), f(a+1), f(a—1), 2f(2a), eciu f(z) =
=z —1.

5.105. Hautu f(0), f(—=z), f(z+1), f(z)+1, f (i), }(17), eciu
l1—2z

Haittu ecrecTBeHHy0 obaacts onpeneneHuAa 1) U MHOKECTBO 3Ha-
yennit £ wammoit us caenyomux QyHKRIMIA:

5.106. y = In (z + 3). 5.107. y = v/b — 2z.
1-2
5.108. y = \/sin /2. 5.109. y = arccos — ay

5.110. y = In (1 — 2cosz). 5.111. y = /1 — |z|.
' -z
2

5.112. y = lg (5 — 2% — 6). 5.113. y = arcsin

5.114. y = arccos (1-z) 5.115. y = "2,

Haittu MuoxecTtBo GG, Ha KOTOpOE DaHHAA (GYHKUMA 0TOOpaKaer
MHOECTBO F:

5.116. y = 22, F =[-1, 2].
5117. y = |z|, F = {z|1 < |z| < 2}
T
5.118. y = L F=(0,1).
V=57 (0, 1)
5.119. y = vz — 22, F = (0, 1).
5.120. y = logz z, F = (3, 27).

5.121. y = sin%, F=10,1/2).
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Haittu mnoacecmeo wyaet Dy = {z| f(z) = 0}, obaacms noao-
acumeavwocmu Dy = {z| f(x) > 0} u obaacmb ompuyameavnocmu
D_ = {z| f(z) < 0} nna xamnoif n3 3aNaHHBIX (YHKUMIL:

5.122. f(z) =1+z. 5.123. f(z) =2+ — 22
5.124. f(z) =sin£—. 5.125. f(z) = 1 — e!/=-1,

lloxazats, uro dyusuua y = f() ymoBIETBOPAET COOTBETCTBYIO-
meMy (QyHKIMOHAJIBHOMY YPaBHEHUIO:

5.126. f(z+2) —2f(z+ 1)+ f(z) =0, f(z) =kx +b.

5127, f(z) + f(z +1) = f(z(z + 1)), f(z) =log, =
5.128. f(x1)f(z2) = f(z1 + x2), f(z) =a”. .
5.0, (o) + f(aa) = 1 (EEL ), j) =1 122,

B samauax 5.130-5.133 onpenenuts ¢pynrummio y = f(z), ymosie-
TBOPAOLIYIO 3aTaHHOMY YCIOBHUIO.

5.130. f(x+1) =x2—3x+2.
Qllyers x4+ 1=t Tormax=t—1uz?—3z+2=1t>—5t+6. [losromy
f@)=fz+1)=2>-3x+2=t>-5t+6. >

5.131.f<$+%> = g2 +—-—, x #0.
1
5.132.f(;) =z+V1+z2 >0

5.133. f(z1 4+ x2) = sinzx; cos z + cos 1 sin xg.

Oyunruna f(zr) nHassBaerca wemnotd (meuemmod), ecam ee obmacTh
ONpeJeNeHNA CMMMCTPUYHA OTHOCHTensHO Toukn T = 0 u f(—z) = f(x)

(f(-z) = = f(2)).

Kaxue u3 yrasaunbix B 3amavax 5.134-5.139 ¢yurumii yerwvble,
KaKue HeueTHbIe, a KAKKUC He ABJAITCA HU YeTHBIMHU, HA HEYEeTHBIMM !

5.134. f(z) = z* + 522 5.135. f(z) = 2% + =

T eF+1
5.136. f(z) = 51 5.137. f(:z:)=ex_1.

. 14z
5.138. f(z) =sinxz —cosz. 5.139. f(z) =1g 1 .
5.140. IorasaTb, 4TO IPOM3BEIEHME IBYX YETHBIX MJIM IBYX He-
YeTHbIX (YHKUUY ecTh (PYHKIUA yeTHAA, a NMPOU3BENCHUE 4YeTHOH u
HEYeTHONM — HedeTHaA (QyHKIUA.
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Oyurnua f(x) Hazpizaerca nepuoduueckotl, eCay CymecTBYCT NOJ0MAU-
teapHoe uncio T (nepuon dpysrnmm) tanoe, uroVa € D (f(z+T) = f(x)).

BoiacHuTh, Kakue U3 33MAHHBIX QYHKIUN FIBIAIOTCA IEPUOIMYE-
CKMMM, U ONIPENCIUTh UX HauMeHblmit nepuon 1"

5.141. f(x) = 5cos Tz. 5.142. f(z) = cos? 2z.

5.143. f(z) = zsinz.  5.144. f(z) = cos  + sin (v/3z).

5.145. f(z) = sinz?.  5.146. f(z) = tgg p %

YcTaHOBUTDL, KAKKME U3 YKA3AHHLIX HIKE (yHRUMUNA uMeroT obpar-
HbIe, HaliTH COOTBETCTBYONINE 0DpaTHbIe (YHKRIMK U UX 00J1aCTH OTIpe-
IEeJNeHUA:

5.147. y = ax +b. 5.148. y = (z — 1)3. 5.149. y = cos 2z.

1.
5.150. y = In2z.  5.151. y = 2%/2. 5.152.y = il

5.153. y = 2% + 1.

< JIna ¢pyssuun y = 2 + 1 ecrecrnennan 06:1acTh ONpeNeseHUs €CTh BCA
uncaosan npaAMad D = (—00, +00), a MHO/KCCTBO 3HaueHu#t — jayd F =

= [1, +00). Tax rar naa soboro a € E ypasuenue x2 + 1 = a umeer nsa

pazmitunbix pewenun z1(a) = va—1 u x2(a) = —v/a -1, 1o nauuas
¢yHsuma He mveer obpaTHoi. OnHako Kamnaa u3 GyHRUMIL

yi=3"+1, D;=[0,+0), u ys=z>+1, D= (-00,0],

MMeeT 00PATHYI0, PABHYH) COOTBETCTBEHHO
siy)=vy-1 n =y =-vy-1 >

Haittu obpatayoo (yHEmu0 1 061acTh €e ONPEeNeNeHus, CCJId UC-
X0nHAA QYHKIHUA 3a1aHA HA YKA3AHHOM NPOMEYTKE:

5.154. y = 22 — 1: a) 7 € (—o0; —1/2); 6) x € [1/2, +00).

5.155. y = sinz: a) x € [-7/2, n/2]; 6) z € [v/2, 37/2].

z, €€ (—oo, 0.

5.156. y = {23:, z € (0, +00).

5.157. y = cos® x:

a) z € [0; ©/2]; 6) = € [n/2; 7]; B) x € [m; 3m/2].

Haittin komnosuuuu f og u go f crenyiomux QyHRmuit:

5.158. f(z) = 22, g(z) = /2.

< Umeem: \ .
(fog)®) = flg(2) = F(Va) = (V&) ==
(g0 @) = g(f(@) = g(z*) = Va? = |z]. >

1
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-z, g(z) = 2%

y=1
5.160. f(z) = €%, g(z) = Inz.
5.161. f(z) = sinz, z € [, 7], g(z) = arcsinz.

- 0, z€ (—OO, O]a _ O, T € ('—OO, 0]1
5.162. f(z) = {w, 5 € (0, +00), g(z) = {—wQ, 2 € (0, -+o00).

5.163. Hatitu fo fo f, eciam:

) J@) = 7251 0) @) = .

2. JnemeHTapHBIe QyHEIMY U X rpaduru. Crenyrowue pyHRIMY HA3BI-
BalOTCA OCHOBHBIMU IAEMEHMAPHLMU.

1. Cmenennas Gynxuua: y = %, a € R.

2. loxazameavnasn dyruua: y = a®, a >0, a # 1.

3. Joeapupmuuecrxas dynruua: y =log, z, a >0, a # 1.

4. Tpueonomempuueckue GyHKuMK: y = sinx, y = cosSx, y = tgx,
y=ctgz.

5. Obpamuvie mpuzoromempuueckue GyHKUMM: y = arcsinz, y =
= arccosz, y = arctgz, y = arcctgz.

Daemenmapnott Ha3bIBAETCA BCAKAA (YyHKIMA, KOTOPAA MOMET ObIThb I0-
JIy4eHa 13 KOHEYHOrO YHMCJIa OCHOBHBIX 3JIEMEHTAPHBIX (YHKUHUI C OMOLIbLIO
apubMeTHYeCKUX Onepauyii ¥ onepanuy KOMIO3UIUHU.

I'paguxom dyuruuu y = f(r) Ha3bIBAETCA MHOMECTBO
[={(z,y) €R’|z €D, y=f(a)},

rae R? — MHOKECTBO BCEX TOYEH IJIOCKOCTH.

Ha nsiockoctu ¢ ¢ukcupoBaHHON AeKAapTOBOI NPAMOYLOJBLHOM CHCTE-
Moit koopausaT Ozy rpaduKk QYHKIUYU IPEACTABIAETCA MHOMECTBOM TOYeK
M (z, y), KOOPAMHATLI KOTOPLIX YIOBJETBOPAKT COOTHOWIEHUI0 y = f(T)
(rpaduyecroe u3obpameHye GyHKUUN).

Ilpu mocTpoeHuu rpadyMKOB YACTO MCIOJIb3YIOTCA CJAEIYIOLIHE IpPOCThIE
reomerpuyieckre paccymnesna. Ecau I' — rpadux ¢oynrmuum y = f(z), To:

1) rpaduk bysruuu y; = — f(x) ectp 3epraabHOe oTobpamenue I' oTHo-
curesnbHo ocu O .

2) rpadur GyHKuMu yy = f(—2x) — 3epkanbHoe orobpamenue ' oTHO-
cutenbHO ocu Oy;

3) rpadur GyHKuUY Y3
BEJMYMHY a;

4) rpadur dyaruwuu y4 = b+ f(z) — cmemenue T’ Booss ocu Oy Ha
BEJIUYUHY b;

5) rpadur dyHrnuu ys = f(azx), a >0, a # 1, — cmartue B a pa3 (npu
a > 1) nau pactamenue B 1/a pas (npu a < 1) T sroas ocu Ox;

6) rpadur dysruuu ye = bf(x), b > 0, b # 1, — pacramenue B b pa3s
(npu b > 1) unu cmatue B 1/b pa3 (mpu b < 1) T snons ocu Oy.

B HexoTopbix ciy4aax Ipu mocTpoeHMM rpadura QyHKUMM LeIecoos-
Pa3HO pa3buTh ee 06J1aCTb ONpENeJeHUA HA HEeCKOJbKO HElepeCeKArUIMXCA
IPOMEKYTHOB U II0CJIEN0BATEILHO CTPOMTh IPadUK HA KAMIOM U3 HUX.

f(z — a) — cmewenue I' Broas ocu Oz Ha
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Mpumep 2. lMoctpouts rpadus Gynxuuu y = |z| + |22 — 1.
< PackpoiBaa Momysnu, MOKEM 3anHCATD: ¥y

2

—z—-1, € (-o0,-1],
e~z 41, ze(-1,0]
22 +z+1, z€(0,1),

2+z-1, x€(1,+o00).

I'paduk 3apaHHOI GYHKIMY eCTh 06benu-

—_—————

1
HeHue rpadurop (napabosn), IpeacTania- -t -Lo 1 X
FOIIMX 3Ty (DYHKUMIO HA KaKIOM U3 Ue-
TBHIPEX NPOMERYTHOB (pucC. 2). D> Puc. 2

Crenyrowue sneMeHTapHLIE (DYHKUUHK 3aIKUCATL B BUIE KOMIO3U-
AU OCHOBHBIX SJEMEHTAPHLIX (DyHKIUI:

5.164. f(z) = |z|. 5.165. f(z) = sin (cos \/z).

5.166. f(x) = 25"%",  5.167. f(x) = arcsin (e V7).
5.168. f(z) =sin (2%°). 5.169. f(z) = 1/ ¥/tg2log; «.
s wamnooit us caenyomux QyHKOUi HaTH ee rpadQuk:

5.170. y = Vlnsinz.

<1 EcrectBennan 061acTh ONPCACACHIA 3aTaHHON (YHKIMHU CCTh MHOMKECTBO
. m
D={z|sinz=1} = :;2-+27rk keZ;.

Tosromy
r= {(g+2nk.o)\kez}. >

5171. y =z + /1 — |cosecz|. 5.172. y = /—|z> - 1| + 2.
5.173. y = v/cosx — 1 + %
5.174. y = 1 4+ V/sinz + v/— sinz.

MocTpouTh TPAdUKH CACTYIOUIUX HIEMEHTAPHBIX (DyHKIHIA:
5.175. y = kx + b, ecau:
a)k=2,b0=0;6)k=0,b=-2; B) k=-1, b=-1/3.
5.176. y = yo + a(x — z0)?, ecom:

a) G,:l, 1130:0, Z/0=—1,

6) (1,:2, 11,'0:1, y0=07

B) a=—1/2, xo = -2, yo = 3/2.
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k
5177,y =1 1— , €CIIN:
.L()

A k=1, xy= l, go=—1; 6) k=-2, 2y = -1, yg=—1/2.
5.178. y = asin (kz + @), ccn:

a)a=1, k=2 a=7/3; 6)a=-2, k=1/2, a=—-7/3.
5.179. y = atg (kr + «), ecan:

a)a=3, k=1/3, a=7/4; 6)a=-1/2, k=2, @ =3n/2.
5.180. y = parcsin (z + q), ecan:

a)p=4, ¢g=-1; 6) p=-2/3, ¢=1/2.

5.181. y = parctg (z + q), ecau:

a)p=-3, ¢q=05/2; 6) p=2/5 qg=—6.

5.182. y = a***0 ccmn:

a)a=2, k—-—l, b=1; 6)a=1/2, k=2, b=-2.

5.183. y = log, (kz + D), ecan: )

a)a=10, k=10, b=~1; 6) a=1/10, k=1/2, b=2.
5184.yy = |2 — x|+ [2+2|. 5.185.y =22+ — |z].

5.186. y = z2 — 6]x| + 9. 5.187. y = 622 + z| — 1.
v 1 .
5.188. y = (22 + 2x) |2 1|. 5189. y =z —1—/(z —1)%
:I/‘ p—
2z —3 |z| — 1
5.190. y = 5191 y = ———.
Y z 42 4 |z + 2]
1, >0,
5.192. y = sgnax = 0, z=0,
-1, x<0.

5.193. y = [z}, rme [x] — menan wacts .

5.194. y = {z}, rue {z} = ¢ — [x] — npobuaa wactn z.
5.195. y = 2l*l — 1. 5.196. y = (1/3)l*+1 4 2.
5.197. y = log, jp |« — 3|.  5.198. y = |log, (z + 1)|.

5.199. y = arcsin <sin <:z: + %))

5.200. y = arccos (cos 3z).
5.201. y = cosz + |sinz|. 5.202. y = |arctg (z — 1)|.

5.203. y = xsgn (cosxz). 5.204. y = lctg (:r + %)l :

5 T ) Lox+2
5.205. y = sin” g 5.206. y = sin (arcsm ! ;Ih )
)



3. IIpegen nocae 0BATCIEHOCTH JeHCTBUTECIBHBIX THCO
r

Ha unocxocrun Ozy u306pasuTh MHOKCCTBA TOUCK, KOOPIHIUATLI

KOTOPBIX YHOBICTBOPAIOT 3aLaHHLIM YCIOBHAM:
5.207. zy = 0. 5.208. |y| = |z% — 2|x| — 3|.
5.209. |z| + |y =1.  5.210. [z +y|+ |z -yl =L
5.211. [|z] - y|| = L.
4
5.212. |2y — 1| + |2y + 1| + —3|:r| =4.

7

§ 3. llpexen mocienoBaTeabHOCTH DeHCTBHIEABHBIX HICCR

1. llonATue nociaenosareasHocTH. [10cAcd06AMEALHOCININIO DCHCTBIITCI-
HbIx uuces HazpiBaercs GyHrmua f: N — R ompemeneHHas Ha MHOmCCTBE
BCEX HATYPAILHBIX uiiced. Yuciao f(n) HA3bIBACTCA N-M WICHOM IO CACIOBA-
TEJILHOCTH U 0003HAYACTCA CUMBOJIOM Ty, a GopMyaa z, = f(n) nasnizacrcen

Popmyaott obuezo waena NOCICIOBATENLHOCTH (Th)neN-

Hamucarn IepBhIC NATH YJIEHOB NOCJACIOBATCILHOCTH:

1
5.213. 2, = 1+ (—1)”5. 5.214. z, = n(1 - (-1)").
3n+5 V3
5.215. ,, = 3 5.216. z,, = (—1)" arcsin > + .
Hanucarn ¢hopmyay ofIuero "ieHa moCJICI0BATEIHHOCTH:
11 11
5217, — =, -, ——, -, ... 5.218.0,2 2, ...
24’ 36’ 84) 5’ ) 70,
5.219. 2, -, -, -, .
b 37 5’ 7’
5.220. 1,0, -3,0, 5, 0, =7, 0,
5 79 11
5.221. -3, =, —=, =, ——
bl 3’ 5? 7) 9 )
5.222. 0, ? 1, —‘? 0, ~—‘é—§, -1, —?, 0, .

B samauax 5.223 5.228 tpelyerca Haitum nanbosanuuit (Hau-
MEHbLIN{) WICH OPPAHUYCHHON CBCPXY (CHUBY) MOCIEHOBATEILHOCTH

(mn)nEN-
5.223. 2, = 6n —n2 — 5. 5.224. x, = cl0n-n’=21,
5.225. T, = 9—&% 5.226. z,, = 3n? — 10n — 14.
512 n?

5.227. z,, = 2n+ —-. 5.228. T, =
n

~ o



26 I'n.5. Bpegenne b anaauns

2. llpenen mocxenosareasHocTH. YHCI0 @ HA3LIBAETCA Npedeiom Hocie-
MOBATEJALHOCTH (Ty)neN, T-€. lim =, = a, ecan i moboro € > 0 cywect-
n—oo

syer Homep N (g) tawoit, uto npu n > N(¢) BBLINOIHAETCA HEPABEHCTBO
|zn — a] < €. Tlpn 9TOM cama NoCJIeLOBATEILHOCTD HA3BIBACTCA CTOOAUENCA.

Kputepuit Kowu. Jasa moeoumobol nocaedosameavnocmo (Tn)nen
umeaa npedea, neobrodumo u docmamouno, umobobt das awbozo € > 0 cy-
wecmeosaa womep N(€) maxod, wmo npu n > N(g) svinoansemes nepa-
8EHCMBO |Tpip — Tpn| < € daa arw0bozo p € N.

TlocaenosarenbHOCTh (Tn)neN HA3LIBACTCA (ECKOHEUHRO MaA0l, €CIH

lim 2, =0.
N— 0

TlocaenosaTenbHOCTL (Zn)neN HA3BIBAETCA Geckoneuno 00abwotl (Cxo-

nALeRcA K 6€CKOHEYHOCTH), 4T0 POPMaIbHO 3aNMCLIBAETCA B BUie lim x, =
n—oo

= 00, ecau gaa jawboro uuciaa F > 0 cymecrsyer nomep N(E) taroit, 9o
upu n > N(FE) BbINOJHAECTCA HEPABEHCTBO |T,| > E. Ecau npu srom, naun-
Had C HEKOTOPOTO HOMEPA, BCE WIEHbI MOCJCIOBATEILHOCTH MOJOKUTEIbHbBI
(oTpHUIATCABHBI), TO UCHOJIL3YEM 3aNNUCh

lim z, = 400 (lim z, = —00).
n—oo n—roo

Yuciio a HasbIBaercA npedeabnot moukot N0CIeq0BATEeNbHOCTH (T )neN,
ecau aaa aoboro € > 0 HaimercA 6eCKOHEYHOE YICI0 YIEHOB 3TOH I10CJIe10-
BATEJILHOCTH, YAOBJIETBOPAIOIINX YCJIOBHIO [T, — a| < €.

HNpusuun Boasuano-Betiepmrpacca. Beaxada ozpanuuennas
n0cAed08aMesLHOCTNL UMEEM TOMA Obl 00KY NPeJesbrRYI0 MOUKY.
Hau6onbmaa (HanMeHbIIAA) U3 NPENeIbHbIX TOYEK I0CIeJ0BATEIbHO CTH
(Z5)neN HA3BIBAETCA 6ePTHUM (HUNCHUM) TIPENEIOM STOM MOCIEI0BATENbHO-
ctu 1 ofo3navaerca cumsoiaoM lim z, (lim z,).
n—oo n—oo

5.229. Wcmoab3ya JNOTMYECKYI0 CUMBOJIUKY, 3alHCATh cneny}omue
BBICKA3bIBAHMA, a TaKKe X OTPUNAHUA:

a) MOCJICHOBATENILHOCTh OIPAHIYCHA;

6) mocaenoBaTENBHOCTh MOHOTOHHO BO3PACTACT;

B) YMCJIO @ €CTDL IIPeme IOCIeI0BaTeNbHO CTH;

) TOCTEnOBATENBHOCTD (Tn)neN 6ECROHETHO 6OMIBILIAA;
1) YUCJIO @ eCTh IPEICIbHAA TOYKA M0CAEI0BATCIAbHOCTH.
5.230. Hatitu a = nl_l_’ngo T, u onpeaenuts Homep N (€) Taroi, uro

|zn — a] < € npu Beex n > N(e), ecam:

vn?+1

a) z, = 0,33...3, ¢ =0,001; 6)x, =———, ¢ =0,005;
N—— n
n
1 ™ 5n2 + 1

B) Ty = ;sin—2—, €= 0,001; I‘) Ty = 7—n-f'3', €= 0,005
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Boruucauts npenesnst:

5.231. lim ~— 5.232. lim "L
n—o0 n n—oo (. — 9n
. (n+1)? . 32 -Tn+1
5.233. nh_)rr;o . 5.234. nli)n;o Y ——L
9 3 _ —9 3
5.235. Lim (2 t2 —(2—2)

n—oo 95n3 + 39n

—1
5.236. lim <2"

5.237. lim

n—oo n —

5n+7_
Vni+3n+1

1+ 2n3
2+5n3 /)"

5.239. lim n%/2(V/n3 +1—vn3-2).

n—oo

12 -1
5.241. lim <—2+—2+...+” )
n n

12422+, +n? Vn?2sin (n?
5242, lim T2 T E gy gy Yosingn)

1 1 1
5.244. lim | — + —— +...+ ——— ).
nl)rﬂo(1.2+2~3+ +n(n+1)>

1
5.245. lim (l ——+...

+ (—1)"*1—51;)

5.238. lim (vn-+2—/n).
n—o0

5.240. lim

n—oo 20 — 3n°

5.246. JokasaTb, 4TO €CIHM IHOCIENOBATENLHOCTL (Zp)neN Oecko-
HeuHo Manasa u Vn € N (z, # 0), To nocaegosarenssocts (1/z,)nen

0ecroneuyno Oosbadn.

yCTaHOBI/ITb, KaKue U3 3aJaHHbIX NI0CIeN0BATEILHOCTEN ABIAKTCA

6ecroneuyHo 00JBIITIMI:
5.247. 1, = 2V7".

5.249. z, = nsin ﬁ.

HaiiTu Bce mpenenbHbIe TOYKM 0CIEI0BATENLHOCTH:
24 (=1)"
T2 (—1)"'
(="
5

5.251. z,

5.253. z,, = arcsin

5.248. 1, = n(-1",

5.250. z, = lg(lgn), n > 2.

5.252. z,, = cos %
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5.254. Joxasath:

a) lim z, + lim y, < lim (2, +y,) € lim z, + lim y,;
n—»00 n—00 n—00 n—00 n—0o0
6)1_Lm$n+ﬂﬁvn<l—ﬁ($n+yn)< H_T_—l”lﬂf'n"‘H;r_l'!/n-
N0 n—300 n—00 n—o00 n—00

Jlist Ka/KIoit U3 CIENYIOIINX NOCIeI0BATENbHOCTEH (X, ) peN HARTH
inf {z,}, sup {z,}, lim x, n lim z,:
n—-»00 n—00
1 n-+41 ™
5.265. x, =14+ —. 5.256. z, = cos? —.
n n

4
5.257. z, = (-1)"(2n + 1).
2 2 _1 n 1
5.258. 1 = o sin 1 > 2. 5.259. 3, = ) (=) 1
T —2 3 2 n
5.260. [loxasats, uto pasencrso lim z, = Ii_rr—l T, ABIACTCA He-
n—-oo

n—roo
00XOIMMBIM M NOCTATOYHBIM YCJOBMEM CyUICCTBOBAHHA IIpelena I0-
CIIENOBATENBHOCTH (Zp )neN-

§ 4. Ilpenea ¢ynxuuu. HenpeprsHoCTH

1. Mpenen pyrsmpm. ycts dyuruua y = f(x) vnpeneneda Ha MHOKECTBE
D. Yucno a nasnisawr npededonm Pywkyuu y = f(x) 6 mouke To U ITUIIYT

lim f(z) = a, ecnn maa ao6oro € > 0 cymecrsyer uucio d(e) > 0 raxoe,
T—Tp

410 114 moboro £ € D us yenosua 0 < |z — xg| < §(¢) caeayer HepaBeHCTBO
[f(z) —a] < e.

Kpureputt Kowu. Jas mozo umobu dynxyus y = f(z) umesa
npedea 8 mouke To, Heo0TOOUMO u Jocmamouno, uniobvr 0as Awhozo e > 0
cywecmeosano §(e) > 0 maxoe, wmo |f(z') — f(z")| < €, xkax moavxo
[z" — zo| < 8(e) u 2" — zo| < ().

Tosopsar, 4ro 4uciao a ectb npedea Pywkyuu y = f(z) npu x, cmpe-
MAWEMCA K OECKOHEUHOCMY, ¥ THIIYT z1_1_1)1;0 f(z) = a, ecan aaa moboro

€ > 0 cywectsyer uncno A(e) > 0 Tacoe, uro |f(x) — u] < €, Kak TOILKO
|z| > A(e).

B nanbHeiimeM UCHONL3YHOTCA CAEOyHOIIMC 3aMeMaTedbHbIEe Ipe-
1€ J bl

lim == =1, (1)
=0 ®
1 T
lim <l + —) = lim (1 + )% = e, (2)
r—00 T T—0

rae e = 2,71828. .. — 0CHOBaHUC HATYPAJLHBIX JOrapu{MOB.
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Hapany ¢ BBemeHHbLIM BbILIE NOHATHEM Ipenesia (yHKIMM HCIOJIb3YHT
TaKKe CJeylouee NOHATHE 00nOCMoOponwezo npenena. Yuciao ¢ Hasbl-
paoT npedeaom Pywkyuu y = f(z) 6 mouxe xo cnpasa (caesa) u un-

IyT z-l+l.znol+o flz) = a (mllacr?_of(z) = a), ecau maa mwoboro € > 0 cy-

wecrsyer uucao §(e) > 0 Tawroe, uro u3 ycaosua 0 < ¢ — zp < d(e)

(=8(e) < x—xo < 0) caenyer |f(z)—a| < €. AHaJIOrM4YHO BBOOUTCA NOHATHE

OIHOCTOPOHHero npenena Ha 6eckoHeyHoctn ( im  f(z) ' lim  f(z)).
r—+00 Tr——00

B sapgauax 5.261-5.263, nonp3yach TONLKO ONPENEICHUEM NIPenena

GyHRUMM, nokasath, 4T0 lim f(z) = a, ¥ 3aMONHUTEL CIELYIOLIYIO
T—To

TabauIy:

e | 010,010,001
d(e)

5.261. f(z) = 22, 19 =2, a =4.

5.262. f(z) =1/z, zo=1, a=1.

5.263. f(z) =gz, zo=1, a=0.

Wcnonbaysa JOrMYeCKy0 CUMBOJIMKY, 3allUCATH CJIELYIOMIME YTBCp-
AMICHUA:

5.264. lim f(z) = oo. 5.265. lim f(z) = —oc.
z—0 z—1-0
5.266. lim f(z)=0. 5267 lm_f(z) = +oo.
5.268. lim f(z) =0. 5.269. lim f(z) =2.
r—+0 00
5.270. lim f(z) = —oo. 5.271. lim f(z)= oo.
T——00 T——00
BuIupcauTh Ipemensl CAHyInX PAIUOHATLHBIX BbIPAKEHM:
2 2
. x°—2 . x4+ 3
5.272. lim —og— 5.273. lim %5,
2 _
5.274. lim ———. 5.275. lim —° — 2
2 _
5276, lim (——— —). 5277 lim 22T 1
z240\2 -2 8 — g3 g1 13—z
m _ 3 _ 3
5.278. lim * . momeN. 5279, lim EXR T
z—1 " —1 h—0 h
823 — 1 ?—(a+ 1)z +a
5.280. lim ——— . 5.281. li .
80. m 62? —5w 41 256 B —dd

3 2 !
‘ z z ) z* — 5z
5.282. xl:nolo <2x2 e vy 1)‘ 5.283. zli)rgo 2 3751
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4+ 1)° 2o+ (@ 5

5284, L CHITHL el

T—00 z” +n

z+2 z—4

.285. 1i ‘ 5
5285 251 (m2—5:1:+4+3(.r'—3.7:—|-2))

) 3z? (2z —1)(3z% + 2 + 2)
.286. - .
5.286. lim, <2x+1 4z?

5.287. Howazats, uto ccau P, (z) = agz™ + ... + an, Qm(z) =
=boz™ + ...+ by, TO

_ Pia) 0 opu n f m,
lim = ag/by wpm n=m,
2200 Qm(2) 00 upu n > m.

IIpu BeIYMCIEHUM TIPCIETIOB, COREPRALMX UPPALNOHATIbHbIE BhIPAMEHUA,
9acTO MCIONL3YIOTCA CHEAYIOUIME IPHEMbL: a) BBEJEHNE HOBOH IepemMeHHOIl
IJIA TIOJIY4eHUA PANKOHAIBHOIO BLIPAKEHUA; 6) nepeBox UpPALMOHAIBEHOCTH
U3 3HAMEHATEJIA B UMCIUTENb WIN Hao60p0T.

4
- Yz
Ipumep 1. Beruncaurs 11m vz

z—81 0 — \/_

< Oycts t = /z. Torna

3-YT . 3-t 1
zl—l-1)18119 \/E_gl—g%.()-t? %—>33+t

calr—'

Opumep 2. Beruncaurs lim (Va2 +7 - x2 = 7).
T—00

<4 lim (\/é2+7—\/w2-7)=
I —>00

~ Vel +7 -V -T)(V22 + 7T+ V22 - T7)
T Va2 + 7+ V2?2 - h

14
= lim =0. >
z=00 \/g2 + 7+ V22 - 7

BuruucnuTh npenens:

3a'+1 \/x—1—3

2V —1—1
5.290. hm\/—+ ;” 1
x f—

VT Fh—
5.201. lim Y2+t — V7

z > 0.
h—0 h ’
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2 —
5292, lim 5oV 5203, lim |——~———V1+:”
x

z21 Jr—1 z—0

2
5.294. lim \/_a?

Fotoo \/3£+\/3£+ 3:L
Ve+1-1 Y —1

5.295. lim 5.296. lim ———; m,n € N.
z—0 T z—>1 e -1’
vz + Y -
5.297. lin L2 == 5.298. lim ‘/,2 to-vi-z
r=50 2J-9 3 20 Y24 —- Y2 -1
5.299. zBToo VI —a— /7).
5.300. lim ( g+ T+ T~ ﬁ)
5.301. lim (Viz? =77 +4 -

T—>00

5.302. lim 23/2(Va3 + 2 — V2% —2).
T—00

Ucnoabayna 3amevarentHbiil npenert (1), BLIYACIUATS:

5.303. lim 232 5.304. lim 2272

=0 I T g31}
5.305. lim x ctg 7. 5.306. lnn Sarcsinz

z—0 =0 4z

1 —_ 2, _ 3 [y

5.307. lim — 2<% 5308, lim Losar — o 5‘, a# B

0 2 50 x?

-

z—0 \ sinz T—a a 2

5.309. lim ( —ctg 7:) 5.310. lim tg —zl sin 222

2— :
5311 lim Y2257 oo fim (1 - a:) tg .
r—w/d T —4x /2 \ 2
3] n
5.313. lim ———: n meZ.
a—-+0 sin™ a
5.314. lim ﬂ!}_Zg:_tggg
a->0 ad
1- 1
(1 = cos al . 5.316. lim + cos 52:.
T a0 tg o — SIn‘ o z—7 1 — cos4r

Jorasars ciaeayomme COOTHOIIEHUS:
log,(, (1 + 1)
—>0 £

5.317**. In

= log, e.
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. a®—1 . (14+z)e -1
5.318*. lim =lIna. 5.319*. lim A+ -1 =a.
z—0 T z—0 x
Ipu Berumucaennu mpegeos suma lim u(z)*@)) rme lim u(z) = 1,
T—ZTo T—rTo

lim v(z) = oo, ncnonbayerca 3ameyaTebHbIR npened (2).
£L->do

3z
. z
Ipunsep 3. Beruucants Zll)rrolQ (2 n z) .

< Hmeenm

T 3z (14 ) 3z . ) 2—_*7}(5__—;_—2;37)
2+z) vz) ~Utars '

Taxr kax
lim <1+ ’é"ﬁ) = lim (1+t)1/t —=e
T—>00 —
t:'z—_*_';—)o
" 2
lim -3z = —6,
zo00 24+ T
TO

z 2z
lim ( ) =¢ 8
0 \ 24

(sA6CL HCIOAb30BAaHA HENPEPHIBHOCTH KOMIO3ULUM HENpPEPLIBHBIX (QyHK-
unft). >

Ucnonbaysa 3amMedaTenbHbIN mpened (2), a Takme pe3yabTaThl 3a-
nau 5.317-5.319, BeIYMCAUTL IPENENbL:

) 2z+1 .2 z?
5.320. lim (275) 5.321. lim (S2)
zooo \ T — 2 z—oo \ 22 — 5
5.322. lim (cos z)Y/=”. 5.323. lim (1 + tg2 /z)%/%.
x--0 z—0
1 1+
5.324. lim z(In(2+ ) — Inz). 5.325. lim —In + z
r—00 z—0 T 1—2z
: 1/x . a'—a
5.326. lim z(a'/® —1). 5.327. lim .
IL—»00 z—=1 £ —1
1 r—1 ar __ ,bx
5.328. lim 2o 2 5.329. lim ———
r—a r—a z—0 T
o Incos z
5.330. lim (cosz)!/ "%, 5.331. lim — "
z—0 z—0 T

_sinz
sin L‘) z—sinz

z—0 z—>0

5.332. lim (cosz + sinz)'/%. 5.333. lim(
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5.334. loxasats, uto lim f(z) = @ B TOM u TONLKO TOM ciryyae,
T—T0

KOTHA IJIA J000# NMOCIeN0BATCILHOCTH apryMeHTOB (Ip)peN, CXOmfA-
mieiicsa K g, COOTBCTCTBYIOIIAA MOCJAEI0BATEILHOCTD ( f (J:n)) 3Ha-

neN
yeHUY (PYHKIMM CXOTUTCA K a.

Ucnonn3ya pesyabrar 3amayu 5.334, noKasaTh, 4TO A CIELyIO-
mux QyHKUMit He cymectsyer lim f(z):
L—To
5.335. f(z) = cosz, g = 0co. 5.336. f(z) =sinl/z, zo = 0.
5.337. f(z) =z — [z], o = 0.

Haittu omsocTopoHHHEE TIpemens:

5.338. lim o 5.330. lim 2.
©—3£0 |z — 3| 2230 4 — 12
1
5.340. lim (2 +x)'/=. 5.341. lim 72-z.
T—30 z—210
5.342. lim arctgz. 5.343. lim [1/z].
r—too z—too )
5344, lim LBUCTT pgg g S
zosm/it0 20 — /2 z—2r+0 cos — 1

5.346. [orasarn, uro npemen GpyHsumuu y = f(r) BO BHyTpeHHEMH
TOUKe T( 00JacCTH ee OonpenelCHUA CyIIeCTBYeT TOLIA U TOJBLKO TOTAA,
KOIIa B 9TOM TOYKE CYLICCTBYIOT JIEBbI M IpPaBbId NPEICILI U OHU
COBIANAIOT.

2. Beckoneyrno Maible ¥ GeckoHeuHo Gompume. Oyuxuua o) HasbiBa-

erca feckoneuno maaot Ipu T — o, ecnn lim a(z) = 0.
T—To

Becroneano manpie az) u §(x) Ha3bIBAIOTCA CPABHUMBIMY, €CITH CYLIE CT-

ByeT X0TA Obl ONMH U3 NpefesoB lim ﬂ(z) u lim (a:)
T-rT0 a(:[;) z——»zo ,3(:1:)

Hycts a(z) u B(x) — cpaBHUMBIE GECKOHEYHO Majble TPU T — T U

. o(z)
IyCTh, 4JIS ONpeneneHHocTy, cymectsyer lim ———= = C. Torma:
T—Tg IB(,’[)
a) Ecin C # 0, 1o a(z) n f(z) HazbiBalor 6ECKOHEYHO MAJBLIMH 00-
1020 nopadxa. B wactaocrn, npu C' = 1 Geckoneuno mansie a(zr) u B(z)
HA3BIBAIOT IKGUBAAEHINHLIMU 1 UIUYT & ~ f.
6) Eciin C = 0, 1o a(z) HasbBaloT OeckoHedHO MajIol 6ostee 8biCOKO20
nopadka, uem [(x), n mmuyr a = o(f). Ecau npu srom cymectsyer meiti-

cTBUTENBLHOE uncao T > 0 taroe, uto lim ———— # 0, 10 a(z) Ha3bIBAIOT

a(z
=20 (B(z)7)

6CCROHEYHO Majiol nopadka T OTHOCUTENBHO [(T).
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DOynruua or) Has3bIBAETCA feckoneuno 604bwoti NP T — g, CIH

lim a(z) = oo. Ilomo6HO TOMy KAk 3TO CHENTAaHO BBIE A (ECKOHEYHO
%o

MaJIbIX, BBOJUTCA NOHATHE CPABHUMBIX 0€CKOHEYHO OOJBILIMX X UX KIACCH-
urauuA.

5.347. Jlorasatb, uyto eciu lim @ = C # 0, to maiimerca

z—zo B(x)

taxoe yuciio 6 > 0 u worcrautsl C u Cy, 4To0
|z — 20| <0 = C1B(z) < az) < C2f(z).

5.348. [lokaszaThb, 4T0 @ ~ (3 B TOM ¥ TOJHKO TOM CIllydae, KOraa

a—f=o(a) unu a — B = o(f).

Onpenenurs mopanok Manoctu «(r) orHocuTensHo () = z npu

z — 0O
3vz3

5.349. o(z) = T 5.350. a(z) = V1% — V3.
5.351. a(z) = ————CEE. 5.352. a(z) = tgz —sinz.
5.353. a(z) = sin \/m +2-42).

5.354. o(zr) = 3sind z — z*.

5.355. a(z) = V/1+ Yz —1

5.356. a(z) = V1+2z — 1 - /.

5.357. a(z) = 3V — 1.  5.358. a(z) = 2% — cos z.

5.359. lloxaszatb, uto a(z) — B(z) umeer 2-if MOPANOK MalOCTH
oTHOCHTENbHO £ npu z — 0, ecnn:

a) a(z) =1/(1+x), Bz) =1-z;

6) a(r) = VaZ+z, B(z) =a+ 51&:5 (a #0);

B) a(z) = (1+2)", B(z) =1+nz (n€N).
[IpubnumeHHO BLIYUCIUTD CACAYIOIIAE BLIPAREHHA:
5.360. 1/1,03. 5.361. \/253.

5.362. (1,03)°. 5.363. (0,97)%.

5.364. Jloxazatb, uro ecim «(z) ~ oy(z) m B(z) ~ Bi(z) npu
T = Tg, TO

hma—(x—)'— lim 21_(_{2

z—zo [(z) x-)zo Bi(z)’
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Hcmonb3ya pesynsrar 3agayut 5.364, BLIYACIUTL MPEIebL:

arcsin (z/v1 — z?)

In(1-z)

5.365. lim
z—0

. z x
<« Tar rak arcsin ~ uln(l-z) ~(—z) npuz = 0, 10

V1—-22 1-22

i JI =22 V1= 22
lim arcsin (z/v1 — z?2) ~ lim z/V1l—=z -1
-0 In(1-2) z—0 -z
1-z . COST — Cos2z%
5.366. lim . 5.367. lim —————
z—1 lgz z—»0 1-—-cosz
4 ,2 -1 2
5.368. lim —— . 5369, lim — o8 "
z—1/2 arcsin (1 — 2x) 20 arcsin 3z - sin (z/2)
—cos4
5.370. lim —— 0847

20 2sin® z + xtgh‘
5371, lim 2Y2~(cosztsinz)t
z—7 /4 1—sin2z

Onpenemnts mopagok pocra GeckoHeuHo Gombinoit A(z) orHoch-
renbHo B(z) = z npu z — oo:

5.372. A(z) = 23 + 150z + 10.

5.373. A(z) = Va2 + 3z + 5+ |z|.

5.374. A(z) = /7 + /. 5.375. A(z) = V22 — 7 + /.
) =

549 252

5.376. A(z 5.377. A(z) =

3zt + 23+ 2 7341

3. HempepbBHocTh QyHuuymm B Touke. Kinaccuduramua rouer paspbisa.
Qynruua y = f(z) c obaacteio onpeneieHuA D HA3BIBAETCA HeNPepbienol
B TOYKE Tg, €CJIM BBITOJIHEHBI CIEIYIOLINE TPHU YCIOBUA:

a) gyuxuna y = f(z) ompeneneHa B TOUKe Zg, T.€. To € D;

6) cywecrsyer lim f(z);

T—To

B) lim f(z) = f(zo).
T—To
Eciu ycaosue a) BBINONHEHO, TO yCA0BMA §) U B) 9KBUBATIEHTHBI CIIEIYIO-
eMy:
lim Af(zo, Az) =0,
Az—0

rIe
Af(zo, Az) = f(zo + Az) — f(Z0)

— npupawenue Pynkyuu y = f(T) B TOUKE Tg, COOTBETCTBYIOIICE NPUPL-
wenuto apeymenma Ar =z — xo.
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Ecaun B TOuke To HapyweHo XoTA Obl ONHO U3 YCJOBHI a)—-B), TO Tg

HasbIBaeTCA TOYKON paspeisa ¢ynruun y = f(z). lpu srom pasmuuaior
cllenylomye CiayJau:

a) lim f(z) cymecrsyer, HO (GyHKIMA He ONpeleIeHa B TOUKe To WM Ha-
T—To

pyuteHo ycaosue lim f(z) = f(zo). B atom cayuae o HasbiBaerca mowkot
Tr—To

YCMPAnUMO20 Pa3pblea GYHKUUH.
6) lim f(z) He cywecteyer. Ecmu mpu srom cyiiecTsyior oba omHO-
T—To

croponnux npenena lim  f(z) u lim f(z) (ouesmmHo, He paBHbIE OpPyT
z—zo+0 rz—xo—0
IpPYTY), TO To HABLIBAETCA MouKol paspviéa 1-20 poda.

B) B ocTanbHLIX cilydasx To HasbIBaeTCA mowukol paapuiea 2-20 poda.

5.378. Ucmonb3yda JOruyecKyro CUMBONUKY, 3alKUCATh HAa A3BIKE
«e-0» CIIEIyIoLIve yTBePRIEHUA:

a) dyusmua y = f(z) ¢ obnactoio onpenenenusa DD HenpepniBHA B
Touke g € D;

6) dbyuxuua y = f(x) He ABIAETCA HENPEPBLIBHON B TOYke T € D.

HorasaTth, uro crenyromwue GyHKIUY HEIPEPLIBHLI B KAKI0N TOUKE
X €CTEeCTBEHHOI 06IacTyl olpeneeHua:

5.379. f(z) =z", n€N.

< Ucnoassya dopmyny 6unoma HrrotoHa, noiydaem
Af(zo, Az) = (zo+Az)"—2f = Clad ' Az+C2z]l %(Az)? +.. .+(Az)™
Ozcrona lim Af(zo, Az) =0. >

Ar—0

5.380. f(z) = a, a € R
5.381. f(z) =log,z; a >0, a # 1.
5.382. f(z) =sinz. 5.383. f(z) = arcsinz.

3amana ¢yusuua f(z). IIpu waxom BpIGOpe mapaMerpos, BXOmA-
mux B ee oupenenenue, f(z) Gyner HenpepbiBHOM?

2+ 1 -2
5.384. f(z) =4 z_1 * *7Dh
A, =1
z—1, r <1,
az’ -2, z>1.
az +1, z<7/2,
sinz +b, z>m/2.

5.385. f(z) = {

5.386. f(z) = {
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Haittu rouxu pasprisa QyHRIUM, UCCICIOBATL UX XaPAKTED, B CIIY-
yae yCTPAHHMOIO Pa3peIBa NOOHPCICJAUTL (YHKUMIO «II0 HEmpepLIB-
HOCTU»:

1 |3z — 5|
387, f(2) = 59— 5.388. = —
1+z)" -1 1
5.389. f(z) = g——tﬁ—————, n € N. 5.390. f(z) = —sinz.
1
5.391. f(z) = 1 — zsin ~. 5.392. f(z) = 3%/(4—=?),
x
1 |z + 2|
5.393. f(z)=(z+1 tg —. .394. =
393. f(z)=(z+ )anrcgaC 5.394. f(x arctg (7 + 2)
31/(@=2) _q 1, 1+ax
5.395. f(’E) = g‘m 5.396. f(l‘) = ; In 1- 2
1/z - 1/(z+1) 1—cosz
397, f(z) = . 5.398. = —
5.397. f(x) @ =1) =1/x f(z) =
2%, —-1<z<],
5.399. f(z)=<qz—1, 1<z<4,
1, T =1
5.400. f(z) = 1
.400. f(z) = D 11

2y, 0<x<1,
5.401. f(z) =< 4 -2z, 1<2<2)5
2¢ -7, 2,50< <4

cosz, —7/2<x< /4,
5.402. f(z) = Looe=n/d,
7r
.’BQ—E, 7T/4<.’E<7T.

5.403. JloxaszaTh, 4TO BCE TOUYKM PA3phIBA OTPAHUICHHON MOHOTOH-
HOM ()YHRUMYM ABIAKTCA TOUKAMU Pa3pbiBa 1-ro poxa.

4. HemrpeprisHocTh Ha MHOKecTBe. PaBHOMepHad HempepbBHOCTE. DyHE-
una y = f(z) HasplBaerca wenpepwvienol na mmoxceccmee D, ecau ona
HenmpepblBHA B Kammoi Touke z € D. Ouna HA3BLIBACTCA PABHOMEPHO He-
npepvienoil na muoxcecmee D, eciu maa moboro € > 0 cymecTeyer 4uciio
d(=) > 0 raroe, uro naa mobuix z', 2’ € D u3 Hepasenctsa |z’ — x| < §(€)
crenyer | f(z') — f(2")] < e.

Teopema Kantopa. Ecau dynxuyus y = f(x) nenpepvisna na om-
peaxe [a, b], Mo oHa PaBHOMEPHO HENPEPHIBHA KA IMOM OMPETKE.
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5.404. [loxasars, uro ccin y = f(x) — uenpepoiBHas Ha [a, b]
()YHRUMA, TO OHA:

a) orpaHuveHa Ha [a, bl;

6) mocruraer Ha [a, b] cBoux BepxHel W HuKHei rpaHeit (Teope-
Ma Bedepmrpacca);

B) mpuHUMaer Ha a06om unrepsane (a', b') C [a, b] Bce mpomemy-
tounnle 3Havenuda memny f(a') u f(V') (reopema Komu).

5.405. [lokasath, uto ecim (yHruua y = f(z) HempepniBHa Ha
[a, +00) u cymecTyer KOHEYHDIN zkrfoo f(z), To 91a dyHrMA orpa-

HUUCHA Ha [a, +00).
5.406. Iloraszars, uTo GyHKIUA

o1
sin—, 2 # 0,
0, =z=0,

npuHUMaer Ha nobom orpeske [0, a] BCe IPOMERYTOYHbIE 3HAYEHHSA
mexny f(0) u f(a), onHaxo He ABnAercA HempepbiBHOH Ha [0, al.

5.407. JlokazaThb, YTO BCAKHUIM MHOIrOY/IEH HEYETHOM CTEIEeHU UMEEeT
110 MeHblIIel Mepe OOUH NEHCTBUTENLHBIN KOpeHb.

5.408. Ha nasnike «c-0» chopMymruposarh yTBepmIeHHE: (yHKIMUA
y = f(z) uenpepviBHa Ha MHOmecTBE D, HO He ABJIACTCA PABHOMEPHO
HeNnpepLIBHOM Ha 9TOM MHOMKECTBE. B KauecTBe mpuMmepa pacCMOTpeTh
caenyromue QyHKIUHU:

a) f(z) =1/z, D= (0, 1J;
6) f(:t) =lgz, D= (0’ 10];

B) f(z) = sin o D = (0, 1].

flz) =

5.409. [loxazaTb, 4TO ecnu QyHKUUA Y

[@, +00) u cymectsyer koneunsiit lim f(z),
T—+00

HOMEPHO HENpepLIBHA Ha [a, +00).
5.410. IloxasaTs, yTo HeorpanuveHHaa pyuruua f(z) = z +sinz
PaBHOMEDHO HENpepbIBHA Ha BCel ocH —00 < T < +00.

f(z) menpepuiBHa Ha
TO 378 (QYHKIUA paB-

Crenyroomume QyHKIMM HCCIEIOBATH HA PABHOMEPHYIO HEIPEpPLIB-
HOCTb HA 3aNaHHLIX MHOKECTBAX:
x

5411 f(z) = 7=, D=[-1, 1]
5.412. f(z) =Inz, D = (0, 1].
_ sinz — (0, 7.

(z) =
5.413. f(z)
(z) =

l
5.414. f(z) = ¢” cos; D = (0, 1}.



§ 5. KomniexcHele 4ncia 39

' 5.415. f(z) = arctgz, D =R.
5.416. f(z) = /z, D = [0, +00).
5.417. f(x) = xsinz, D = [0, +00).

§ 5. KoMmiexcunie gucia

1. Asre6panye ckue olepaly Hall KOMIUIEKCHBIMM YncIaMu. Komnaexc-
HbLMU YUCAAMU HA3BIBAIOTCA BCEBO3MOMKHLIC YIOPALOYEHHbIE apsl 2 = (T, Y)
OeHCTBUTENBHBIX YHUCE, IJIA KOTOPBIX CJeyomuM o6pa3oM OIpemeIeHbl
OIEPALIHM CIOMOHIA U yMHOMKEHHA:

(x1, y1) + (22, y2) = (@1 + T2, Y1 + ¥2), (1)
(z1, y1)(x2, Y2) = (T172 — Y192, T1Y2 + T2y1)- (2)
MHO%eCTBO BCeX KOMIUIEKCHBIX yucea obosdHayaerca cuMponom C.
JeticTBUTEILHBIC YNCHA T 11 Y HABBIBAIOTCA deticmeumenbnoti U Mmuumot
YacmAMU ROMILNIEKCHOTO YHCia z = (z, y) u 0603HavaTcA cuMBoiaaMu Re z
u Im z coorsercTBenHoO.

IIBa KoMmIeKCHBLIX 4ncaa z; = (11, Y1) U 22 = (T2, y2) HA3LIBAIOTCA
PAGHLIMY TOJBKO B TOM CJIyUae, KOTHA T = T2 U Y1 = ¥Ya.

U3 onpenenennit (1) n (2) cremyer, 4T0 BCAKOE KOMIUIEKCHOE YHCIIO
(z, y) Momer GbITH BAMMCAHO CJIEAYIOIAM 06pa3oM:

(z,y) = (2, 0) + (0, 1)(y, 0). ®3)

Ecnu teneps xommiexchbie uucaa supa (¢, 0) orommectsuts ') ¢ meiictsu-
TeNbHBIMU YHCIaMA T, @ 4uciao (0, 1) 0603HauuTH CUMBOJIOM ¢, TO PABEHCTBO
(3) mpunnmaer Bun

z=z 41y

M Ha3bIBAETCA ANreOpanvecKont GopMoil KOMILIEKCHOrO yncia z = (&, y).

5.418. [lokazaTtb, 4TO OIEpALMU CJIOKEHUA U YMHOKEHUA KOM-
IUIEKCHBIX YHCEN 00TafaioT CJIEeIyIOIUME CBOMCTBAMMU:

a) 21 + 22 = 22 + 21 (Kommymamusnocmv caoxcenua);

6) (21 +22) + 23 = 21 + (22 + 23) (accoyuamuenocmo caoxrcenus);

B) 2122 = 2921 (KOMMYMAMUCHOCTND YMHONCEHUA);

r) (2122)23 = z1(2223) (accoyuamusnocmy ymuoscenus);

n) z1(z9 + 23) = 2129 + 2123 (3axon ducmpubymusnocmu).

! To ecTs ycTaHOBUTH B3aMMHO OpHO3HAuYHOe coorBercTBHe (&, 0) ¢ = MERL
y )

muomectsamu {(x, 0)|z € R} u R. Ha (1) u (2) caexyer, 4To 3T0 COOTBETCTBHE
(COXDAHAET ONEPANHI:

(z1, 0) + (x2, 0) = (z1 + x2, 0) > z1 + 22,
(z1, 0) - (22, 0) = (z122, 0) & 102
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5.419. JoxaszaTs 4ro:
a)Vzy, 20 #0332 (202 = 21)
(tmcno Z HA3LIBAGTCA YQCTNHbIM OT NEJICHHUA 2z Ha Zo 1 obo3HavaercA
21
CHMBOJIOM — )

22
) ccam 21 = x) + 1Y) U 29 = T + Y9, TO

21 _ TiZ2tY1Y2 | Y1T2 — T1Y2
2 z3 + 43 T34+ y32

B zamauax 5.420-5.429 BpIMONHUTL yKa3aHHbIE ONEpalUM, NMpEI-
CTABUB pe3ynbTaT B anrebpamueckoit Gpopme.

5.420. (1 — 2i)(2 +1)% + 5i.

< 3amaua COCTOMT B TOM, YTO0LI 330AHHOE KOMILIEKCHOE YHCJIO0 NPEACTABUTD
B hopme  + iy. [La1a 3TOro MOMHO BOCIONBL30BATHLCA HEMOCPEACTBEHHO (HOp-
myiamu (1) u (2), ooHAKO 3TOT e PE3YILTAT MOMKHO NMOJAYUUTH CICAYIOLIIM
obpasom. Kax moxasniBaroT CBOMCTBA Oonmepanuil, IMepCYMCIEHHBIE B 3a1aue
5.418, npu CaI0mEeHNN ¥ YMHOKEHUN KOMILIEKCHBIX YMCEN, IPeACTaBIeHHbIX
B anrebpanueckoit popMe, ¢ HUIMU MOKHO 00paiiaThCcA Kak ¢ 6MHOMaMu BUIA
a + ib, yuurpisag momodHUTEBHO, uto i2 = (0, 1) (0, 1) = (=1,0) = —1.
Moaromy

(2+i)2=4+44i+14> =3+ 4,
(1-2i)(2+14)% = (1 -2i)(3+4i) =3 -2 — 82 =11 - 21,
OTKYOa OKOHYAaTeJbHO MoJiydyaeMm
(1-20)2+i) +5i=11-2{+5 =11+ 3. >

5.421. (2 + 3i)(3 — i). 5.422. (1 + 26)2.
5.423. (1 —i)% — (1 +14)3. 5.424. (2i —i%)%2 + (1 — 34)5.
5.425. 2"

1+

< Pesyaprar Momer ObITL NOJAYYEH HENOCPEACTBEHHO N0 (GOPMyJie U3 3amauu
5.419. 3amerum, onnaro, uto (1 +1)(1—17) = 2 ecTb KEHCTBUTEILHOE YUCIO.
llosroMy, ymHOmaa uMcauTeNIb M 3HAMEHATedb 3agaHHOI mapobu Ha 1 — 1,

HAaX0OUM:
2-i_(2-9(1-i) _1-3 1 3 5
1+4 (1+i)@1-4) 2 —2 2
1 1 1-14\°
5.426. . 5.427. :
l+4i+4—i (1+i>
2

. . . . . 2
1+9)B+:) (1-1)3—1) 5 +
.428. - . 5.429. .
5.428 3—1 3+ 5429\
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Haittu neficTBuTebHbIE PCLICHUA CIEIYIONINX YPABHEHUIA:
5.430. (1 + 1)z + (=2 + 5i)y = —4 + 174.

5.431. 12((2z +4)(1 +4) + (= + y)(3 — 20)) = 17 + 6i.
Peututs caenyromuye cucTeMbI THHCHHBIX ypaBHEHMI:
5.432. (3 — i)z + (4 + 2i)z0 = 1 + 3i.

(4+2i)z1 — (2+3i)zp =T.
5.433. (24 1)z + (2 — 1)z = 6.
(34 2i)z1 + (3 —2i)z = 8.

5.434. iz + 25 = 1.
G+ 1)z + (1 —i)zp = 1+1.

Ecnu Ha mimockocTu BBeaeHa JeKapToBa NPAMOYTOJbHAA CHCTEMa KOOp-
muHat Ozy, TO BCAKOMY KOMIUIEKCHOMY YUCJIY Z = X + 1y MOMET ObITh
NOCTABJICHA B COOTBETCTBME HewoTopada tousa M (z, y) c abcumccoit = n
opauuaroit y. Ilpu stoM rosopar, uto Tousa M (z, y) uzobpascaem KoM-
IUIEKCHOE YUCJI0 2 = T + 1Y.

[InockocTh, HA KOTOPO N306PAKAIOTCA KOMILIEKCHBIC YMCJIA, HA3bIBAETCA
KoMmnaexcrot naockocmyio, och Oz — deticmeumenvnoti ocvio, a ocx Oy —-
MHUMOU 0CHI.

Yueno r = /7% + y? HasbiBaeTCA MOO0YAEM KOMIUIEKCHOTO YUCHA Z =
= z + iy v 0603HAYAETCA CUMBOJIOM |z|. Monysp uncna z paBeH pacCTOAHMIO
Touku M, u300pamarouieil 3T0 YHUCI0, OT HAavajga KOOPIUHAT.

Bceaxoe peutenue ¢ cucrems! ypaBHCHMIA

z . Yy
COSY = —————=, Ssihp=-—F—= 4
/22 + 2 ¢ /22 + 2 )

HA3bIBAETCA aP2YMEHMOM KOMIIEKCHOrO uncia z = x + 1y # 0. Bce ap-
CYMEHTHI YHCHA 2z Pa3jvdYalTCA Ha Uelble KpaTtHble 27 U 0003HAYAIOTCA
enuHbIM cuMBojioM Argz. Kammoe 3HaueHue aprymMeHTa COBIANAET C Be-
JIVYMHON ( HCKOTOPOrO yIila, Ha KOTOPHLA Cienyer moBepHyTs ock Oz [0

COBIAICHUA € PASNYC-BEKTOPOM (W tousn M (mpu 3toM ¢ > 0, ecau moBo-
POT COBEpLIAETCA IPOTUB 9aCOBO CTpenky, u ¢ < 0 B IPOTUBHOM CIIy4ae).
3uauenue Argz, ynosinersopsoiee yeinosuio 0 < Argz < 27, HazbIBaeTca
24Q6HbIM 3HANEHUEM APTYMEHTA 1 0003HAYACTCA CUMBOJOM arg 2.

B HeKOTOpBIX ClIyuasx IVIABHBIM 3HAYEHHEM apryMEHTa HA3bIBAETCA 3HA-
vyeHue Arg z, yIOBIETBOPAIOLIEE YCIOBUIO —7 < Argz < 7.

U3 coornomenuit (4) crenyer, 4To O BCAKOTO KOMIUIEKCHOTO HUCJIA 2
CHPABEIINBO PAaBEHCTBO

z = |z|(cos @ + isinyp),

Ha3bIBaeMoe mpuzonomempuueckol gopmotd ducna z.

Mpumep 1. llpeacraBurs B TpUroHOMeTpuUYecKoil GopMe KOMIICKCHOE

qucno z = —2 + 21V/3.
< Umeem

lz] = \/(=2)2 + (2V3)2 = 4, cosg0:~%, sincp:—\é—g,
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MOITOMY TJIABHOE 3HAYEHUC apryMeHTa paBHO argz = 27 /3 u, cuemosa-
20 . 2w
TeNbHO, z = 4 cos—g +zsm? . D

Crenyromue KOMIJIEKCHBIE YUCIA NPENCTAaBUTh B TPHIOHOMETPH-
4yecKof (opme U M306pa3uTh TOYKAMHU HA KOMILIEKCHOM IJI0CKOCTH:

1 3
5.435. —i. 5.436. 1 —i\/3. 5.437T. —3 +i£.

2
1—1 T T
5.438. . 5.439%. — cos ~ + isin ~.
113 cos7—|~zs1n7
5.440. sing— + i cos % 5.441. 1 + cos; +isin ;

KomnexcHoe 4ucao © — 1Y HA3LIBACTCA COMPANCEHHbIM KOMILIEKCHOMY
yueay z = I + 1y 1 0603HavaeTCA CHMBOIOM Z.

Joxazath ciemyrolue paBeHCTBA:
5442. 2 +zZ=2Rez u z2—-Z=2{Imz.

5.443. (Z) = 2. 5.444. 7| = |2|. 5.445. 7 + 22 = 71 + 2.

) =2 5447 27 = |z|2.

5.446. 7125 = 7,7y 1 (
22

§13

5.448. BprumcauThb:
Z\ 2
a) 21Zo u (—?) sectn 2y =1 — V3, 20 = V3 +i;
2

=2
- Z . .
6) 2172 U —, ecatwt z; = 3+ 24, z9 = 2+ 2i.
22
5.449. Ilycts p(2) — npPOM3BOALHBIA MHOTOWIEH C JeHCTBUTEIDb-

HbpIMu KO3 uumenramu. Jlokazath, yro miaA awboro z € C Bepuo
paseHctBo p(z) = p(Z).

Pewrnts cnenyromuc ypaBHeHUsA:
5.450. |2| —2=1+2i. 5451 |2|+2=2+1.

5.452. JlokasaTh DPaBEHCTBA M BBIACHUTL MX TECOMETPHYECKHUIHA
CMBICJI:
_ =l

— i al_

) izl =lal |2l |2 = 25
z

6) Argz; + Arg 2o = Arg(2,22), Argz; — Argzy = Arg (f—)
2

(paBencTBa 6) MOHUMAKTCA B CMBICIE PABEHCTBA MHOMECTB — CM.

c. 9).
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BriacHuTh TeOMerpHYECKHit CMBICH CIEIyIOMUX npeobpa3oBaHMit
KOMILTEKCHO IJIOCKOCTH:

5.453. 2 > 2—2. 5454. z > z+ (3 —14). 5.455. z — iz

2
5.456. 2 — %_—(1 —1)z. 5457. 2 > —z. 5.458. z — 22.
z

5.459. z — I 5.460. z — Z.

-1

5.461. Ilorasarb, 4TO:

a) BEIMYMHA |2] — 22| PABHA PACCTOAHMIO HA KOMIIEKCHOH ILIOCKO-
cth Meminy Toukamu My u My, n300pasmaniiiiMpu KOMIIEKCHBIC YKCIA
Z1 " 29,

6) |21 + 22| < |21l + 22| m |21 — 22| > ||| — |22
(HepaBencTBa TpeyroabHUKa). Kakos reoMerpuyeckuit CMbICT
5THUX HEPABEHCTB?

5.462. JloxasaTh TomIeCTBA:

a) 21 + 22f” + |21 — 22 = 2(|21* + |22])

(KaKOB €ro reoMeTpHYecKuil CMbICH?);
21+ 22 21+ 29

0 sl + ol = | 252 4 vz + |22 - v,

B zamauax 5.463-5.473 naTh reoMeTpHUYECKOE OIMCAHNE MHOKECTB
BCEX TOYEK KOMILIEKCHOM IIOCKOCTH, YIOBIETBOPAKIUMX CJIENYIOLINM
yCJIOBHAM:

5.463. Rez > 0. 5.464.0<Imz< 1. 5.465. |Imz| < 2.
5.466. |2| < 1. 5.467. |z +i| = 2.

5.468. 1< |z+2/ <2  5469. |z] >1—Rez

5.470. |z —i| = |z +2|. 5471l.0<argz < 7/4.

5.472. |7 —argz| < w/4. 5473. z=7Z.

5.474. Ilycrs z # —1. loxasdats, uto Re z —

1
— 0 |z = 1.
T1=0e

Ilycts ¢ — npoussoabHOe meficTBuTensHoe yucio. CumBonoM e'? o6o-
3HAYAeTCA KOMILIEKCHOE YHCI0 cOS @ + ¢sin . C momouinio 3Toro obosnave-
HUA BCAKOE KOMIUIEKCHOE Yuceio z = |z](cos ¢+i sin ) MomeT ObITh 3anMCcaHo
B noxa3ameavbnot dopme

z = |z]e™.
IIpencraBuTh B mokazaTenbHOM GopMe caenyromue KOMILICKCHbIe

guCia: 74 o4
5.475. ~ 2% B AT6. 5 — 12, 5.4TT. —3 — 4i.

5.478. —2 +1. 5.479. sina — i cos a.
5.480. sina + (1 — cos a).
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5.481. JoxaszaTb, uTO cUMBOJ ¢'¥ o0jamaer CACAYIOIUMU CBOH-
CTBAMU:

a) €2™ =1 (Vn € Z); 6) ¥ = e™*¥;
. . . 1P1

B) ¥l . "2 = ellerte:) y °_
ew?

5.482. JlannbIe uncaa 21 U 29 NPEICTABUTL B IOKA3aTEAbHOM (opMe

" BBINOJMHHUTL YIKa3aHHLIE IedcTBUA Ham HUMMU:
2

ei(‘pl "QOZ)'

a) 2122, —?’ ecnu 21 = 2v/3 — 20, 29 = 3 — 3v/3i;
2

6) Z%Eg, Q, cClu 2] = —\/§+i\/§, 29 = V8 — 1V/8.
21

5.483. loxazatn gopmyavt Itaepa

e + e . el — et
cosyp = ————  sinp = ———
v 2 ’ v 2
5.484. Jlorazats gopmyay Myaspa: eciu z = re'?, To
2N = ,rnemnp

WY, B TPUTOHOMETpUUeCKoH opMme,
2" = r™(cos np + isinnyp).
Ucnonnaya Gopmyny Myaspa, BLIMMCIHUTS CIEIYIONIHE BBIPaKEHUA:
(1+14)5
‘ " (1-14)3
5.487. (1—;%‘1[—3> . 5.488. (1 +1)%(1 —i/3)~®

5.489. IlorkasaTh paBeHCTBA:

5.485. (1 +1)10. 5.486.

n _ on/2 nm N
a) (14+1)" =2 (coe 1 + isin 4),

_ i\ —on nw_an BT
6) (\/3 i) 2 (cos A 1 sin 6>

5.490. Mcnonnaya ¢GopMyiisl Jitiepa, BLIPA3UTh YePE3 KOCUHYCLI U
CUHYCBI KPATHBIX NyT (GYHKIHA:

a) cos? @; 6) sind .

Hcnoansya ¢opmyny MyaBpa, BeIpasuTh 4epes Cos @ U Sin cie-
DyHOmHe (PyHKIAU:

5.491. cos3p. 5.492. sin3op.

5.493. cosdp. 5.494. sindep.
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llycts a = re'?, a # 0, — buxcupoBaHHOE KOMILIEKCHOE Yuco. -Toraa
ypaBHenue 2" = a, n € N, umMeer B TOYHOCTU 7 PA3NUYHBIX PEIUEHUH 2p,
Z1y «++y Zn—1, OPUYEM 3TU DelIeHUA JAITCA GOopMyoit

Q 2n 2k
2= relntn ):{‘/F(cos¢+ﬂ- +isinM),
n n
k=0,1,...,n—-1

(3mecy /T — meHcTBUTeNBHOE MOJORMTCABHOC umcno). Yucna zp, k =
= 0,1,..., n — 1, Ha3pIBAIOTCA KOpHAMU -1 CMeEneHy U3 KOMIUICKCHOTO

qucia @ 1 0603HAYAIOTCA CUMBOJIOM {/a.

Mpumep 2. Hafitn Bce xopun 3-1t crenenu u3 wucia a = —2 + 26v/3.
2 2 .. 27
< Taxk wax a = 4e' 3 —4(c05—3—+zsm—3—),1‘0
2nk
LBy 2 2 2
(Ya), = \/‘Ie< E ):%(c <§+—k)+isin<—g—+—?:—r-k)>,
roe k=0, 1, 2.

Tpu k = 0: (f)o—\/—(cos%-;_zsm%f)
3 8t . 8w
Tpu k = 2: (\3/5)2=\3/Z(COS}§+iSin-l—gz).l>

5.495. Haiitu 1 n306pasuTh Ha KOMILJIEKCHOM IIIIOCKOCTH BCEe KOPHY
2-i1, 3-#1 u 4-% cTeneHU U3 €NUHULBL.

Haittu Bce 3HaueHua kopHeit:
5.496. \/i. 5.497. V/—1. 5.498. /—0.
5.499. /-1 +iv/3. 5.500. v/2v/3 + 2.

5.501. ¢/—1 —q. 5.502. V1 +1/3.
5.503. /(2 — 21)4.

5.504. Jlokazarh, 4TO KBanIpPaTHLIE KOPHU U3 KOMIIEKCHOTO YUCJ
MOryT OBITE HaiifeHbI IO QopMmyne

Vz = m+iy:ﬂ:<ﬂm¥+isgny\/|—zl;—x).
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Hcnosnb3oBanne noKasaTennLHOMN (I)OprI KOMIIJIEKCHBIX YMCEeJI BO MHOTUX
ClIydaAX 3HAUUTEJIbHO yIpOoLIaeT BbIYMUCJIEHUA.

Ipumep 3. Hpusectu & Buny, ynobHoMy nJA JorapuMUpOBAHUA:
S(p) =sinp +sin2¢p +...+sinng, ¢ #2rm, meZ.

< Tar xak siny = Ime'?, 10, ucnonb3ys HOPMYIY CYMMbI F€OMETPUYECKOH
HIPOrPECcCUn, MOTYUaeM:

S(p) =Ime™ +Ime™? + ... +Ime™ =1Im (e + ™% + ... + M%) =
ei“"(l _ eimp) ei<p+i%s0(e—i%<p _ ei%cp) B

=Im 1~ oiv =Im

el2 (e 2 —e 2)
_ sin (np/2) - e"%l“’ __sin(np/2)sin ((n + 1)/2)cp'

sin (p/2) sin (p/2)
IIpuBectu k Buny, ynoGHOMY mis JOrapudMuUpOBAHMA:
5.505. cos ¢ + cos2¢ + cos 3¢ + ... + cos n.
5.506. cos ¢ + cos 3y + cos by + ... + cos (2n — 1)p.
5.507. siny + sin3p + sinbp + ... + sin (2n — 1)p.

2. MuorowieHs! 1 axrebpandeckue ypaBHeHUuA. Muozouaenom (noauno-

MOM W 4eaot] Payuonaabnot Pynxyuel) n-ii cTeneHn Ha3LIBAETCA (QYHI-
ouA BUOA

Pn(2) = an2" + an_12" ...+ a1z + ao, (5)

rne z € C, ag, a1, ..., ap — Ko3QOUUMEHTHI (BOOOLIE FOBOPA, KOMILIEKC-
HbBIE), mpuueM a, # 0, n € N. Ypasuenue

2" +an_ 12" '+ . +az+ag =0, a,#0, (6)
Ha3bIBACTCA A42e0DAUUCCKUM YpasHenuem n-i ctenenn. Jucio zg, LA KO-

TOpOro p,(20) = 0, HasbIBaCTCA KOpHEM MHOTOWIeHA (5) wiu ypasuenus (6).

Teopema Taycca (ocuosnaa Teopema anrebper). Beaxuti mmozo-
uaen Henyaesol cmenewy umeem no xkpatned mepe odun Kopenv (Booblue
rOBOPA, KOMILJIEKCHBII).

Yucno zp ABIAETCA KOPHEM MHOIOWIEHA pPn(z) B TOM M TOIBLKO B TOM
cayuac, Korna p,(z) menutcs 6e3 ocraTtsa Ha GUHOM z — 2, T.€.

pn(z) = (Z - ZO)QN—I(Z)»

rae gn—1(z) — wmuorouwnesn (n — 1)-it crenenn. Ecau p,(z) nenurca 6e3
ocrarka Ha (z—20)F, k > 1, Ho He me;muren Ha (2 —20)+!, To 2o HasbIBaeTCH
KopHeMm Kpammuocmu k MHOTOUIEHA Py, (z); Ipu aTOM

pn(2) = (2 - Zo)an—k(Z),
rae gn—k(20) # 0.
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Teopema I'aycca momer OBITH yTOUHEHA CHENYIOUIMM 00pPa3aoOM: MHO20-
uaen n-t cMmeneny uMeem Poeno N Koprel, ecau Kaxncdblli KopeMb Cuu-
Mmamb CMoabKo pas, XaKoea €20 KPamHuocmn.

Ecnu %030 ¢uuuenTts Muorowiesa (5) — neficTBUTENbLHEIC YHCTa U 29 =
= I + {Yo — €ro KOMILIEKCHBI!! KOPEHb, TO CONPAKEHHOE YUCIO Zg = Tg —
— 1Yo — TAKKe KOPEHb YTOr0 MHOTOWIEHA, MPUYEM KOPHH 2o U Zo UMEIT
OQMHAKOBY}0 KpaTHOCTH (cM. 3amauy 5.449).

Ilycts MHOTOUIEH Py, (Z) MMEET KOPHU 21, 22, - .., Zm (M < M) KpaTHO-
cre#t cOOTBETCTBEHHO ki, k2, ..., km (k1 + k2 + ... + k;y = n). Torna ero
MOKHO Pa3JORUTh HA JHUHEHHble MHOKUTENIH, T.€. CIPABEIIUBO TORIECTBO

pn(2) = an(z — zl)k‘ (z — zz)k2 ez~ zm)k"‘.

Ecnu npu 310M K030 GUIMEHTH MHOTOWIEHA — HeMCTBUTENBHEIE YUCIA,
TO, 00BeIMHAA CKOOKU, COOTBETCTBYHOLIME KOMILIEKCHO CONPAMEHHBIM KOp-
HAM, MOAHO Pa3JIOKHUTL 3TOT MHOI'OWIEH B NPOU3BeIEHUE JUHEHHBIX U KBa-
IPaTUYHBIX MHOMKUTeENEN ¢ OefiCTBUTENbHBIMU KO3 GUILeHTaMU.

Mpumep 4. Hatitu xopuu muorowtena 28 4+ 223 4+ 1 u pasnomurs ero
Ha MHORUTEIN.
< Tax xar 28 +2234+1 = (22 +1)?, 10 KOPHAMU 3TOr0 MHOTOUIEHA ABIAITCA
KOpHU 3-# cremeHu u3 —1:

Zl'—“-—l;

T .m 1 3
z2=cos§+zsm—3—=§ 1-3—;
z3=cosz—isin£=1—i£.

3 3 2 2

Mpu sTom wamneiit wopeHb umeer kpatHocTh kK = 2. Pasnomenue 3toro
MHOTOWIEHa Ha JuHeHHbIe MHOKUTENN UMEET BUI

2
1
A28 41=0+122- %+i—§ z— 5—1'?

2

O6benunAn nocienHue ase CKOOKY B OUH COMHOKUTENb, OMYYUM Pa3JI0Ke-
HUe Ha MHOKUTENU C NefCTBUTENBbHBIMU K03G QuueHTaMu

423 4+1=0:+1)**-24+1)% >

Peutnts kBamparHbie ypaBHEHUA:

5.508. 22 +22 +5=0. 5.509. 422 —22+1=0.
5.510. 22 + (5 — 2i)z + 5(1 —i) = 0.

5.511. 22 + (20 — 3)z +5—1i=0.

Peururtt n1BywieHHbIe ypaBHEHHA:

5.512. 23 — 1 =0. 5.513. 22 +1 =0.

5.514. (z+ 1) =16 =0. 5.515. (2 4+ 1)* +16 = 0.
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Peminrh 6ukBagpaTHble ypaBHEHUA:

5.516. 22 + 1822 +81 =0. 5.517. 22 +422+3=0.
5.518. 2% + 922 +20 = 0.

5.519. 24 — (1 +4)22 +2(1 +4) = 0.

Pemrnth TpexunieHHbIe YPABHEHUA:

5.520. 20 +42° +3=0. 5.521. 28 + 152 — 16 = 0.

5.522*, Tlorkazarts, 4TO Bce KOPHU YPaBHEHU

(O

IefCTBUTENbHBI U PA3JIUYIHEL.

Crenmyromye MHOTOY/I€HbI PA3JIOKNTL HA JMHENHbIE U KBAIpaTUY-
Hble MHORUTENN C JeCTBUTEIBHEIMEI K03() pUUHCHTAMU:

5.523. 24 — 1. 5.524. 2% +1. 5525, 2% + 22 + 1.

5.526. 2% +423+112°+142+10; usBecTeH OQMH KOPCHb 2| = —1+i.
5.527. 25 + 2% + 23 — 22 — 2z — 1, usBecTen ABYKPATHLIA KOPEHD

1 3

Z1=22=—'2-+’l:-§—.

5.528. 2% + 62% + 922 + 100; usBecren KopeHs z; = 1 + 2i.

3. l'[peneJI noc/iegoBaTeIbHOCTH KOMILJIEKCHBIX YHCeJ]. Yucno a Hasbl-
BaloT npe()eno./u II0CJ1e10BaTeJIbHOCTHU KOMIIJIEKCHBIX YHCesT (zn)nem U nnumyT

lim 2, = a, eciu nna mGoro € > 0 cymectsyer Homep N (g) Tanoit, 1To
n—oo

npu n > N (&) BBINOJHAETCA HEPABEHCTBO |2z, — a| < €.
TlocnenoBaTenbHOCTD (25, )neN HA3BIBAKT cTodAUElCA K OECKONEUROCTIU
u muwyr lim 2, = oo, eciu maa gwboro E > 0 cywecrsyer Homep N (E)
n—00

taroft, 4o npu n > N(F) BbINOIHAETCA HEPABEHCTBO |z,| > E.

5.529. llycts ¢, = Rez, u y, = Im z,. okasars, uro lim 2, =
n—o0

= g # 00 TOrIa W TOJBKO TOTHA, Korma lim z, = Rea u lim gy, =
n—oo n—o0
= Ima.

5.530. Ilyctes lim 2, = a # oo u lim w, = b # oo. [onasars,
n—o0 n—o0
qTO:
a) lim (z, +wy) =a+b; 6) lim z,w, = ab.
n—oo n—oo

5.531. IIycts lim 2, = a # oo u lim w, = b # 0. [loxasars,
2 n—oo n—oo
n

. a
yro lim — = —.
n—00 Wy, b
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Boruucaurts npenensr:

) 1 . 1—1

5.532. lim (2 —it+=(1+ z)). 5.533. lim — .

n—oo n n—oo 1 +1in

5n in? (n+21)(3 + Tin)

5.534. 1 . 5.535. i : .

oo 37 +2 n2+n—4; oo (2—-i)n?+1

7" 1 . &

5.536. lim <1 + —). 5.537. lim —e™1.

n—o00 n n—oo 1

1
5.538. lim (2/)". 5.539. lim (2"-1—1' (1——)).
n—o0

n—o0 n
11 1
5.540. lim — 4. .
a0 (51 st T (5i)">

n ik 1 1\"
5.541. lim > TR 5.542. lim <nsinﬁ+i<l + -—) )

n—00 74 n—00 n
n 2:\ "
5543, lim 5" ———. 5544, lim (14 °02)
n—00 ;7 (2 — 31,)"’ n—00 n

HOI(H{BBTL, 4TO chaenyrmue nocjaenoBaTebHOCTU OrpaHUYEHbI, HO
pacxomATCAH:

2 —
5.545. 2, = i". 5.546. 2z, = (—1)" +i——.

24n
1 .nm 1
5.547. z, = (1 + 5) e2. 5.548. z, = 5(@'” + (=1)™).

llorkasaTs, 9TO C/IeAyHOIIXE MOCHENOBATENHLHOCTA HCOTPAHUYEHLI,
HO He CXOIATCA K O0eCKOHEYHOCTH:

5.549. z, = n(1+i"). 5.550. zp = (¢ 2 —4)Inn.

5.551. llycts ), = |2,| ¥ @, = arg z,. Horasats, uto lim z, =«
n—o0

(0 < |a|] < o0) TOrma 1 TONBKO TOrIA, KOTAA hm rn = |alu lim ¢, =
n—0o0

= arga (npu HamuemameM BbIGOpe oﬁnacm rnaBme 3HavYeHui apry-
MEHTOB).

Pesyanprar 3amauu 5.551 wacTo UCNOIL3YETCA NPU BHITUCICHUY [P ECIEIIOB
KOMILJIEKCHBIX T0CJIEeI0BaTENIbHOCTEl.

Mpuwmep 5. Mycrs ¢ — nefictsurensroe uncio (¢ # 0). JokazaTn, 4ro

n—oo

. n
lim (1+ z_s) =cosp +ising = e,
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< PaCCMOTpI/IM IBe OeliCTBUTENbHBIE 110CJIeI0BaTeIbHOCTU:

. n 9\ N/2
(83"
n n

pp = arg (1+ Zf) =narg (1+ z—(’e) =narctg£.
n n n

Tn =

Berunenum ux npenedbl:

o\ n?/p? ©?/(2n) s
lim r, = lim <<1 + %) ) — enoso 20 — 1,

n—roo n—o00

t n
lim ¢, = lim narctgf = lim arctg ty/n g (/1) -
n—oo n—0co n n—»00 w/n

Ozcrona nomyyaem

. n
lim (1+%€) =1-(cosp+ising) =e¥. >

n—o00

5.552. Ilycts 2z = z + 1y. owasats (cM. mpumep 5), 4To

lim (1 + —z-)n = e%(cosy +isiny) = T = ¢?
n—oo n '

JloxasaTh CXOAMMOCTD CIEAYIOMINX NOCIEI0BATENLHOCTEH U HAWTH
UX IPeNebl:
5.553. z, = 2", |2| < 1. 5.554. z, =nz", |z| < L
5.555. z, =1+2+...4+2", |2| <1
zn
5.5656. z, = m, |Z| > 1.
R e 2 o
5.557. Beruncauts lim Rkl L ecau |21 <1um|z|<1.
n—)ool+z2+...+zg'

5.558. Ilycts lim 2z, = a # oo. Jloxkaszats, uTo
n—oo

. A1 tzmt.. o+ 2,
lim =aq

n—00 n
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IAOOEPEHIUAILHOE UCYUUCIEHUE OYHKIUNA
ONHOM NEPEMEHHOM

§ 1. Ilpoussonuan

1. Ompenenenwe npouasomHolt. TuddepeHMpoBanue ABHO 3aTaHHBLIX
dymxumis. Mycte A f(zo, Az) = f(zo + Az) — f(x0) — npupawenue Gymnx-
yuu y = f(x) B TOUKE Xy, COOTBETCTBYIOIIEE NPUPAULEHUIO apeymenma AT.
IIpouszsodnot 1-ro nopanka (uau nepgoti npouzsodnot) Gynrunu y = f(x)
B TOUKE To HABLIBAETCA NpeNel

Flao) = Jim 2100 02) (1)
Yucia
;
Fitan) = i, SHE S

HA3LIBAIOTCA COOTBETCTBEHHO 4€601 U NPasoti npou3soonblmy GyHKIUN § =

= f(x) B Touke zg. Hasa cymecrsoBanusa npoussBogHoi f'(zo) dynrunu f(z)
B TOYKE Zo HEODXOOMMO M HOCTATOYHO, YTOOBI €€ JIeBad U [pPaBasd [POU3BOL-
HbIE B 9TOHM TOYKE CYILECTBOBANM U COBIANAJH, T. €.

fL(zo) = fi (o).

Opumep 1. Hantu f/(0) u f (0) nua dynxuun f(z) = |z
< Nmeem mo onpeneneHuo

, L |Az| Az 3
f~(0) = [fim Az = aim A T
" |Az| A
") = lim =F or
14(0) = Allj}l-ko Az | deoto Az - L

3ameruM, uro Gpyuruua f(z) = |z| He uMeeT npou3BORHOI B Touke To = 0. >
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Ipoussonuaa dyurnuu f(z), paccMaTpUBacMasd Ha MHOMKECTBE TEX TO-
Yew, e OHa CYIIEeCTByeT, caMa ABJAercA (yHkuue. Ilpouecc Haxomuenus
[OPOM3BOIHON HA3bIBAKOT TAKKC JudPeperyuposanuen.

Tabnuma npou3BOTHBIX OCHOBHBIX 3JEMEHTAPHBIX (YHKUU:
1. (%) = az®7 !, a #£0.
2. (az)l =a® lna’ a > 0; (ez)l =%,

1 1
3. (log, z)' =log, e - ~a >0,a#1; (Inz) = -
4. (sinz)’ = cosz.
5. (
6. (

. (cosz) = —sinz.
t, "= .
&%) cos? z
1
7 (ctgz) = ——5—.
sin” )
8

. (arcsinz)’ = —(arccosz)' = ——=.
V1-—2z2

9. (arctgz)’ = —(arcctgz) =

1+a2’
lpaBuna nuddepennupoBanua GyHKUUIN:

I. lyctes C' — nocroaunas u f(z), g(x) — oudpepennupyemoie GyHK-
muu. Torma:

L (C) =0. 4. (f9)' = f'g+ fg'.

Y ' _f_ I_flg_g'f
2. (frg) = fag. 5 (1) L8 00
3. (Cf) =Cf".

II. Mycrs dyuruua y = f(r) uMeer npOM3BOIHYIO B TOUKE Zg, 8 QYHKUUA
z = g(y) umeer npousBoOIHYyI0 B TouKe Yo = f (o). Torna caomunan dpyurnua
z= g(f(x)) B TOYKE T( MMEET NPOM3BOAHYI0, PABHYIO

Z'(z0) = g'(yo) f' (zo0) (2)

(npasuao duddepenyuposarnus caorcnol Pynryuu).

IIpumep 2. Hatitu npoussonnyw Gyuruun z = logs (arcsinz).
< llonaras z = logs y u y = arcsinz, nMeeM

1 1
2'(y) =logge-— un y'(z) = —.
(y) g3 y y'(z) m
Orcrona, cornacHo (2), nonyuaem

logs e 1

") = S
( arcsinz /1 — g2
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Haiitu A f(zo, Az), ecau:

6.1. f(z) =23 =z =1, Az =0,1.

6.2. f(z) =z, z9 =0, Az = 0,25.
6.3. f(z) =lgz, o =100, Az = —90.

Haiitu A f(z, Az) xak Qyusmuo Az, ecam:
T

6.4. f(z) =sinz, o = 3
< Umeem
Ll (T .m
Af (5, Ax) = sin (5 + Az) —sing =
. Az T Az . o Az
= 231117008 <‘§ + ‘2—) = —2sin —7 >
6.5. f(z) = 2%, 29 = —1.
6.6. f(z) =¢€" zo=1.
6.7. f(z) = logQ(x), zo = 1.
Tonb3yAch TOABKO ONpeNeICHUEM MPOU3BOAHOM, Hafitu f'(z):

6.8. f(z) = ctgz.

< Umeem:
ctg (z + Az) — ctgz . sin (—Axz)
tgz)' = li =1 =
(ctg ) A Az Ao Azsinzsin (z + Azx)
= — lim 1 = 1
~ azsosinzsin(z + Az)  sin’z

6.9. f(z) = '9315 6.10. /(z) = V/z.

6.11. f(z) =2*. 6.12. f(x) = log, .

f(z)
T

6.13. Masectrno, uro f(0) = 0 u cywecTsyer npemen liII(l)
r—r

Hlorasare, uto sror npenen pasen f'(0).
6.14*. JloxasaTb, 40 ecau f(x) MMeeT NPOM3BOLHYIO B TOYKE Iy,

to lim zf(@o) = 2o/ (z) = f(zo) — zof'(z0)-

z—T0 T — Tg

s aanaHHOﬁ f(z) maitru f’ (xo) n fL (z0):

6.15. f(z) = |z — 1| + |z + 1|, o = £1.
<1,

T,
6.16. f(z) = {—w2+2$ z>1, 07
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<1 Umeem
by e J@ =) a—1
f_(l)_mgrln—o -1 —zl}rln—ox—l—l
u
by e 4@ = F(1) ?+20-1
f+(1)_x111+0 z—1 —r-l—)l+0 -1 ml{r&o(z‘ 1)=0v
6.17 {0 80 =
7. f(z) = z?lnz, >0, 0=
6.18. f(z) = V1 —e%°, 29 = 0.
0, z =0,
6.19. f(a:):{ z zp = 0.
1+el/.’£’ .’17#0,

6.20*. Hlokazars, uro QyHRUMA
.1
flz)={sin-, © #0,
0, =0,

HenpephiBHA npu £ = (, HO He UMeeT B 9TOM TOYKE HM JIEBOH, HHU
NpaBOi NIPOU3BOIHOIM.

HaiiTu npousBonnpie crenyomux GyHKIANA:

2
6.21. y = 3 — 23 + =74, 6.22. y——§§—.
3 a?
1 1 1 z—1
28 y=—— — — —. 6.24. y = :
6 V= T 2@ y z+1
2
1
6.25. y= 2~ 6.26.y = (a? —1)(a® — 4)(z? +9).
r° — X
1 + 32 1
27,y = . 28 y= ——
2Ty = 028y = e 1
3/ .2
a T a+ bx
6.29. y = 30. y = .
Y 5:1:3+ b 6.30. y o dz
2 1 2
6.31. y = - 6.32. y = + VT

T 2— /T
1
6.33. y = (vz — 1) <—+1). 6.34. y = 3V/z% — 2V/23.
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6.59.

6.61.

6.63.

6.65.

6.67.

6.69.

y=lIntg (% + g)

Tz
Y= \/arcctg 5

. T
y = cos? (sm -).
3

6.35. y = (3V22 + 6 Y/x) Val.  6.36.y = - -~ =

z x

t .

6.37. y = 23 ctg z. 6.38. y = 3g12‘

x
6.39. y = l—;—O:—E{; 6.40. y = /zsinz. 2

T
6.41. y = 2V22(2Inz — 3%). 6.42. y=3x310g2x+e—x.
6.43. y = 2sinz — 3tgx. 6.44. y = w
sSinz + cosx

1—z?

6.45. y = o3/2/75 + a. 6.46.y= /7.
, z
2
6.47. y = sin -?x 6.48. y = 6 cos %
6.49. y = (1 + 422)3. 6.50. y = {/(1 + 3z2)3.
6.51. y = sin? % 6.52. y = /1 +sindz — /1 — sin4z.
. o (T T

6.53. y = zarcsinlnz. 6.54. y = cos <Z - 5)
6.55. y = /(1 + sin® z)3. 6.56. y = z%e~2%.
6.57. y = /3 cos? ‘;
6.58. y = g\/.r? +a+ %ln (x + V22 +a).

1+z?
6.60. y =1 e
y=mm \/1 — 2

[ 1
6.62. y = \3/1+tg <r+;>

6.64. y = \/sin/z.

b+ acosz
y = arctg (r — V1 ). 6.66. y = arccos ————.
y = arctg (z — V1 + 22) Y = arceos -
/2 e
= Jxe®/=. 6.68. y =
y = ze y=
y = 9z/Inz 6.70. y = 2\/sin2 T
y =3 6.72. y=Inz-lgz —Ina-log, =

6.71. y =
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6.73. y = log, In2z. 6.74. y = eV (0a?+bz+c),
6.75. y = Inarctg V1 + z2. 6.76. y = In(z + Va? + z2).

Haittu npousnonusie 2unepboauueckus Gyrryu:
T -

6.77. shx = — (eunepboauuecruti cunyc),

»T -z
6.78. chz = ——12-——— (eunepboauneckutl Kocunyc),

shz
6.79. thz = e (eunepboauueckuti manzenc),
chz

chz
6.80. cthz = o (eunepboauuecruti Komanzenc).
shz

Jozapudmuueckoti npouzsodnot dyuruun y = f(z) HassiBaerca npo-
HU3BOJHAA OT Jorapudma 3Toft GyHKIUH, T.€.

!

r Y
In ==,
(Iny) y

IIpuMeHeHYE TpeIBAPUTENBHOrO JIOTapIOMUPOBAHUA YACTO YIPOILAET BEIYU-
CJICHME TP OM3BOLHOH.
z(z —1)
r—2
< Tax rax Qpynruua onpepenena npu z € [0, 1] U (2, +00), 10

Mpuniep 3. Haiftu nponsBoguyto GyHKIUK Y =

Iny = %(1nx+ln|x— 1| —In|z - 2|).

Orcronma (cMm. npumep 6.117)
by _ i, 11
(lny)“y‘2(x+x—1 z-2)°

' (ny) -y = 2 -4z +2 >
Y 2 /a(z - Dz =273

Mpumep 4. Hailtu npoudBogHyO c40%CHO-nOKA3AMEALHOT GYHKINN

]-J'
=({14+—-] .
1= (1+3)

1
< JlorapucdMupys, nomayIuM (TaH Kak 1 + = > 0)

Iny =2zln (1+—1-).
x

~
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Orcroma HaxoOMM NPOU3BONHLIE JIEBO M MPaBoOM uacTelt

' 1
(lny)’=y—=ln(1+—>— !
Y T

1+z’
CrnenoBaTesnHo,

v o= (12 1) _ 1
y' = (Iny) y—<1+z) (ln(1+x) 1+x>' >

Ucnonnaya mpenpapuresbHOE Jorapu)MUPOBAHUE, HAMTH IPOU3-
BOZHbIE CJICAYIOIINX (YHKIMN:

_(@-3)°@Qz-1) _ s/@+2)(z 1)
68Ly="—" 5 68%y= \/ 5 .

v+2 3 r—1

6.83. y = f/(m ~T(n s 1). 6.84. y ==z m
6.85. y = z%. 6.86. y = z%°.

6.87. y = Vz V7. 6.88. y = (Inz)!/.

6.89. y = (sinx)¥esnT, 6.90. y = z°".

6.91. y = (1;336. 6.92*. y = 2% + 2% +2°".

BBona npomeskyTouHbIE NEPEMEHHBbIE, BBIYMCIUTL IPOU3BOLHBIE
33a0aHHBbIX (YHKIMIL:

6.93*. y = In(cos? z + V1 + cos? z).

6.94. y = (arccos z)? In (arccos ).

—z?, : —z2 1 — g2
6.95. y = < \/“mﬁ(e_? ) 696y = —— = arctga.
1 —e2¢ 14a
6.97*. Ilycto

2
=zt 42z, L0,
f(2) = {am+b, z>0.
Haiitu ko3¢ punuents! ¢ u b tak, 4robs! Gyuruusa f(z) 6buia Henpe-
peIBHA U nud depeHnupyemMa B J0060i TOYKe.
6.98. Ilycrn
1
flz) =1 la|’
az® +b, |z < 1.

|lz| > 1,

Haittu rosddunuentst a u b Tax, yrobbr pyHruua f(z) 6pura Henpe-
peiBHA 1 qud dhepeHnupyeMa B Ji000i TOUKe.
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Haitti nmpousBogHbIe cleIyomux (yHKIuiL:

1+
6.99. y = {‘/1fT . 8.100.y = \/z+/z + /7.

6.101. y = "/l — )" (1 + 2)".
6.102. y = sin (cos? a,) cos (sin®z).  6.103. y =

6.104. y = (%)x (g)a (%)b a, b > 0.

6.105. y = In (In" mz). 6.106. y =

cos" mx

! In V3~ V2
2V6 V3 + V2
6.107. y = log, sin (2m: + g) 6.108. y = arctg (te? z).
6.109. y = log, e. 6.110. y = (sinz) 7.

: 6.112. y = /o5 T - V0%,

6.111. y = /75" 7
6.113. y = ln(shz) + 6.114. y = arctg (thz).

2shz’
1
6.115. y = e Fshax. 6.116. y = arccos (———)
chz
6.117. y = In|z|.
< Oyuruna y = In|z| onpenencna Ve € R, 2 #0, u
| _ [Ing, x>0,
nlz = In(-z), z<0.
Orcrona ’
1
) T > 0, 1
(njz)) ={ ¥ r.e. (Injz]) ==, z#0. >
1 T
5, r < 0,

1
6.118. y = arcsin |——| 6.119. y = |sinz|.
x
6.120. y = | arctg z|.
6.121. y = [z]z, rue [z] — uemana yacrs uucaa .
<] Oyuruua y = [z]z onpenenena Va € R. Ecm k € Z, 10 y = kx npu
x € [k, k+1). llosromy
y =k zek k+1),
a B Toukax ¢ = k, k € Z:

fLk)y=k-1, fi(k)=k >
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1 - CL', X < O, aj, T < O’
122, y = Jd23. y =
6.122. y {e‘x z > 0. 6.123. y {ln(1+x), z > 0.
22 %" x| <1
6.124. y = { 1
-, |z| > 1.
e
z? 3—=z
6.125. y = 3 .
YT (34 1)?
6.126. y = (z — a1)*(z — a2)®...(x — an)*"
6.127. y = a®". 6.128. y = (log, a)®.

1 1/z
6.129. y = sin (sin (sinz)). 6.130. y = (—) .
x

In3-sinx +cosa:
3:C
sm ax
6.132. y = 3cosbz + lm
3 cosd bz
6.133. [loxazaTb, 4T0 MPOM3BOAHAA YETHON (QYHKIMHM — GYHKIUUA
HEJYeTHad, a IPOU3BONHAA HEeUYeTHON (QyHKuMM — QYHKUUA deTHadA.
6.134. Jloxasarb, 4TO IPOM3BONHAA neppm)mqecnou (GbyHKIUY eCThb
(OYHKUUA TaKKe HePUOINYECKAA.
6.135*. Haittu f'(z¢), ecim f(z) = (z — z0)p(z), rue Qpynsuua
¢(z) HenpeprIBHA B TOUKE Zj.

6.131. y =

IIycts p(z) u ¥(z) — mud depenunpyemsie pyusuuu. Haiitu npo-
M3BOIHbIE CJAELYIOUIMX CJIOAHBIX (DyHKUMI:

6.136. y = \/?(z) + ¥2(z). 6.137. y = arctg 3%
6.138. y = (x)*®), (z) > 0.
6.139. y =log, ) ¥(z), ¢(z) >0, ¥(z) >0, ¢(z) # 1.

< IlepetineM K HaTypadbHBIM JoraputMam:

y= log(p(z) 111(1:) =
Otcrona HaxoouM

,_ (@' @)/() Inp@) - (¢'(@)/p(x) Iny(z) _

v In® o (z)
_ L (¥@) P
‘1n<p(x>< v ())">
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llycte f(r) — mpoussombHas aud@epcHIupyecMan (QYHKIMA.
Haitru y:

6.140. y = f(lnz). 6.141. y = In (f(z)).
6.142. y = f(c%)ef(®),
< Umeem

y' = flen)et e + f(e)e! O f(2) = /) (e (e7) + f(2) f ("))

6.143. y = f(f(2)).

2. Ind depermmpoBanue GyHKINM, 3aJaHHBIX HEABHO WM IAPAMeTPH-
vyecku. [osopar, uro Gpynkuua y = f(z), = € (a, b), neasno 3adana ypas-
HenueM F'(z, y) = 0, ecau pusa seex = € (a, b)

F(z, f(z)) = 0. 3)

Ilnsa Bbruncienna npoussoiHol gyHrumuu y = f(z) caenyer Tommectso (3)
nponuddepennuposaTh no r (paccMaTpuBaA JEBYH0 4aCTh KAaK CJAOKHYIO
(GYHKLHIO Z), 2 33TEM 0JIyYEHHOE yPAaBHEeHMe Pa3peInTh OTHoCuTensHo f/(z).

Opumep 5. Ypasuenue z° + y? = 1 HeABHO onpenenAer Ha MHTepBaIe

(=1, 1) mBe pynxruuu:
yi(z) = V1-22,
y2(z) = —v1 — 2.

Hatttu ux npousBogHbIe, He UCNOAb3YA ABHLIX BhIpameHuit (4).

< Ilycrs y(z) — mobaa ua srux ¢ysruutt. Torma, nuddepenuupya no z
TOMAIECTBO

(4)

2 +y*(z) = 1,
TOJIYYUM
2z + 2y(z)y'(z) = 0.
Orcropa -
!
yx)=——7=,
(@) y()
T.e

T o x

' _ _ ] _ Tz
yl(x)" yl(l') - = 1_1_2’ y2(:.l;)_-y2(l') - /—‘—1_:1:2' >

IIpumep 6. BeisecTu npasmio nuddepeHnrpoBaHua 00paTHOR GyHE-
LIy,
< Ecau z = f~(y), y € E, — dynruua, obparnaa x y = f(z), = € D, To
1A Beex y € E Bpimonneno paBeHCTBO

(7 'y) -y=0.
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Hnaue rosopdA, obparHaa dyukuua z = f ‘l(y) eCcTh (PYHKUUA, 3aTaHHAA
HEABHO YPaBHEHHEM

f@)-y=0. (5)
Ins BeIMMCIeHUA npousBomHol QyHkmuy * = f~!(y) muddepenmupyem (5)
no y:
flz)e'y) - 1=0,
OTKyZa
o 1
) W) ©

Tlpu HeaBHOM 3amaHuu QYHKUUI, a TAKKE VA CIOKHBIX Q)ymuum Oy-
IeM IJIA NPOU3BOMHOM MCIOAB30BATh Takme 0003HAYEHUA TUNA Y., TaM, IIe
He00X0MUMO yTOYHUTD, N0 KaKoit IepeMEeHHOM BeIeTcs nncpcpepeunnposanne

6.144. Haittu 3navenue y,, B Touxe z = 1, eciu
S22yt 45 +y—5=0, y(1)=1
6.145. Haittu y,, B touxe (0, 1), eciu e¥ + zy = e.

Haittu y; IJA clelyrmux QyHKIUHA, 3a0aHHbIX HEABHO:
2>y 44 .4 2,2
6.146. ——+32—‘- 6.147. z* + y* = z°y°.

6.148. /T + /y = Va, a > 0. 6.149. 2ylny = z.
6.150. e®siny — e¥cosz = 0.  6.151. sin(zy) + cos (zy) = 0.
6.152. 27 + 2V = 27+Y, 6.153. £ — y = arcsinz — arcsin y.

6.154. arctg = =Iny/z2+y% 6.155. zy = arctg =
y

a
6.156. 2V = y”. 6.157. a*/V = (f) .
Y
6.158. [lorazars, 4ro QyHKRUMA Y, ONpENeNeHHAs YDPABHEHUEM
zy — Iny = 1, ynosnersopaer takme ypasuenuo y2 + (zy — 1)y’ = 0.

Haittu npousBonubie GyHKIMA, 00pPATHLIX K 3aMaHHBIM:
6.159. y = shz.

ef —e™* et +e*
< Umeem no onpenenenuio sh z = — Tan kax (shz)' = —i-z_— >0

nnda Bcex = € R, o dyuruua shz MoHOTOHHO Bo3pacTaer Ha Bcelt meficTBU-
TeNbHON OCH H, CJIeI0BaTeNbHO, HMeeT 00paTHYyo, obo3Hauaemyro arsh z. Ilo
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npaeuay nuddepeHunpopaua obpaTioil GyHLIHMM I0JydaeM
1 2 1 1 1
r =(arshy) = —= ——— = — = - '
Y ( y) ylz et + e T chz \/1 + Sh2 z \/1 + y2

CnemoBaTesibHO, mepexona K 00bITHBIM 0003HAYCHUAM, UMEEM

(arshz) = L >
V4
6.160*. y = chu. 6.161. y = arcsin 2%,
1
6.162. y =22% — 2, z € (5, +oo>.

Iycrs y = a(z) — ¢Qysxuna, obpatHad K 3agaHHOR y = f(z).
Bripasuts o (z) wepea @ v «(x), ecam:
6.163. y = =”".

< YuurtsiBas, 4To
(") = 2" In(z + 1),
THoJIyyaeM:
. 1 1

YTu T wrnet D) yna(y) + 1)
TaK Kak z = a(y). B o6bruHLIx 0003HaYeHnAX
1

o'(w) = z(lna(z) +1)° >

T

1
6.164. y = = + . 6.165. y = 5T+ z3.
6.166. y = x +logy, z. 6.167. y =z lnz.

Iycrs 3amannr GyHKIUM
z=9p, y=y(), te(ah). (6)

Ecnu npu srom = = () na unrepsane (o, 3) umeer obpatHyo t = ¢~ (),
TO OHpenejeHa Hovaa QyHKIUA

y(z) =y (v~ (2), (7)

HasbiBaeMand (QyHKuMeH, 3adannoli napamempuuecky COOTHOIEHUAMH (6).
ud pepennupy# (7) 10 T ¥ UCTIOALIYA NPABIIO AU (epeHIupoBaHUA 06paT-
Ho#t Gysruuu (npunep 6), noaydaem

4 _u ®

! ! !
A b
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Mpumep 7. Hatttu y,, ecan

T
T = cos’t, y=sint, te€ (0, ——).

2
| Tar kax ) = —2costsint, 1} = cost, To no Gpopmyue (8) Haxogum
, 1
Yo = T o5t

lna dynrnumit, 3afaHHBIX MapaMeTpHUuecKy, HAATH y;:

6.168.
6.169.

6.170.

6.171.
6.172.

6.173.

6.174.

6.175.
6.176.

x =2t y=3t> -5t t € (—o0, +00).
r=1+2, y=005t2 t € (—o0, +0).

1 t \?
- =(——)  t£-1
L (f+1>’ 7

r=27" y=2% te (o0, +00).
T =acosyp, y=bsing, ¢ € (0, 7).
r =tgt, y=sin2t+ 2cos2t, te( 72r 721')

1

t
T = arccos ﬁ, y = arcsin —ﬁ’ t € (0, +00).

r=1In(l+12%), y=t—arctgt, t € (0, +00).

z = 3logy ctgt, y =tgt+ctgt, t € (0, g)

t
6.177. z = arcsin (#2 - 1), y = arccos 2 t e (0, v2).
6.178. = V1 — V1, y= V1 -Vt t € (1, +o0).
6.179. z = asht, y = bcht, t € (0, +00).

Haittu ), B yKasaHHBIX TOYKAX:

6.180.
6.181.

6.182.

6.183.

Int
x=tlnt,y=—I:—,t-—-1.

z = t(tcost — 2sint), y = t(tsint + 2cost), t =

IS

z =et cost, y=elsint, t =

3at 3at?

€I = ————

E
IR A i
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3. IlpousBongnpie BLICIUMX NOpAXKOB. [Ipoussodnotli 2-20 nopadka o1
(¢ynruun y = f(x) Ha3bIBAETCA [IPOM3BOLHAA OT €e IIePBOi [P OU3BOIHOM, T. C.

y'(z) = (y'(2))".

Boobwe npouzeodnot n-20 nopadke (nmu n-i npouzeodnotli) HasblBaeTCA
IPOU3BOIHAA OT IIPOM3BOIHON mopAnka n — 1, T.e.

y(n)(w) — (y(n—l)(z))” n=23,...

d
J_[JIII IIPOU3BORHON N-r0 NopAnKa HCIIOJIb3YEeTCA TaKKe obo3HaueHue ——y‘

dz™
Ilpumep 8. Haittu y”, ecniu y = In (z + V1 + z2).
1

< Umeem ' = =. Crenosatensho,

V1422

Y = 1 ! __ T >
/1+.’112 (1+x2)3/2.

Haittu npousBomnHbie 2-ro mopAnKa 0T CIENYIOMINX (QyHKIMIML:

6.184. y = cos® z. 6.185. y = arctg 2.
6.186. y = log, V1 — 2. 6.187. y = e~ %",
6.188 aeme 6.189*. y = zV7.

Ly = i

6.190. Haitru 3'(0), 4"(0), v"'(0), eciu y(x) = €2 sin 3z.

6.191. Haittu y"'(2), ecn y = In (z — 1).

6.192. Haittu 'V (1), ecmn y = 23 Inz.

6.193. Haitrtu y(0), y'(0), y”(0), ecan y = 25" % cos (sin ).

Ilycrs f(u) — mpamanl nuddepennupyeman ¢yusnua. Haiiru y
u vy, ecmu:

6.194, y = f (11—2> . 6.195. y = In f(e%).

[Mycts w(x) n v(x) — nBammsl nuddepeHurpyeMsble QyHKIMH.
Haittu ¢/, ", ecou:

6.196. y = v’ (u > 0).
< Hmeem Iny = vinwu. Orcrona Haxomum

! UI
Y —vlnu+ —u',
Yy u
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v v
y =y (v' Inu+ —u') =u’ (v’ Inu+ —u') ,
u u

u?

o1 2 " 12 11
v u , un' —u 2u'v "
=u v—+v Inu} 4w + +v'lnu]. >
U U

/ 10 " 12
v v VUU A+ VU U — VU
y' =y ('n’ Inw+ - u') +y (v" Inu+ —u' + )
u u

'u2

6.197. y = VuZ +¢2.  6.198.y = In —.
v

Haittu Qopmyny mns n-ii npOM3BONHON 3aTaHHLIX QYHKIIMIL:
6.199. y = 2™, m € N. 6.200. y = a**, k€ R.

6.201*. y = sinz. 6.202. y =Inz.
1
6.203*. y = cos® x. 6.204. y = 1 + L

Pasmaraa B mmmciinyn xoMOuHauuio Gojnee MPOCTHIX (QyHKIMIA,
HalTH yKA3aHHLIC IPOMU3BOABLIE OT 3aNaHHLIX QYHKIMMH:

2
6.205. y = ——
T4 —

1 HaHATH y(”).
< iIpeobpasyeM BLIpaKEHUE K BHILY

2x 1 + 1
2-1 z4+1 z-1"

y:

Tar rar

1\ 1
= (-1 nl——
(:L'j: 1) (=1)"n (z £ 1)n+t

(aoramute!), To

1 1
(n) = (=1)"p! )
Y ( 1) n ((£ + l)n-}-l + (:l? — l)n-}-l) >

1
6.206. y = —5— HaiiTu y(so)'

22 — 3z + 2
14+
6.207*. y = ——-’—_——r—— Ha¥lTH y(20).

Vi—z
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Iycts u(z) 1 v(z) UMEIOT IPOM3BOLHBIE 10 N-T0 MOPALKA BRIIOUUTEILHO.
Torna s NpOM3BORHOMK n-ro MopAnka ux npoussenenvd u(z)v(zr) cnpasen-
muea popmyaa JlenbHuna

(wv)™ = My 4 nu=Yy' 4 2@——2—1-)-11("_2)11” +. +uw™ =
n
= Chur—Ry®),
k=0
- - !
0 _ © _ g _nn=1)...(n—-k+1) n! o
e w' = w, v = v w Oy = 1-2-... -k = k(- k)

6uHOMuaabLHbIE K03 uunents (mo onpenenenyo 0! = 1).

lpumensas dopmyny Jleitbuuna, HaiiTy NPOUSBOAHLIE YKAZAHHBIX
MOPALKOB OT 3aTAHHLIX QYHKIMIM:

6.208. y = (2% + = + 1) sinz, Haitru y(1%),

6.209. y = (2% — z)e®, maitru y(20),

6.210. y = sinz - e~ %, Haitta y(®).
6.211. y = z log, «, Haittu y(10),
6.212. y = z shz, Hairta y(100),

6.213*. Tloxasars, uro (% cosbz)™ = r"e% cos (bx + ny), rue

b b
r=+va2+b2, tgp = = sinp = -

1/x
_ e
6.214. Jloxasars, aro (2" lel/*)(M) = (—1)";733.
6.215. Borumcnurs 3HaYeHHE N-# NPOM3BOLHOM (YHKIMH Y =
3z +2 0
= ————— B rouke z = 0.
22 -2z +5

< Ilo ycaosuro umeem

y(z)(z? — 22 + 5) = 3z + 2.
IIponud depennrpyeM 3T0 TOEIECTBO N pa3, npuMmenAda Gopmyny JlefbHuna.
Torna (naa n > 2) nomyuum

y™(2) (22 — 22 + 5) + ny™ D (22 — 2) + 9("—2"i)y<"—2) (@) 2=0,

orkyna mpu ¢ = 0

5y(™(0) - 2ny"~D(0) + n(n — 1)y"=(0) =0,

HaIn

2 _ n(n—1
yM(0) = Zny"=D(0) — _(_5___)

(n-2)
3 y"(0).
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Mg! nonyaunu pexkyppeHTHY0 GOPMyILy IVIA OIPCLEICHUA N-i NPOU3BOL-
goit B Touke £ = 0 (n > 2). 3uauenun y(0) u y'(0) Haiimem Hemocpem-
CTBEHHO:

2 ) —3z% —4xr + 19 19
y(0) = 5 Y )= (x2 -2 +5)% |,_, 25

3areM, Mosarad MOCIeNoBaTeNnbHo = 2, 3, 4, ..., C HOMOIILIO PERypPCHT-
HOI (QOPMYIIbI HONYIUM 3HAUYCHUA NPOM3BONHLIX BLICUIUX IOPFAILKOB.
Hanpuwmep,

2

5 “95 5 5 125
2,5 3219 4
5 125 5 25 625

Ilpumensa meron, onucaHHbiil B 3agave 6.215, HalTH NpOU3BOI-
Hyio 4-ro mopanka B Touxe £ = 0 or 3agannHoi QyHKUMN:

ar +b 2 +x+1

6.216. y = ot d c#0. 6.217. y = ot

6.218. IloxasaTn, uT0 QyHKUMA Y = arcsing yoOBJIETBOPACT mud-
depennuannaomy ypasmenuio (1 — z2)y" = zy'.

6.219. Tloxagars, uro Gpyurmua y = C1e?® + Cyze®® + e* ynonie-
TBOpAET mudpepeHnuanbHOMy ypaBhenuto y” — 4y + 4y = e*.

6.220. TlokaszaTs, 9T0 QyHRIMA §y = € * COS T YIOBJETBOPACT Iud-
deperumansaoMy ypasaermio YY) 4 4y = 0.

6.221. Ioxasars, uro gynrmua y = z"(cos (Inz) +sin (Inz)) yno-
Brersopser muddepernuanbroMy ypasrenuio z2y” + (1 — 2n)zy’ +
+ (1 4+n?)y=0.

B samavax 6.222-6.226 nHailTy OpOU3BOIHDLIE 2-T0 NOPALKA OT
GyHKIMI, 3aTaHHLIX HEABHO:

ot L
6.222. \/z2 + 2 = ae® 8z, a > 0.
< [Tuddepernupya ypasHeHue, onpeneisatomee Gyurumio y(z), noaydaem

T +yy' _ gy yr—y  yz-y

Ve RS RN Y

Orcronma

c+yy =ay -y (9)
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U, CJIeqoBaTEJbHO,
,_ T4y

y=_— ) (10)
Muddepennupya (9) u ucnonnsya HaiinenHoe mia y' soipamenue (10), mo-
vaaen o = 2@ V)
T T ey
6.223. y2 = 2pu. 6.224. y = 1 4 xev.

6.225. y = tg(z +y). 6.226. 7Y = zy.

6.227. BriBecTu QopMymy oA BTOPOl NPOU3BOLHON (QYHKIHUH,
obpaTHO# K 3agaHHON GyHRUMH Yy = f(2).

6.228. Jloxazars, uro ecau (a+bz)e?/* =, To 23y" = (zy' —y)%.

Haitty npousBomHble 2-ro mopaAnka cienylommx (QyHKUUN, 3amaH-
HBIX IIapaMeTpPUIeCKU:

6.229. z = Int, y =3, t € (0, +00).
< Nnmeem

y (y/ ! 9t2
do=Yaa® gl ==t = Bk = 2 s

z T gl :l/t

3ameruM, UTO B JAHHOM CJydyae Iapamerp t JIETKO MCKJIIOUNATb U3 3a1aH-
HBIX YpaBHCHHU, mosarad { = e*. (1emoBaTesbHO, BHIDA/KEHUE IUIA Y, Rak

dyusuuu or T umeer sun Yo, = 9e3%. >
B obwem cayuae, eciu z = @(t), y = ¥(t), T0 y,, BBIYUCIAEICA MO
(popmyae
o'(t)
g = Y (t)e'(t) - w;’(t)w'(t) |90" W'(t)l
(' (1)) (¢'®)’°

6.230. © — sect, y = tgt, t € (0 5)

6.231. z = arcsint, y =In(1 — #?), t € (-1, 1).
6.232. z = arctgt, y = In(1 +t?), t € (—o0, +00).

6.233. z =acos®t, y = asin®t, t € (0, g—)

6.234. Iloxasats, uro ¢yusuua y(zr), 3agaHHAA NapaMETPUIECKH

ypaBHeHUAMHU T = sint, y = aetV? + be~tV2 t € (=m/2, /2),
npy m00bIX TOCTOAHHBIX @ U b ymosiersopsaer nudQepCcHIuaILHOMY
ypasrenuto (1 — z2)y" — zy! = 2y.
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4. Teomerpuyeckue ¥ MeXaHHYeCKHEe NPHJIOEEHUA IIPOU3BONHON. 3HA-
yenue npoussonHoit f'(xo) QyHrunu y = f(z) B TOUKe Ty PAaBHO YIVOBOMY
roaphunuenty k = tg o wacareasHodt TT' « A
rpaduKy 3TOi (yHKUMM, IPOBEIEHHOHN yepes
rousy Mo (2o, Yo), Tme Yo = f(zo) (puc. 3) N y=fx)
(reomeTpuueckuft CMBICA NPOUS3-
BOIHOI).

VYpasuenue xacameavnott TT' w rpacu-
ky Oyusmun y = f(r) B ero Touxe Mo(xo, Yo)
HUMCET BHI

y — Yo = f'(zo)(z — o). T/O x:] \N’ x

lipamaa NN', npoxonAias 4epes TOUKy Puc. 3
KacauuAa My DEPHEHIMKYIADHO K KacaTelb- :
HOI, HA3LIBAETCA HOPMaablo K rpagury Oyasnuu y = f(x) B 9TOH TOUKE.
YpaBHeHue HOpMaIu

(z —20) + f'(z0)(y — yo) = 0.

Hanucars ypasHeHuA KacareibHOR W HOPpMaNd K rpahury QyHK-
uun y = f(x) B maHHON TOYKE, ecyu:

6.235. y = 22 — 5z +4, 79 = —1.

6.236. y = 23 + 222 — 42 — 3, z9 = 2.

'8.237. y = /7, 1o = 4.

.38,y =tg2zx, zog =0.

6.239. y =lnzx, 29 = 1.

6.240. y = el“$2, zg = —1.

6.241. Hamwucarn ypasHeHus KaCHTeJILHOI/I U HOpPMalll B TOUKE

1+t 3

S Y=sat g t#O
6.242. Hanucars ypasHCHUA RacaTeJn,me K KpPUBOH

z =tcost, y=tsint, t€ (—oo, +00),

My (2, 2) & spuBoit T =

B Ha4aJIC KOOPIMHAT U B TOuKe t = 7/4.

6.243. Hanucatt ypasiieHHda KacaTeNLHOR M HOPDMAald K KPUBOM
x3 +y% + 22 — 6 = 0 B TouKe C OpAMHATOH Yy = 3.

6.244. Hanucarts ypasueHue KacaTeNLHOM K KPUBOH = Sy 2y =
= 0 B Toure My(1, 1).

6.245. Ilon waxuM yrioM rpaduk GYHKIMH Y = €
npamyw ¢ = 27

6.246. B raroit Touxe My wpusoii y? = 23 racarennHas nepuen-
IUKyAApHA K npaAMoi 4z — 3y + 2 = 07

6.247. Haittu o3 uumerTs! b u ¢ B ypasHeHuU napabossl y =
= 22 4 bz + ¢, nacaomeiica npamoit y = x B Touke My(1, 1).

/2 nepecexsaer
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6.248. Ilorazats, uTo KacareabHble Kk runepbose y = B TOY-

Kax Ce MCPEcCYCHUA ¢ 0CAMM KOOPIUHAT MAPAIEILHBI MeAIy CODOM.

6.249. CocraButh ypaBHEHHC HOpMAIM K rpadury byHruum y =
= — /T +2 B TOuIE MEPECEYCHUA C OUCCEKTPUCON MEPBOTO KOOPIHU-
HATHOrO yria.

6.250. CocTaBuTh ypaBHEHHE TAKO HOPMAIH K napabone y = T2 —
— 6z +06, KoTopasa NepICHIMKYIAPHA K IPAMOMH, COEMUHAIOIIEH HAYaI0
KOOPIUHAT C BEPILUMHON 1apadosl.

6.251. B rourax mepeccuenusa npamoit £ — y + 1 = 0 u napabosnt
y = x2 — 4z + 5 mpoBeneHs! HopManu k napa6ore. Haiity miomans
TPEYroJibHUKA, 00pAa30BAHHOI0 HOPMAaJAMH M XOPIOH, CTATUBaIOLIei
yKa3aHHLIE TOYKHU NEPECeYeHU.

6.252. Ilokasarh, 4YTO0 HOpPMAnM K pa3BepTKE OKPYKHOCTH & =
= a(cost + tsint), y = a(sint — ¢t cost) ABIAIOICA KACATEJBHBLIMH K
oxpymuocty z2 + y? = a?.

Yriom w wmeancdy xpusvimu y = fi(z) u y = fo(z) B ux obweit Touke
Mo(zo, yo) Ha3BIBACTCA YrOJ MERKIY KACATEJIbHbIMU K 9TUM KDPHUBBIM B
Touke M.

f3(@0) — fi(zo)

1+ fi(@o) f3(z0)

Haiitu yranl, 1o KOTOPHIMH NEPECEKAlOTCA 3adaHHbIE KPUBbIE:
6.254. y = 2% u y = 23 A
6.255. y=(z—2)°uy=4dr — 2% + 4.
6.256. y = sinz u y = cosz, z € [0, 27].
T

6.253. Toxazatp, uto tgw =

6.257. z2 + %> =8az u y? = ———.
2a —

6.258. IokazaTbh, 4TO CyMMa OTPE3KOB, OTCEKAEMBIX KacATEJIbLHOM
x wpuBoit ©'/2 4 y1/2 = ¢1/2 Ha ocax woopIMHAT, IIA BCEX ee TOYEK
paBHa a.

6.259. lorazath, 4TO OTPE30K KacaTeabHOM k acrpomme z2/3 +
+ 3?3 = 62/3, 3akmoueHHBIH MemIy 0CAMH KOODIMHAT, UMEET II0-
CTOAHHYIO NJIUHY, PaBHYIO @.

6.260. Haiiti paccroanue or Havaja KOOPOIMHAT OO HOpDMald K
IVMHUU Y = e + a:z, NpoBeINeHHo B Touke ¢ abcuuccoit z = 0.

6.261. [lorazaTh, 4TO OTPE30K KACATENLHON K mpaxmpuce

a. a+Va?-z? 5 5
S P i SO/ )
a—va?—2?
3aKIIOYEHHBIH MEKIY 0CLI0 OPIMHAT M TOYKOM KACAHUA, MMEeT I0CTO-
AHHYIO IJIMHY.

e

[\
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Ecan xpuBas 3amaHa B MOAAPHBIX KOOPOUHATAX ypaBHeHueM T = r(yp),

10 yroa 6, obpasoBaunbiit kacareannoit TT' u paauyc-extopom OM Touru

wacanusa M (puc. 4), onpenensaerca coor-
HOLLUCHHCM

tgf = %?ﬁ)— (11)
©
6.262**. Buisectu Qpopmymny (11).
6.263. Haiitu yron 0 memny na-
CATCHLHOU U PagUyc-BEKTOPOM TUTKH
KaCaHWs U JIOTapu(h)MUUCCKOHA Cru-
pamu T = aek?.
6.264. Haittu yroa 6 memny naca-
2

TENbHON U paInyC-BeRTOPpOM TOUIKHM KaCaHMA OJIA JCMHHUCKATBL 7" =

= a? cos 2.

T!

Puc. 4

Ecan ¢ = z(t) — QyHKuUA, OMUCLIBAIOIIAA 3aKOH IBUMAEHHA MATEPH-

xr .
AULHOI TOURM, TO NEPBAA NPOSBOIHAA —— = & ECT CHOPOCTS, a BTOpar
d*x . .
IPOM3BONHAA = & -~ YCKODEHWC 3TOH TOYKM B MOMEHT BPeMEHH t

dt?

(MexaHMUYECKUN CMBICJH MEPBONH U BTOPOH HPOU3BOIHBIX).

6.265. 3axoH ABMKCHMA MaTEpl 1"LHON TOYKU N0 MPAMOM HMMeeT
sun ¢ = (1/4)t* — 413 + 16¢%.

a) B rakme MOMEHTLI BPEMCHHM TOUKA HAXOOUTCA B Havaje KOOp-
auHaT?

6) B raxue MOMEHTBLI BpEMEHU HANPABJICHUE €€ JBUKEHUA COBIA-
JaeT ¢ MONOKUTEeNLHBIM HanpasacHueM ocu Ox?

B) B Kaxue MOMEHTEI BpEMCHU Ce yCKOPEHME PABHO HYJIIO?

6.266. HaitTu ckopocTh TapMOHHUYECKOTO KOIEDAHUA ¢ aMILTHTY 0N
@, 9acToTol w M HavalLHo# (asoit ¢ = 0.

6.267. Teso Maccoit 4 nBumercA NPAMOIUHCHHO N0 3aKOHY T =
=2 4+ t+ 1. OupenenuTh KUHETMMECKYH) YHEPIUI0 TEJIa B MOMEHT
BpeMeHu t = 5.

6.268. B xaxoit MmoMmenT ¢ € [0, 27] HaNO yCTPaHUTH NeHCTBHE CHII,
YT0ObI TOYKA, yYACTBYIOIIAA B TdPMOHHICCKOM KoiebaHuu & = cos 3t,
NPONOJIKANA NBUIATHCA PABHOMEPHO CO CKOPOCTHIO v = 3/2.

6.269. Touxa msumercsa no jgorapudMmueckoit cnupanu r = e?¥,
Haiiti cxopocTh MBMEHEHHA MOJAPHONO0 PAJUYCa, €CIN U3BECTHO, YTO
OH BPAILAETCA C HOCTOAHHON CKOPOCTHIO W.

6.270. Toura mBUmercA mon OKpYRHOCTH T = 2a c0s . Haiitu cro-
pPOCTH M3MCHEHUA abCUMCCLI ¥ OPIUHATLI TOUKY, €CHIH HMOJAPHLIH pa-
IOUYC BPALIAGTCA C YIVIOBOM CKOPOCTHIO W.
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6.271. B axoit Toune smmunca 1622 4-9y? = 400 opaunara yonizaer
¢ TOM KC CKOPOCTLIO, ¢ KaKoil abciucca Bo3pacracr’

6.272. Panuyc mwapa uamensnercda co ckopoctsio v. G ranoit cropo-
CTLIO U3MCHAKTCA 00HCM U MOBCPXHOCTH Itapa’

6.273. Koseco Bpaiiaerca Tak, 410 yroi IoBOpPOTa IPOIOPUHACHANEH
kpBajgpary speMenu. llepseiit 06opor ObLT cHCIAH KOJMECOM 33 BPCMA
T = 8c. Haiitu yrnosywo crOpocTh w B MOMEHT BpemeHH ¢ = 32¢
II0CJIe HAvYaJIa JBU/KEHHUA.

§ 2. ﬂn@@epeﬁunan

1. lud pepermman 1-ro nopanra. Oyuruna y = f(z) HasuiBaercsa dug-
Ppepenyupyemoti B TOURE Tg, ecau ee npupamenue Ay(zo, Azx) Momer ObITh
UPENCTABIEHO B BHIE

Ay(xg, Az) = AAz + o(Ax). (1)

I'napnas nunelinasa yacts AAx upupawenns Ay Hasbisacrea dugdepenyu-
a40M 3TOH DYHKIMH B TOUKE Lo, COOTBETCTBYIOIIMM NpupaiieHuo Ax, u
oGoaHauaerca cumBoioM dy(zg, Azx).

IIna Toro utobut Gyuruua y = f(z) 6buia auddepeHunpyeMoii B ToUKe
Zo, HEOOXOMMMO M IOCTAaTOMHO, uToDBI CymiecTBOBata mpoussonHas f'(zo);
IpH 9TOM crpaBemiuBo paseHcTso A = f'(xo).

JTO yTBCPMRIOCHHE MO3BOJACT Has3bIBATL MU(G(PEpPCHIUPYEMOil BCAKYIO
(YHKIMIO, UMEIOLIYI0 NPOU3BONHYI0. MMEHHO B TaKOM CMbBICJIE MBI U YIO-
TpebnAan 9T0 BhipameHue B § 1.

Boipamenuve mis nud QepeHnndata UIMeeT BUL

dy(zo, dz) = f'(x0) dz,
rue npuHATO obosuadenne dr = Ax. U3 dopmyasr (1) caenyer, uto ecau
f'(xo) # 0, To npu Az — 0 npupamenne pyHKkuun 1 ee nuddepenuuan dy

B (UIKCUPOBAHHON TOYKE ABJAIOTCA BKBUBAIEHTHLIMH G€CKOHEUYHO MajbIMU,
YTO MO3BOJIAET 3aIMUCATh NPUOIHMEHHOE PABEHCTBO:

Ay ~dy mpn |Az| <1 (2)

Ipumep 1. Haifitun npubmumenHo 3uaueHie obneya V owapa pamuyca
r=1,02M.

4
< Tax wax V(r) = g'/rr", T0, monaraa 19 = 1, Ar = 0,02 u ucnonbsysa
dopmyay (2), nonyqaem:
V(1,02) = V(1) + AV(1, 0,02) =~ V(1) + V'(1) - 0,02 =

4
=37+ 47 -0,02 ~ 4,43 M. >
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l'eomerpuueckuit cmeica qpudbepenuunana. Qupdepenunan
dy(zo, Az) pasen mpupawieHu0 OpaMHATEL Kacarcavhoit TT' 1 rpaduwy
yunun y = f(x) B rouxe Mo (%o, yo)

npy IPUPALIEHUN apTYMEHTa, PaBHOM y
Az (puc. 5). T
6.274. Vcmomnayn  (opmyay Mxg+Ax. 3o+ &)
dy = y'dz u npaBuna BBIUHCIC- Ay
HUA IPOM3BOAHBIX (cM. §1, m. 1), My )Y
I0Ka3aTh CICHYyIOIIHEe CBOHCTBa
nuddepennnaa: 7 dx
a) d(C) =0, rne C — mocro- 0 Yo tgthx %
AHHAS,;
6) d(Ciu + Cov) = Cidu + Puc. 5
+ Cy dv;
vdu —udv
B) d(uv) = udv + v du; r)d( ) o
6.275. llycts 2(z) = z(y(z)) — cnomuan yHruna, o6pasosanHan
KOMIIO3UIHE q)ymmnﬁ y=1y(z) n z = z(y). loxazars, uro

dz(x, dz) = 2, (y) dy(z, dz),

T.€. BhbIpameHue nia audQepeHuuana CIoRHON QyHKIMY Yepes Jud-
depeHnuan IpoMesRyTOUHOTO APIYMEHTA HMEET TAKYIO0 JRe dopmy, UTo
1 ocHosHoc onpenencuuc dz(z, dz) = z,(z) dz (sr0 yTBCpRAEHKC Ha-
3BIBACTCA UHBAPUGHIHOCTILIO HOPMBL 1 -20 dufepenyuaaa).

6.276. Joxasarh, uTO WA AMHEHHOW QYHKUUHK Yy = az + b mpupa-
wedre Ay u mudpeperuuan dy COBIATAIOT.

6.277. Hanitu npupamenne Ay u muddeperuuan dy QyHRumu
Y = x>, COOTBETCTBYIOIIMC 3HAYCHUIO APIYMEHTA To = 2 U IBYM pPas-
AuvHBIM TpupamieHuam aprymenTa (Az); = 0,1 u (Az), = 0,01.

6.278. Haittu mpupamenue AS u mudpepenunan dS miomranu
S wBampara, coorsercTBytomue npupaiicauio Az cropousnt z. G mo-
MOIILI0 PUCYHKA FeoMeTpuuccku ucroaroBarh AS, dS u pasHocTn
AS —dS

6.279. MarepuanbHan Touka M IBMKETCA NPAMOJIMHENHO IO 3a-
KoHYy s = f(t), rme ¢ -~ MOMEHT BpEMeHH, a $§ — IPONACHHLIA IyTh 32
npomesyTok spemenu or 0 mo t. JaTh MexaHmueckoe MCTOIKOBAHUE
nudpepernuana myTu ds, COOTBETCTBYIOLIEr0 NMPOMCKYTKY BpeMEHHU
At =ty — .

6.280. Vcmonn3yna pesyabTar npenbinymicii 3agauu u GopMyry (2)
HaitT npubiaunKeHHo nyTh AS, IpoineHHbIH Touroit M 3a mpomexy-
TOK BpemeHu 0T t; = 3 mo to = 4, ecau 3axoH ABMKeHUA Touru M
3aman Qopmyioir s = 1 + arctgt. ConocraButh 0TBET C TOYHBIM 3HA-
yeHueM AsS.
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6.281. [daa ¢yunumit: a) f(z) = 2™ u 6) ¢(zr) = sinz Haiitn
3HAYEHUA aPrYMCHTA T, IPX KOTOPLIX TU( (epeHInabl 9STUX (yHKRIuN
HE ABIAKIOTCA 9KBUBAJEHTHLIMHU UX npupawenuam opu Az — 0.

6.282. [lau orpesox [zg, 2o + Az] u3MeHeHUA apryMenTa T (OyHK-
muu y = f(x); Ay u dy — coOTBercTByIOIIME NPUPAILCHUC U AH(-

3
depenuuan pyHsuum y. Boamomebl nu pasescrsa: a) dy = iAy;

1
6) dy = Ay; B) dy = §Ay HAa BCEM 3TOM OTpe3Ke?

6.283. Pebpa xyba ysennuennt Ha 1cm. Ilpu sTrom nuddeperuuan
dV obbema V ry6a oxazanca pasuniv 12 cm®. Haittu nepponavanbuyio
IauHy pebep.

6.284. Paguyc wpyra ysenuucH ua 1cm. Iupepenunan nnomanu
Kpyra OHa3alicA IpH 8TOM pasHbIM 67 cm2. Haitti mepponavaibHyro
BCJIMYUHY pPamuyca.

Hatttu nuddepeHnuanst yka3aHHbIX (YHKHUH UpPU IIPOM3BOIL-
HBIX 3HAUEHMAX aprymMesTa T U IPU NPOM3BCJILHOM €ro NpUpAaIleHuU
Az = dz:

6.285. zv/a? — 22 + a? arcsin s
6.286. sinxz — x cosx + 4. ¢
6.287. zarctgz — Inv/1 + z2.
6.288. xlnz — z + 1.

6.289. zarcsinz + V1 — 22 — 3.

" Ilpu Brruncaennu qud)(epeHnuanos KeABHO 3a1aHHLIX (YHKIUN yI06HO
HCIO0JbL30BATL OCHOBHBIE CBOHCTBA AuddepeHnyasa, nepcuucieHuble B 3aua-
yax 6.274 u 6.275.

Mpumep 2. Hatttu dy, ecin dynruuna y = y(x) 3agaHa HEABHO ypan-
HEHHUEM

y 2,2
In= = . 3
n . Ty (3)
< Ilepenuwem (3) B Bize TOXKmECTBA
ln y(a:) — l'2y?(T)

M BBLIYUCIAUM Au( (QepeHnnansl 1esoit ¥ npasoit uactu. Henonnays ceoiicTsa
mid depennuana, HAXOIUM

d(ln -;’i) = ;i—zd(g) - ;ﬁﬁy————;yd’” = gdy— ;lgdr

d(#?y?) = 22 d®) + ¥y d(2?) = 227y dy + 22y® da.
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TlpupaBHUBAA I0JIyYEHHBIC BBIPAKEHUA, OIyIAEM
1 1 .
—dy - —dr= 222y dy + 2zy° dz.
Y x

M3 91010 ypaBHEeHUA, JMHEHHOr0 OTHOCUTENBHO diy, HAX0AUM OKOHUYATENLHOE
BuIpaeHue A dy yepes z, y u dz:

y 1+ 223%y°
21— 2x2y2

Orcrona, B 4acTHOCTH, MOMET OBLITH MOJNYYEHO U BbIPAKEHUE AJIA IPOU3-
BOIHOI HEABHON (PyHKIMM:

dy =

Yy 142253
v= 21— 22292

Haittt 11 hepeHunaNbl cIeoyomnX HEABHO 3aJaHHBIX (yHKIHA
y = y(z):

6.290. 35 +y — 22 = 1. 6.291. = +¢* = 222
6.292. £%/3 4213 = ¢?/3, 6.293. ¥ =z +y.
6.294. y = x + arctg y. 6.295. y = cos (z + y).

6.296. arctg Y et y2. 6.297. cos (zy) = =.
T

B 3apmauax 6.298-6.302 mpoussecTtu yrasaHHbIE NpUOIUKEHHBIE
BBIVMCJIEHUA, HCIOJIb3YA 3aMeHy IpupamicHusa Ay noaxonsAmniei GyHk-
mwu y = f(z) muddepennuanom dy 310l GyHKIMM Npu Maioit abco-
JIOTHOM BeJMYUHe npuparieHusa Az aprymeHra .

6.298. Broruucauts mpubmmkenHo: a) arcsin0,05; 6) arctg 1,04;
B) In1,2.

6.299. O6ocnosar, npubIUmeHHY0 HOpMyITY

Az
Jr+ Azr ~ Iz +
f—3%ﬁ

U BBINMCIUTE 1O 3TOH (hopMyse v/25.
2

6.300. Haittu npubnumennoe suadenue QGyusuuu f(z) = ¥ 7%
opu z = 1,2.

6.301*. Haiitu npubnvmenHoe Beipamenue 1A npupamenua AV
obbema V' npAMOro KpyroBoro MMIMHAPA ¢ BBLICOTOM A IpU U3MCHCHUH
panMyca OCHOBAHHA T HA BEIMYMHY Ar.

6.302*. Ilo 3arony Kunaneitpona obbem V, 3aHumMacmbiit rasom,
nasjeHue rasa p u abcosrorHad Temneparypa 1 cBA3aHbI (oOpMYII0it
pV = RT, rne R — rasosas nocroannaa. Haiitu npubnumensoe BbI-
pamenue nia npupamenua AV odbema V npu u3MeHeHUM naBJeHUA
p Ha BeanuuHy Ap, cuMTas HensMeHHoH Temmeparypy 1.
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2. Inpdeperumanst Bprcmx mopaAnkoB. PaceMorpum nuddepeHnuan
dy(z, Arx) = f'(2)A1z wak QyHsouio @ opu GurcupoBaHHoM Ar = Ajx.
llpennonaras, uto ¢pyHsuua y = f(r) nsamosl 1 pepeHnIMpyeMa B TOUKE
x, Hatimem mudpepenuuan ot dy(z, Ajx) npu Az = Aqx:

d(dy(m, Alm)) lm’Azzch: f”(iL‘)A].’L'AQ.T.

3HaueHue MOJYUYeHHOro BouIpasmenua npu A1z = Agx = dr HazbIBaeTCH
smopuin Jupdepenyuasom wim dufpdepenyuasonm 2-20 nopadxa GyHKIIH
y = f(x) u oboaunauaerca cumsoaoM d>y(w, dz).

Takum o6pazom,

d’y = f"(z) da®.
AHanoruuHo

dnJ — d(dn ly) f(n (ZC) dr™.

Haittu nudpepennnanst 2-ro mopAnKa yKazaHHbIX (QyHKUUH:

6.303. y = asin (bz + ¢). 6.304. y = 37"
6.305. y = 6.306. y = az® + bz + ¢
1
6.307. y = ————. 6.308. y = V1 — 22 arcsin z.
72 — 33 + 2

6.309. y = In(z + V1 + z2). 6.310. y = arcsin (asinz).
6.311. JJoxazaTtb, uTO BTOPOH Hu((PepeHmran CIKHON QyHKIAN
z(z) = z(y(z)) suipamaerca dopmyoit

122~z d?/ %z d%y.

< [lna nepporo mud depennuana umeenm (cu. 3anauy 6.275) dz = z;, dy, or-
Kyna, Iud PpepeHInpyA ewe pas (mo £, Ho UCNOJb3y 5 UHBAPUAHTHGCTD (QOPMBI
nepporo nud QepeHnyana), DoIyIuM:

d’z = d(dz) = d(z; dy) = z, d(dy) + dy - d(z,) = z, &’y + 2, dy*. ©>

ITOT npuMep NOKA3bIBAET, uTo nuddepeHurannl 2-ro nopanka (u Gosee
BBICOKMX MOPANKOB) He 00/IANAI0T MHBAPHAHTHOCTBLIO (JOPMBI, CBOMCTBCHHOM
nubdepernnanam 1-ro nopaasa (cMm. 3amauy 6.275).

Haittu nud gepenumanst 2-ro nopAnKa CICIYIOMNX HEABHO 3a1aH-
HBIX QyHBIHR y = y(z):

6.312. 2y + y> = 1. 6.313. (z — (z) (y — b)? = R2.
6.314. 23 + 3 =y. 6.315. 2 =y — asiny.
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§ 3. Teopemsr o muddepeHIpyeMBIX QYHKIMAX.
Dopmyna Teitnopa

1. TeopemMsl 0 cpemreM

Teopema Ponana. Ecau dynxyus f(x) nenpepwisna ma ompesxe
[a, b], dupPepenyupyema npu x € (a, b) u f(a) = f(b), mo cywecmeyem
no xpatineti mepe odna mouxa ¢ € (a, b) maxas, wmo f'(¢) =0.

Touku, B Koropuix f'(z) = 0, HA3LIBAIOTCA CTMAYUOHAPHLIMU MOUKAMU
oyurunu f(z).

Teopema Jdarpauma. FEcau gynxyua f(x) nenpepvisna na om-
peaxe [a, b] u Juffepenyupyema npu x € (a,b), mo cywecmsyem no
xpatinet mepe odna mouxa & € (a, b) maxas, wmo

JO) - f@=7©-(b-a)  (Fopuyaa Jacpanona).
Teopema Kowu. Ecau gynxyuu f(z) u g(x) nenpepvienbt na om-
peaxe [a, b], dupdepenyupyemvr npu T € (a,b) u g'(z) # 0 das scex
z € (a, b), mo cywecmsyem no xpatineti mepe odna mouxa £ € (a, b)
MAKAA, YN0
f®) - fla) _ ¢
= opmyaa Kowu).
90— g(@) ~ g0 (Popuy )

2

6.316. Oyuruna f(z) = p

paBubie 3navennn (mposepure!). Ec npomssonnaa f'(z) pasma uymo

TONBKO B ABYX Touxax & = ++v/10 (mposepbTe!), paclolomeHHEIX 32
npemesiaMu 3TOr0 oTpeska. KaxoBa mpuumHa HADYUICHUA 3aKIIOYEHHA
Teopemnl Poms?

6.317. Tloxasats, uto dyuruua f(zr) = r° — 1 Ha orpeske [—1, 1]
YIOBJIETBOpAET ycJaoBUAM TeopeMbl Pomsa. Haiitu Bce crannoHapHbie
TOYKHM 3TON QyHKIUHU.

6.318. Ilycty f(z) = z(z — 1)(z — 2)(z — 3). Jlowasats, uTo BCe
Tpu KopHA ypasHenud f'(z) = 0 neHCTBATENLHEI.

6.319*. Joraszats, uro ypapuenme 16z! — 64z + 31 = 0 ue mo-
/ARET UMeTh NBYX Pas3IHYHBIX NEHCTBUTEILHBIX KODHEH Ha MHTepBale
(0, 1).

6.320*. Jloxazath, uTo ypaBHenue e®~! + z — 2 = 0, umcromee Ko-
peus z = 1 (mposepsre!), HE UMeET APYrUX NEHCTBUTENBHBIX KOPHEIL.

6.321*. JlorazaTh, uTo ecau GynsuuaA f(x) HempephLIBHA HA OT-
peske [a, b] 1 muddepernmupyema Ha unTepsaie (a, b), To dhyHKIMA
F(z) = (f(z) = f(a))(b—a) — (f(b) — f(a))(z — a) umeer mo Kpaii-
Heit Mepe OJHy CTAaMMOHAPHYI0 TOUKYy HA uHTepBaic (a, b).

6.322. 3anucas Gpopmyay Jlarpamma s Gyarunn f(z) = V3z3 +

+ 3z na orpeske [0, 1], naittu Ha narepsane (0, 1) coorsercrBylouiee
3uaveHue .

MMCCT Ha KOHuax orpessa [—1, 1]
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6.323. JlosazaTs, uTo ecau npoussonHan f'(z) TommeCcTBEHHO pas-

HA Hy1I0 Ha uHTepsanac (a, b), To gpyuxuma f(z) mocroraHHA HA 3TOM
UHTCPBAJIC.

6.324. JloxazaTs, uto ccau f'(z) > 0 (f'(z) < 0) ma murepsaic

(a, b), To pynruma f(z) MOHOTOHHO Bo3pacTaeT (MOHOTOHHO yOLIBAET)
Ha 9TOM HHTEpBaJe.

Oyuxuus f(x) ynonerBopser ycnoBui0 Junmuma Ha MHTepBaie
(a, b), ecniu cywecrsyer Takoe I € R, K > 0, uro

|f(z2) = flz)| S K - |22 — 24
ana mobeIx 1, 22 € (a, b).

6.325. Jloraszats, uro eciu sup f'(z) = M, o pyuruua f(z) na
a<z<b
unrepsane (a, b) ynosnersopaer yciosuio Jlunmuna ¢ koHcranToit K,
paBHOM M.
6.326*. Ilycts f(z) 1 () nBamns! mud hepeHIUpPyeMbI HA HHTED-
sasie (a, b). Iowasats, uro ccau f"(z) = ¢ (x) una (a, b), 0 f(z) n
©(x) oTIMvAOTCA HA JIMHEHHOE ClaraeMoe.

6.327. Jloxasath, uro ecau (GyHKuuA f(r) yIOBIETBOPAET yCJIO-
suAM teopemnl Jarpanma Ha [a, b], o [f() — f(a)] = m(b— a), rme
m = inf f'(z).

a<e<h

6.328. 3amucas dopmyry Komm mna f(z) = 223+ 5z +1u g(z) =

= 22 + 4 na orpesne [0, 2], naittu 3navenue &.

2. llpasuiao Jomnrana-bepuynmi. PackpbiTue HeonpegeseHHOC-

0 00
Tel TUna 0 u —. lycrs npu z — a yurnuu f(z) u @(z) o6e 6ecko-
00

HCYHO MaJble uian 0be Geckoneano 6oabuve. Torga ux OTHOIIEHME HE OIpe-
NEJEHO B TOUKE = @, U B 9TOM CJIy4ae FOBOPAT, YTO OHO NPENCcTaBaAer codoit
0

[6,¢]
HCONpeneJCHHOCTL TUIla 6 WU cOOTBeTCTBeHHO —. (QOHAKO 3TO OTHOIIEHUE

00
MOMKET MMETh MPCOe] B TOYKe T = a, KOHeYHbi uiau beckoneunsii. Haxo-
MIEeHUe ITOTO MPenesa Ha3biBAeTCA PACKPLITHEM HeonpepeaeHHocTu. OmHuM

0 o
U3 crnocob0B PACKPBLITHA HEOHNpemeaeHHOCTel Tua o ¥ o feuAercA mpa-
00
Buio Jlonmurana-bepuynau, ocHOBaHHOE Ha cicayioweil Teopeme, HOCALIEH
UX HMA.

Teopema. Ilycmoy 6 nexomopot oxkpecmuocmu U mouxu x = a dynx-
yuu f(z) v o(z) du¢¢epenuupye¢wbt 8ctody, Kpome, moxcem Gvimbv, camot
mouky T = a, u nycmv @' () # 0 6 U. Ecau dynxyuu f(x) u o(x) a644-
1omea odnospemenno aubo Geckoneuno maabimu, Aubo 6eckoneuno 6oav-
f'(@)

!
' (z)

WUML TPU T — a U NPU 3MOM cyuecmeyem npedes 0MHOULEHUA
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uT MPOU3BOIHLIT MPU T — a, Mo Mmo2da cywecmeyem maxxce u npedea

f(2)
o(z)

camur Pynxyui, npuvem

. f@ . f(2)
M) T @)

OMHOULEHUA

(1)

[IpaBuio mpuMeHUMO U B CiIyuae, KOLIa a = 00.
e —1
Hpumep 1. Hatitu lim ———— (T.e. PaCKpPBITh HEONPEOeNeHHOCTh
z—0 arctg dx

0
THUIIA 6)
< Uenoasaya dopmyay (1), notyuaem:
lim e -1 li 2™
im ———— = lim
z-0 arctg 5z =0 (1/(1+ 2522)) - 5

)

2
5

NOCKOBbEY €2 — 1 u — 1lnopuz = 0. >

1
1+ 2522
0 00
B HexkoTOpHIX Ciyyasx pacKpLITHE HEONpedeJeHHOCTeH TUIma — Wil —

00
MoO®eT noTpeboBaTh HEOTHOKPATHOrO NpUMMeHeHUA npasuia Jonutana-bep-
HYJLIY.

Il2.71

IDpumep 2. Haittu lim

(T.e. PaCKpLITh HEOHPedeleHHOCTh
rz—+0co0 T
00
THIA —-)
00
< llpumennas msammel dopmyay (1), momyuaem:
2 2Inz/x

. In“z . 2
lim = lim = =
z—+oo 3 z—+oo  3Jx? 3

Inz
m —
T—r+00 .7;3

1
m ﬁ:o.

+00 312 >

li
T

_2
~3

Ha xammoMm sranme npumeHeHua npasuia Jonurana-Bepuynau cuenyer
[0JIb30BATHCA YIPOIIALIMMU OTHOIIEHHME TOMRIECTBEHHBIMU NMpeobpasoBa-
HUAMU, a TaKHKe KOMOMHUPOBATL 3TO IPABUIIO C JIFOOBIMM APYTMMU IPHEMaMU
BBIUMCJIEHUA HPEJesIoB.

tgz —sinx

Mpumep 3. Haiitu lin}) (T. €. PACKpPbLITH HEOIpeHelIeH-
T—

3
0
HOCTb THNA o ).

< Henoasayem dopmyay (1):

. tgz—sinz . (1/cos®z)—cosz . l—cos®z
llm—g——-::llm(/ ) = = lim

1
z—0 3 0 3x2 3z50 x2cos2zx
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OcBobonum 3HaMeHaTenb Apo6H 0T MHOKUTCIIA COS

% £, MOCKOMBIY OH UMCET

npenen 1 nmpu x — 0. PazBepHeM CTOALIYI0 B YHCAITENC PAZHOCTL KyOOB U
0CBOGOIMM UHCIUTENb 0T COMHORUTENA 1+ C0S T4 cos? 2, MMCIOIICro Ipeae
3 mpu x — 0. Hocae sTux ynpoureHuit nonysaem

lIpumensem cuosa (1):

. tgx —sinz
lim BT _
z—0 x
. tgr—sinz .
lim wroSmy lim
£—0 z3 z—0

1—-cosz
= lim ————
r—0 T
1—cosx sinzx
——— = lim —.
z? 0 2z

Hcnonbaya nepBbIit 3aMeYaTeIbHEIN NPeIes, M0lytIaeM OKOHYATEILHBINA OT-
Ber 1/2, yxe He npuGeras BHOBb K npasuiy Jlonurana-Bepuymmi. >

0 00
PackpbITh HeompeneleHHOCTH THNA — WA —:
In cos 2 : — arct
6.329. lim ——— 6.330. lim ————-8%
-0 sin2z a0 @3
:I:m — am
6.331. im ————, m#n, a #0.
z—a " — g
X
6.332. i}_r}l}) pempr il #b, c#d.
Insi 21 _
6.333. lim —mor 6.334. lim
z—0 Insinbz z—0 arcsin 3z
3/ _ 3/ .
6.335. lim LE= V5. 6.336. lim 2C059T
25 /T — /5 20 Incos bz’
T e T — ; - 2( te x
6.337. lim & ¢~ 6.338. lim o8
x>0 z —sing To4o00  ed/r -1
— Q] R
6.339. lim — = 6.340. lim e’
20 T —tgz =0 In(1+2)
e3 —3r -1 tga — 1
6.341. lim ~— "= 6.342. =2
z—0  sin” bz tor/4 sindx
— 4z -2 Inxz
6.343. hm vt o . 6.344. lim —I—l-l—, m > 0.
=1 23 — 512 + Tz — 3 r=3+00 g
1 ig (/2
6.345. lim —— 6.346. lLim (8772
2—-+01+ 2lnsinz’ e-1-01In(1 —z)’
- In (z —
6.347. lim Stz —3)
=340  In(e® — e3)
-z ; /2
6.348. Lim (=@ +t8(z/2)
z—1-0 ctg Tz
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Pacxpritue nHeonpenenennocreit tuna 0-00 u co—oco. lan
porancaenna lim f(z)e(z), roe f(z) — Gecroncuno Manan, a p(z) - - Gee-
r—a

KOHCYHO Goanwian npu ¢ — a (packpsiTue Heonpenesiednoctu Tuma 0 - 00),

(1;)

cJenyer npe06pa3osarb npoussegeHue K BUOy — (HCOIIPOHGHCHHOCTB

L/w(
0) o(7) ( 00)
THUIIA — UIu K BULOY HeOIIpeIIe.TleHHOCTb TUIIA — n naJjiee uc-
0 1/f(x) 00

10J1530BaTh Hpasuio Jonurana-bBepuyimn.

. . T
Ilpumep 4. Haittu hm1 sin(z —1) - tg 5 (pacKpuITL HCOMPCICICH-
z—

Hocth Tuma 0 - 00).

< Umeewm:
o T . sin(z —1) cos (z — 1)
lim sin(z — 1) - tg — = lim =1 =
SR = g (rar2) ~ A ZGay2) (1 o (e 2)
o T 2
=—-—1 -1 V= b
— lim cos (z — 1) sin? 5 >

Ilns BoIuMcaeHun li_{)n (f(z) — ¢(z)), rae f(z) u (z) — Gecroneuno

Goabie Ipn £ — a (PaCKpbLITHE HEOMPENeJEHHOCTH THIIA 00 — 00 ), CJICIYCT

npeobpa3oBaTh Pa3HoCTh K Buny f(r) ( - %%) , 3aTeM PaCKpBITh HCOMpE-
x
p(z) o o(z) ( 3 —
IeJIEeHHOCTh @ THIa Ecau ;1_131 @) # 1, 10 hm (f(z) — (@) =
= 00. Ecan me lim #(z) = 1, T0 nosyyaeM HeompemdeeHHoCTL THa oc - 0.
z—a f(I)

PACCMOTPCHHYIO BbIIIE.

Ipumep 5. Hapiru lim (z —1n® ) (packpLiTh HCOTpEREIEHHOCTH
T—+00
TUIA 00 — 00).

< Unmeem:

lim (z-1nz)= lim z (1 _n x)
T—+00 z—+0co T

Tan wak

3 2., 2,
im In” — lim 3In“z-(1/x) ~ 3 lim In® 2z _
rotoc T =400 1 Totoo I
. 1
=3 tim 2T D) o BT g M6 Lo
T—+00 =+ T T—+400 T—400 T
TO

lim (z-In*z) = +o0. >
T—+00
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PackpbiTh HeonpenenenHocTy Tuna 0 - 0o wiIu 0o — oo:

1

6.349. lim z(e'/* —1). 6.350. lim (ctgrz - ~>.
T—>00 z—0 €T

6.351. lim z"e 7. 6.352. lim zln®z.
T—>00 T T—>00

6.353. lim (7 — z)tg -. 6.354. lim (e + e % — 2)ctgx.
T 2 z—0

6.355. lim z2e!/*’. 6.356. lim (z — 1) ctg m(z — 1).
z—0 a z—1

6.357. lim zsin-—. 6.358. lim Inz-In(z —1).
Z—00 T z—140

1
6.359. lim (—— — " ). 6.360. lim (—— — 1.
z-1+0 \Inz Inz z—0 \arctgz @
6.361. lim ! !
. . 11 - .
21 \2(1 = vz)  3(1— a)

1
6.362. lim (-— — —— ). 6.363. lim | = —ctg?z ).
z—r/2 \ctgxr 2cosz z—0 \ 12

PacrpeiTue Heonpeneneunnoctedt tuma 0°, 0o, 1°°. Bo Bcex

T
TpPexX CAy4aAX UMEeTCA B BUIY BbIUYKCJIEHHE [PENEa BbIPaMeHUHA ( f (:1:))(’0( ),

rae f(z) ects B mepBoM Cayvae GECKOHEYHO Majiasg, BO BTOPOM ClIydae —
OCCKOHEIHO 6ONbIIAA, B TPETbEM Ciyyae — (GYHKIUA, MMELasa npemned,
paBHbt enumuune. OyHruua me ¢(T) B MEPBBIX HBYX CIYy4aAX ABIAETCH
0ecKOHeYHO MaJIOl, a B TPCTLEM Ci1yyae — HECKOHEYHO GOMbIIIOH.
Mloctynaem caenyromum o6pazom. JlorapudMupysa NpenBapUTeNbHO Y =

= (f(x))w(z), TI0Jy1aeM PaBEHCTBO
Iny = ¢(z)In f(z) (2)

u HaxomuMm Tpened ln y, nocde wero Haxomiica u npegen y. Bo Bcex Tpex cay-

vanx Iny B cunty (2) AanAerca HeonpezeneHHocTbio THIA 000 (mposepsre!),
METOI PACKPBLITUA KOTOPOH M3JI0MKCH BBILIE.

2z
Hpumep 6. Hatiru lim <1 + —) (pacKpeITh HEONpPeneleHHOCTh
T—-+00 T

Tuna 1°°).

1\* 1
<! Brenem obo3navenue y = (1 + ;) . Tormalny = 2z ln (1 + ;) ABJIA-

eTcA HeompeneaeHHoCTbi) tina oo - 0. Ilpeobpasya suipameHue Iny k Bumy

o In(1+1/x)
Iny =2 1z ,
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HaxomuM 1o npasuay Jlonuraina-Bepuynan

. (1 +1x))(~1/2?) ,
Jim Iy =2 lim =2 e T e T

CnenoBaTenbHO,

1 2.
lim y= lim <1+—> =e >
z

T—+00" T—+00

Pacxpeits meonpenenensocry tuna 00, 0o, 1°:

6.364. lixiloatsm’”. 6.365. lilgo(arcsinz)t“.
T T
6.366. lim (7 —2z)°%. 6.367. lim ———.
z—7/2-0 40 :1;1“ (ez~1)
6.368. _lim g/, 6.369. _lim (z 4 2%)1/=,
T—+00 T—>+00
6.370. lirgo(ctga:)l/lm. 6.371. lir/% O(tga:)zm*”.
T—r ToT[2—
1 T
6.372. lim z!/(1=7), 6.373. lim <1+—2) :
T— Tr—+00 xTr
6.374. lim (cos 2z)3/7*. 6.375. lim (" +2)!/*.
Tr— Tr—
1/z
t Tz 1 1/It
6.576. lim (2-2)" . 6.377. lim (L—Jf—”i—> .
T—a a x—0 e
. 1/x?
6.378. lim (Smx> .
z—0 T

3. Qopmyna Tednopa. Ecau dyuxuma y = f(x) umeer npoussogHbie
10 (n + 1)-ro mopAnka BRIOYMTENBHO B HEKOTOPOil oxpectHoctu Us(a) =
= {z||zr — a| < 6} Touskm a, 10 mnaA scawroro x € Us(a) cnpasenausa
dopmyana Tettanopa (mopamsa n)

1@ = f@) + Lyt
" (n) a
06w + G g p ),
e (i)
Rnﬂ(z):f (a+9(m_a))(m—a)"+1, 0<h<1

(n+1)!

(ocrarounsiit unen 8 popme JMarpawusma). Taxum obpasoM, (opMmyaa

Teitnopa nopAmka n Mo3BoJAeT NpemcTaBuUTh GyHkuuio y = f(r) B BuIe
CYMMbI MHOT'OUJIEHA 7~} CTENEHU U OCTATOYHOIO WIEHA.
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B wactaocTH, npu a = 0 uMeeM

" (n) (n+1)
f! (0) o4 _f__2('_02$2+' f n'(O) " f(n“t g@)-"l:)wn-ﬂ’

0<b<1 ((popmyna Maxnopena).

flz)=f(0) +

6.379. Muorowren 223 — 3z2 + 5z + 1 pasnomUTL MO CTENEHAM
IBywieHa T + 1.

6.380. Ina muorounena 2t + 422 — z + 3 manucarn dgopmyry Teit-
a0opa 2-ro mopamka B Toyke a = 1. 3amucaTh OCTATOYHBIM WIeH B
(dopme Jlarpanma u HaitTu 3HaYeHUE 6, COOTBETCTBYIOIIEE CIIENYOLIMM
3uauenusaMm aprymenTa: a) £ =0; 6) z =1; B) 2 = 2.

6.381. Ilycts P(x) — muorouneH 4-# crenenn, P(2)= —1, P'(2)=
=0, P'(2) =2, P"(2) = —12, P(")(2) = 24. Buruncauts P(—1),
P'(0) u P"(1).

Ina 3amanHbIx GyHKEIUR HanucaTh hopmyny Mawmopena n-ro mo-
pAnKa:

6.382. y = e”. 6.383. y = sinzx.
6.384. y = cosz. 6.385. y =In(1 + z).
6.386*. y = arctgz. 6.387. y = (1 + z2)“.

Hcnonwn3ya ¢opmynnr Maknopena, nonyueHHsie B 3agavax 6.382—
6.387, manucats mepsble 1 wieHoB (opmyanl Maxnopena (6e3 ocra-
TOYHOrO WIEHA) LA CHeIyoUuX GyHRIuIt:

6.388*. y = e *°/2.  6.389*. y =sin’z. 6.390. y =sin ?23

6.391. y = In (4 + 2?). 6.392. y = V/8 + x2.

6.393. Hanucars dopmyny Teiinopa 3-ro nopanka miaa QyHRUMT
y=xz/(x — 1) B rouke a = 2. IlocTponth rpaduru naHHON QyHKIMY
u ee MHorowieHa Teitnopa 3-it creneHu.

6.394. Hanucars dopmyny Teitmopa 2-ro mopAnka mnA cpymcuym
y = tgx B Touke a = 0. IlocTpours rpadunu naHHON GYHKUMM ‘U ce
MHorowieHa Teitnopa 2-i cTeneHu.

6.395. Hanucares dopmyny Teitsopa 3-ro mopAnka mnd (yHRIAN
y = arcsinz B Touxe a = 0. IlocTpouts rpaduru maHHOH QyHKUUYU U
ee MHOrowreHa Teitnopa 3-itf cTeneHu.

6.396. Hanucats dopmyny Teitnopa 3-ro mopanka miada GyHRINU

=1/y/z B Toure a = 1. Tloctpouts rpaduKu GaHHON QYyHKIUYU U ee
MHorouneHa Tefinopa 3-it cTenenu.

Qopmyna Teitopa MIMPOKO HCIONb3YETCA MPH BBIUMCIEHUM 3HAYEHUH
(yHRIMU ¢ 3a0aHHOIN cTeneHbio TouHocTH. IlycTh, Hampumep, Tpebyercd BbI-
yycauTh 3HaueHue GyHKoUU f(r) B TOUKE To ¢ a0COMIOTHOH MOrPCIIHOCTHIO,
He NPEBOCXONALLIE! €, eCIM M3BECTHO 3HAaUEHMe 3TON (PYHKIUU U ee MpOou3-
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BOIHBIX B TOuke a. M3 ¢opmynnt Teftnopa cnenyer, uro

/(@) 1)
1! 77,0! 0

f(xo) = f(a) +

(zo—a)+...+
IJie Ny — MHUHUMAJIBHBIL 13 HOMEPORB N, 1JIA KOTOPBIX
[ Rn+1(z0)| < e.
Mpumep 7. Boumeauts uuciao e ¢ abcomaroTHOM IOrPeLIHOCTBIO, He

npesocxopsrei 0,001.
< Ipumensan gpopmyay Mariaopena & ¢yuruuu f(x) = e¥, noiaygaem

e=f)=1+2+14 e gcecn
o2t el (n4+ )Y '
ef
Haumenbiiee 3uaueHuc 7, YIOBJICTBOPIOLICC YCIOBHIO (n—+—1—)—' < 0,001,
roe 0 < 6 < 1, pasno ng = 6. CienosarennHo,
1 1 1
e~1+ '-i- + = =2718. >

1 6!

6.397. BuruucauTs ¢ abConrOTHO 1IOrPeIIHOCThI0, HE TPCBOCX0IA-
meﬁ 0,001, npubnuskeHHbIE 3HAUCHUA CIEIAYIOUIUX YUCEI:

) sinl; 6) \/e; B) In1,05; 1) v/33.

6.398. Brisacuutn npoucxomnenne IpuOIUKEHHLIX PABEHCTB:

— 1 1
a) \/1-i-.’17%1+§il,‘—§$2, lz] < 1;

_— 1 1
6) €/i+mzl+§x—§a:2, lz] <1,
¥ HA{TU UX NPEICAbHBIE a6COMIOTHBIC OTDPECIIHOCTH.

Ocrarounsrit wicn B Gopmyne Teitnopa moker ObiTh 3amucan B hopme

Ieano
Rpii(z) = of|z — a|"),

HCI0Tb30BAHUE KOTOPOiL TOJIE3HO MPY BHIYMCICHUH NPEIeNOB.

1-cosdx
0522 + 713

< Tax wak 1 —cos® z = (1-cosz)(1+cosz+cos? z), a 5z + 7z ~ 522, 10

Mpumep 8. Haittu hm

. T hm 3(1 — cos)
250 527 + 749 a0 bz
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72
3aMeHss cos z ero padiomeHueM no gopmyiac Makmopena cosz = 1 — o7 +
+ o(x?), momysaem
) 1—cos®z
im —————
x—0 52 + 73
2 2
T 2 T
MOCKOIBIY oy +o(z?) ~ 5 T — 0. OxonuarenpHo

3 ?/2+o0(z®) 3. a?/2
S5 T =5 =

1-cos®z 3 5
im ——— = —.
-0 52 + 723 10

. r—1—sin(2z - 2)
Il 2p 9. Haittu 1 .
pumep 9 aﬂmzl—emlx—1+sin(3:z—3)

<1 Ilo dpopmyne Teitnopa

sin (2z — 2) —sin2(z — 1) = 2(_m17_1) +o(|z - 1]),
. 3z -1
sin (3z — 3) = _(—F——) +o(jz - 1|).
CremoBaTesibHO,
z—1-sin(2c—-2) . —(z—-1)—o(lz—1])

I - .
sz —1+sin(3z —3) «o1 4z —1) +ol|z - 1)

Or6paceinas 6eCKOHEYHO MaJble BBHICILIUX MOPALKOB, T.€. IEePeXOnd B YUCIH-
Tese M B 3HAMEHAarese Kk 3KBUBAJEHTHbIM 0€CKOHCYHO MajabIM npu = — 0,
Tmostydaem

. xz—1-sin(2x -2 . —(x-1 1

lim ( )=11m—-£———)=——.[>

g1 —14sin(3z—-3) -1 4(x—1) 4

6.399. Iloxazarn, uro pasnomenue mo ¢dopmyne Marmopena mua
ynruuit sinz, tgx, arcsinz, arctgz, € — 1 u In(1 + z) momuo
ganucath B Buie & + o|z|) u yro npu z — 0 Bce 9T PYHKUUU IKBU-
BaJIEHTHDLI 6CCKOHETHO Manoi «(z) = z (u, CNeN0BATENbHO, HKBUBA-
JEHTHBI Memay coboii).

6.400. Vcnonbaya paszaomenue no (opmyne Maniopena, BbIuu-
CIUTL TPCIENDL:

) li vite-vi-w 6) lim ————; B) lim
a2 T ’ z0 12 4 g3’ =0 3+ g4

1—cosz tgz —sinz

§ 4. Hceaenopanue GyHKUMt M MOCTPoeHMe TpadHKOB

1. Bospacranue u yosmanue ¢pyrrmpm. IxcrpemyMm. Oyuruna y = f(z)
HasbiBacTea ospacmarwwed (ybvisarowet) B untepsane (a, b), ccau us He-
paBeHcTBa T < T, LIe Ty, T2 € (a, b), cienyer Hepasenctso f(x;) < f(z2)
(coorsercreenno f(zy) > f(x2)).
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Ecau Qynsnua f(2) aud pepenmmpyema na narepoame (a. b) u f’ﬁr) >0
npu Beex x € (a, b), To dyusmun f(z) Bozpacract ua (a, b); et we f/(7) <
< 0 mpu Beex @ € (a, b), o f(2) yObiBaeT Ha HTOM HHTCPBAIIE.

B npocTefiunix ¢1vaanx 06aacTb onpeseacHisa pyHsuun y = f(x) MomHo
pasbuTbh HA LOHCIHOC UIICIO UKMEPGAA08 MONOMOnmocmu. Ramantit us wn-
TEPBAJIOB MOHOTOUHOCTH OFPAUMYUCH NP HCCRUMIL TIO 4KAMI, R BOTOPBIY
f'(z) = 0 mmm f'(x) ne cywecrnyer.

Ecnn cymecrsyer tawas onpectHocth Up(xg) TOURM Tg, UTO XIA BCA-
KOl TOUKU Z # T 3TOH OKPCCTHOCTH BLINOJHAETCA HepaseHCTBO f(x) >
> f(zo) (mmm f(z) < f(xo)), TO TOUKA Ty HABBLIBACTCA MOUNOT MUMIU-
mymo. (maxcumyma) dyusunn y = f(x), a wmeao f(rg) - — Munumymor
(maxcumnymom) stoit Gyrruun. Touru MHHMMYMa I MAKCHMyMa QYHRINILT
Ha3LIBAIOTCA €€ TNOUKAMU IKCTIPCMYMA.

Heo6xonumoe ycaobue 3KcTpeMyMa. Ecau xp - - TouKa 3Kc-
rpemyma Qyununn f(z), to f'(zg) = 0 uan f'(zy) me cywectnyer, T.c.
To — LKPUTIYCCKAA TOUKA 3TOH QyHKIMIIL.

O6parHoe, BO0GIIE TOBOPHA, HEBEPHO.

DJocTaTouHble YCAOBMA BHRCTPCMYMa HCNPCPHIBHOIM
¢ysnuuu 1) Oyers dyusuusa f(x) andPpepeHunpycma B HCKOTOP O ORpeCT-
Hoctu (79 —6, To+0) RPUTHUECKOI TOIRY Lo, 32 HCKITIOICHHEM, ObITh MOKCT,
camoft 9ro# Touru. Ecan opu aroa B nHTepsanax (g — 4, zo) u (rg, Lo +9)
npoussonHas f'(x) uMeEeT NPOTHBONONOEHLIC 3HAKH, TO Tg -~ TOUKA AKC-
Tpemyma, npuueMm, ecaa f'(x) > 0 upu ¥ € (w9 — 6, 39) u f'(z) < O
upu x € (xqg, g + J), T0 g — TOUKA Marcumyma, a ccan f'(z) < 0 mpu
z € (xg — 8, xo) u f'(x) > 0 npu x € (zg, 7o + ), TO Tg — TOUKA MUHII-
myMa. Ecan me f'(z) npu € (z9 — 0, 9 + 0), T # To, COXPaHAPT 3HAK,
TO TOUKA To HE ABJACTCA TOYKOH IKCTPEMyMA.

2) llyers Gynruma f(z) osaman guddepeHuupyeMa B KPUTHIECKOH To-
Ke To ¥ B HCKOTOPOIt ee onpectHoctu. Ecau f'(z9) < 0, T0 9 — TOuna
MarkcuMyma Qynsnuu fla), ecau f(xg) > 0, T0 £g — TOIKa MUHHMYMA.
Ecnu me f"(x¢) = 0, 10 TpeGYIOTCA HOTOIHUTENLHBIE HCCIETOBAHIA.

" Tpumep 1. Haiiti HHTepBAILI MOHOTOHHOCTH ¥ TOYKH DKCTDPCMYAA

Gynrunu f(z) = = —1] — l
T
<1 Haxonuat nponssoanyio:
T —2 .
3—3— mpir -z € (—oo0, 0) U (0, 1),
flloy=9,7
2—1 ) .
5 mm T € (1, +o0).

IIpupasHuBas ce uymo, noaydaem x = 2. Taxum 00pazom, KPUTHUECKUMIT
TOUKaMu (C YUETOM TEX TOUEK, [IC MPOM3BOJHAA HE CYLICCTBYET) ABJIAKTCA:
Ty =0, zo = 1, x3 = 2. Onu paszbusaror obunacts onpenpenenua f(z) Ha
weThipe WITCpBata MoHoToHHOCTH: (—o00, 0), (0, 1), (1, 2) 1 (2, +00). Tax
kar f'(x) > O mpn @ € (=00, Q) U (L. 2) u f'(2) < O mpu z € (0,1) U
U (2, +oc). 10 f{x) Boapactact na wurepsaiax (—oc, 0) u (1, 2), ybupacr
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na nnrepsagax (0, 1) u (2, 4+00), B TOUKE T3 = 2 JOCTHracT MaKkCHMyMa
(f(2) = 1/4), a B Touke z3 = 1 — munumyma (f(1) = 0). IoayucHHsie
Pe3YALTATDLI Y0610 CBCCTH B CICAYIOUIYIO Tabaimy:

Tabtnuuna 4.1

z | (=00, 0) 0 (0, 1) 1 (1,2) | 2 | (2 +o0)
f@ |~ +oo |\ 0 Ve 211- \
f'(z) >0 mecym. | <0 |mecym. | >0 |0 <0

3aMeTuM, UTO B pacCMaTPMBAEMOM IIPUMEpE MEPBOE HOCTATOYHOE yCJI0-
BHC TO3BOJIFIET ONPEIeIUTL XapaKTep KakIoi U3 KPUTUIECKUX TOUCK JaHHOMN
(yHrnuu. B To /e BpeMa BTOpOE JOCTATOYHOE yCI0BHE HETPUMEHHMO B TOUKE
23, TAKk KAK B 3TOHM TOUKC He CYLUECTBYeT NMepBad MpOM3BOgHAfd. [>

6.401*. Jlorazath ciaenyroinee 06001eHHe BTOPOrO AOCTATOMHOTO
yeaopus sxcrpemyMa. Ilyers zg — wpuruvueckan Toura Gynkuuu f(z),
U TICPBAst U3 He PABHBIX HYJII0 TPOM3BOMHBIX 9TOM (DYHKIMM B TOUKE T
umeer nopanor k. Ecnu k — uerHoe 1uceio, T0 T¢ ABIACTCA TOTKON
oKCTpEMyMa, mpuueM Tourol Maxcumyma, ecau ) (z0) < 0, i Tou-
xoit Muaumyma, ecau f*)(zg) > 0. Ecam me k — Heuersoe wuucio,
TO BKCTPEMYyMa B TOUKC T( HET.

6.402. HccnenoBats Ha sxcTpeMyM B Touxe g QyHnuuio f(r) =
= (z — zo)*p(z), tne k € N u ¢(z) HenpepsiBHA B TouRe T(, TPAYEM

(o) # 0.
6.403*. Iyctn

= {220

0, z =0,
_ Jzent7 m 0,
9() = {0, =0

Jlosazatn, uro ¢yusuua f(z) umeer B Toure zg = 0 MUHEUMYM, a
(Qynruua g(z) He UMceT B TOUKC T YKCTPEMYMA, XOTA

FE0) = ¢®0) =0, keN.

JIna yrasaHHBIX GYHKIMN HANTH UHTEPBAIBI BO3PACTAHUA U yOLI-
BAHUA U TOYKHU BICTPEMyMa:

6.404. y = zV1 — z2.
222 — 1 T
6.405. y = ———. 6.406. y = —.
0. y x4 Y=

6.407. y = x — 2sinz. 6.408. y =z — 2Inx.
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6.409. y = Inx — arctgz. 6.410. y = e® cos .
6.411. y = 2%, 6.412. y = chdz + 1.

Hauboavwee (naumenbuiee) 3HaueHyue HeupepolBHON GyHruui f(r) da

IOaHHOM OTpe3Ise [(l, b] JOCTHUTAETCA WU B KPHTUYCCKMX TOUKAX, ILII Ha KOH-
Hax 3Toro oTpes3ra.

Onpenenuts Hauboasmee M ¥ HAUMEHLILCE 1M 3HAUCHMA CICLY-
JOLIMX (DYHKIMI HA yKA3aHHBIX 0Tpe3Kax (@ eCJH 0TPE30K He yRN3aH,
TO BO BCCi{ 00J1ACTH ONpPeeNCHHUH):

6.413. y = —32* + 622, [-2,2]. 6.414. y =2 +2\/x; [0, 4].

z -1 l1—z+2°

6.415. y = ——; [0, 4]. 6.416. y = —————: [0, 1].

v=orr 04 V= Tra g O
6.417. y = Yz +1— Yz —1; [0, 1].

1—2

6.418. y = arctg ——; [0, 1].

y = arctg 7/ [0, 1]
6.419. y = e -1 6.420. y = ze T /2
419, y = 21 420. y .
JlorasaTh CJICAYIOIIUC HEPABCHCTBA:

2

6.421%. ¢* > 142, 2 £0. 6.422. cosz > 1 — % % 0.

T —x 2
6.423. %— > 1+%, z # 0.

6.424. sinz + tgz > 2z, z € (0, 7/2).

6.425. ]IBa Teiia ABUKYTCA ¢ MOCTOAHHBLIMU CKOPOCTAMU ’UlM/C
U v M/c. [IBuACHME NMPOMCXOZUT MO ABYM NPAMBLIM, 00pa3yroLiaM
yroa 7 /2, B HAUPABJICHUU K BEPLIMHE 3TOCO yIJa, 0T KOTOPOHl B Ha-
yajie IBH/REHUA NEepBOe TEJI0 HAaXONUJIOCh HA PACCTOAHUU a M, a BTO-
poe — Ha paccroanuu b m. Yepes

CKOJIBKO CEKYH[ II0CJIC HAvaja IBU- Ne

JREHUA PACCTOAHUE MEMRIAY TeJlaMu &

6yner naumenbumM? 4 Lo Bl 2
6.426. [Iia mocraBku mPODyK- 500 xm .

muu 3aBoga N B ropox A (puc. 6)

crpoutca mocce NP, coemunsmio- Puc. 6

1IIe€ 3aBOJ C FREJIe3HOM moporoit A,

npoxogameit yepes ropox A. CToumocTh MEpeBO30K 1O IIOCCE BUBOC
foabiiie, yem mo keae3Hoi popore. K wawomy nyHuTy P HymHO npo-
BeCTH 1Iocce, 4TobbI 001I1aA CTOMMOCTh MEPEBO30K MPOAYKIMH 3aRB0OIA
N B ropox A no mocce 4 mo FKEIC3HOM Kopore ObLIA HAUMEHLIICH?
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6.427. Oxno umcer GopMy UPAMOYIOJLHUKA, 3ABCPILIEHHOTO TO-
nykpyrom (puc. 7). 3aman mepumerp p sroit Qurypnl. [Ipu xakmx
pasMepax T U Yy OKHO OymCT mpomyckaTh Hauboublice
KOJMYECTBO cBeTa?

6.428. 113 Tpex N0COK OMMHAKOBOM MIMPUHLI CKOJIA-
quBaercd #enob s nogauu sopsl. lIpn kakoMm yrae o
HAKJIOHA OOKOBLIX CTEHOK K OHUINY 7Keoba IIouanhb
[ONEPEYHOT0 ceueHuA menoba Gyner Haubonniued?

6.429. B TpeyroanHUK C OCHOBAHUEM @ U BLICOTOMN
h BIMCaH TPAMOYTOILHUK, OCHOBAHKE KOTOPOTO JICHKUT
HQ OCHOBAHMI TPEYIOJBHUKA, @ IBE BEDPIUIMHLI — Ha

Puc. 7 GoKOBBLIX CTOpOHAX. HaiiT HaMbONbLIYIO MJIOMIALDL
BIOUCAHHOTO IPAMOYTOJbHUKA.

6.430. Ilcpumerp oceBoro ccuenus uuauHupa paser 6a. Haittu
yauboabmuit 00beM TaKkoro HUJIMHIPA.

6.431. [[lunuuap BoucaH B KOHYC € BBICOTOM /i 11 pamuycoM OCHOBa-
uus . Haitty Haubonniuuit 06beM BIUCAHHOTO HUIAMHAPA.

6.432. Haittn HanMeHbIN#H 00b6M KOHYCA, OMXCAHHOTO OKOJIO II1a-
pa pamguyca 7.

6.433. Haiitu mauboasiunit obbeM KOHyca NpY 3adaHHON manue [
ero obpasymoreii.

6.434. OnpenennTs HAMGOIBILIYIO IUIOIIALL IPAMOYTOIbHUKA, BIIU-
CAITHOTO B KpYyT paguyca r.

6.435. Ha napabomec y = z
or npaAMoll y = 2x — 4.

6.436. B noayxpyr pammyca R pical npAMOYTOILHUK ¢ HAU60JIL-
wieit momanso. Onpenenurs ero OCHOBAHUE T U BLICOTY Y.

6.437. Orpesor IIUHBI ¢ Pa3gEJIUTh HA ABE YACTH Tak, ITOOLI
CyMMa ILIOWAameil KBagpaToB, MOCTPOEHHLIX HA 3TUX 4YACTAX, ObLia

D C HaUMEHbIIEeH.

6.438. Honuueckasn BopoHka, panuyc 0 CHUBAHUA KO-
topo#t R, a Beicora H, HamonHeHa Bonoii. B BopoHky
norpymaerca mwap. Kaxum gosmeHn 6bITh pamuyc uiapa
7, 4T00LI 00bEM BOAbI, BHITCCHEHHDLII U3 BOPOHKU IIO-
IPYMEHHON YacThio 11apa, 6611 HanboabLIIuM?

6.439. Onpeacautn HauMensyo sbicoty h= |0 B|
nBepu Beprukanbuoit 6amnu ABC D, yrobnl yepes. sty
JBeph B OAIIHIO MOKHO ObLIO BHECTH RECTKUM CTep-

Puc. 8 mens MN mmanbl [, woHen xoroporo N CKOJIL3UT
BJI0IL TOPu30HTANBHON npamoi AB. Ulupuna G6amnn |[AB| =d < |
(puc. 8).

2 mairti Toury N, HAUMEHEC YIATCHHYIO

2. HampaBnenue Bpmyrimoctd. Touxu meperuwba. I'padur nuddepennu-
pyemoft GyHuIMU Y = f(T) HAILIBACTCA GLINYKALIM 6HU3 (WU GOCHYTNLIM
66epz) Ha uHTepBane (a, b), ecu Ayra KPiIsol HA TOM IPOMEKyTKE PACIO-
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JI0KEHA BLILIC KACAaTeNbHOMN, MPOBEIeHHOM Kk rpadury ¢yusuun y = f(z) B
aobolt Toure T € (a, b).

Ecan e na unrepsase (a, b) Bcakan KacaTenbHasA PACIONAraeTCa BhILIC
OyTd KPUBOM, To rpaduk auddepenuupyemoit GyHKIUKM HA HTOM HHTEpBAe
HA3BIBAETCA BbLINYKAbIM 66epT (Wiu Go2nymbim 6Hu3) (Ha puc. 9 rpadun
¢yusuuu y = f(T) ABAETCA BLINMYKJIBIM BHU3 HA UHTepBaie (a, To) U BbI-
OyKJIbIM BBEPX HA UHTEpBane (o, b)).

Eciu bysruua neammer nuddepennnpyema na (a, b) u f'(x) > 0
(f"(z) < 0), To ec rpaduk ABIAETCA BLINYKIBIM BHU3 (BBEPX) HA JTOM
HHTEPBAJe.

B npocrefiinx cayuaax obnacts ompenencuus GyHruumu f(T) MOKHO
pa36UTh HA KOHEYHOE YMCJI0 MHTEPBANIOB C NOCTOAHHBLIM HANPABJICHUEM Bbl-
nywriaoctd. Kammelif U3 3TUX MHTEPBAJIOB OrPAHMYEH TOYKAMU, B KOTODLIX

y
\y=f(x)
FOF—N
0 a X b X

Puc. 9

f"(z) = 0, mbo f"(z) ue cymecrsyer. Touxa (2o, f(2o)), B KOTOPOH Ha-
HpaBJIEHUE BLIMYKIOCTU rpadura QyHKIUM MEH[ETCA HA NPOTUBONOIOMKRHOE,
Ha3bIBAETCA MouKol nepezuba (cM. puc. 9).

Tocratounoe ycaopue Touku neperuba. Ilycto dyrxuua
f(z) nBamner muddepennupyema B Heroropoit okpectroctd Up(xg) Toukn
Zg, B Kotopoit f"(xg) = 0 wma f"(zo) me cymecrsyer. Ecau mpu stoMm B
uHrepsanax (ro — d, zo) u (o, o + ) npoussonnan f"(x) umeer nporuso-
HOJIOAHbBIE 3HAKU, TO To — TOYKA neperuda.

Mpumep 2. Haitti unTEepBabI BLITYKIOCTH U TOYKHM nepernba rpaduxa

|z — 1]
GyHEIUYN Y = 2
<1 Haxomum BTOpYIO IIpOM3BOIHYIO:
2(3 —
229D 46 (w00,00U 0, 1),
F@ =40
2(z - 3)
i 0 7 € (1, +00).

CnepoBarenbHo, KPUTUYECKUMU TOYKAMHU NCPBOH IIPOM3BOMHON FABJIAKOTCA
Toukn x; = 0, o = 1, 3 = 3. Ilpu sr0oM B TOUKAX x; U Ty BTOpaAnA
npoussonnan He cymecrsyer (8 wacthoctn, f”(1) =4, a f{(1) = —4),aB
TOYKE T3 OHA PABHA HYJIO.
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Mlonyuaem wersipe muTEpBana BhImywaoctw: (—oo, 0), (0, 1), (1, 3),
(3, +00). Hceacnya 3Hak BTOpOIt MPOM3BOAHOI B KAKIOM M3 DTUX HHTEPBa-
JIOB, BBIBOIMM, 4TO FPpa(uis GyHKIUM ABIACTCA BLITYKILIM BHU3 HA MHTEpBa-
aax (—oo, 0), (0, 1), (3, +00) n BuimyKABIM BBepX HA nHTepBate (1, 3). Cie-
IOBATEILHO, TOUKU To U T3 ABIAKTCA TOYKAMU neperuba rpadura QpyHKIHM,
a T He aApjAcTcA. 1loNyueHHLIE Pe3yaLTAaThl YOOOHO CBECTU B CICHYIOLIYIO
Tabauny:

Tabauna 4.2
z (=00, 0) 0 0, 1) 1 (1,3) | 3 | (3, +o0)
) BBIIL BBIIL. BBII. 2 BBITL.
@) BHU3 oo BHU3 0 BBEPX | g BHU3
() >0 pecym. | >0 |mecym. | <0 | 0 >0

HaiiTu unrepsannbl BuinyriocTu rpadusa Gpyusuuu y = f(x), T04-
KM neperu6a W ymioBble K09 (pUUMEHTb! kK KAaCATCALHBIX B TOYKAX
neperuba:

6.440. y =z + Tz + 1. 6.441. y = z* + 622
6.442. y = {/(x — 2)% 4 3. 6.443. y =V +1— Yz — 1.
6.444. y = /(z +1)2 4+ {/(z — 1)2. 6.445. y = ze®® + 1.
6.446. y = zIn|z|. 6.447. y = 3 Inz + 1.

6.448. Ilpu rakux 3uavenuax a u b roxa (1, 3) ABIAETCA TOUKOM
neperuba xpuBoit y = ax’ 4 bz??
6.449. IIpu raxoMm BoIGOpe mapaMmcrpa h Kpueas 6€EPOAMHOCTIUY

h —h2.'l32
= —=e¢ h ,
(] \/7—; ) >0,

uMeer TOYKHU neperuba ¢ abcuuccamu x = 67

z+1
6.450. Iloxazarh, uTO KpUBaA Yy = 2rl UMeeT TPU TOYKHU Iepe-
2 -
ruba, JesRamue Ha OTHON NPAMOT.
6.451*. Ilokasathb, yro TOYkM meperuba KpUBOK Y = Z Sin T JIe/mAT

Ha rpusoit y%(4 4 2?) = 4z

3. Acunmrorst. [lycTs maa pyHruuu y = f(x) cymecTByer Takas npaAMa,
YTO PacCTOAHUE OT TOYKU M(a:, f(:z)) rpadguxa HyHKIHAM 00 3TONH NpAMOH
CTPEMUTCA K HYTI0 OpH 0ECKOHEYHOM ymajieHun Touku M 0T Hauama Koop-
nunar. Torpa Takasa mpsMas HasbIBAETCA acUMNMOMOL rpadura GyHKIMY.

Ecnu npu 3ToM KoopanHata x Touku M CTPEMUTCA K KOHEYHOMY YUCTY
a, 10 nonynpamaa ¢ = a (y > 0 aubo y < 0) ABIAEICA BEPTUKAILHOMN
acuMnToroi. [IaA CyiiecTBOBAaHMA BEPTUKAILHON aCMITOTHL B TOUKE T = Q
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He0DOXOMMMO M JOCTATOUHO, 4TOOh!I XOTA Obl ONMH W3 NpPENCTIOB 1iH:1t o f(z)
T—ra

ObLI PABEH 0eCKOHEYHOCTH.

HemnpepsiBuble QyHKIMM HE UMEIOT BEPTURAIBHBIX aCHMITOT.

Ecau e woopounara r touxu M CTpeMUTCA K +00 UId —00, TO UMEEM
HAKJIOHHYIO aCUMITOTY § = KX +b, I/ CyLIeCTBOBAHUA KOTOPOH HEOOXOIUMO
M OOCTATOYHO CYIIECTBOBAHHUE OBYX IIPEMENIOB

lim f=) =k u lim (f(z)—kz)=0.

00 T T 00
Tlpu TOM yKa3aHHLIE IPENESbl MOTYT ObITh PA3IMYHBIMU IPU T — +00 (1A
OpaBoll HAKJIOHHOY aCUMITOTBI) U IpU T — —O0O (IJIA JeBOH HAKJIOHHON
ACHUMIITOTEI).
o = 1]
.
< Tax wak (yHKOMA HempepeIBHA HA BCeH ocu, Kpome Todkd x = 0, TO

BEPTUKAJIbHAA ACMIITOTA MOKET CYLIECTBOBAThH JIUIIL B 3TOM TOYKE.
Hmeem:

Ipumep 3. Haiitu acumnrors: rpaduna OyHKIUY y =

-]
lim ——
10 g2
U, CJIEI0BATC/ILHO, NIPAMAA T = 0— BEepTHRAJbHAA aCUMIITOTA.
HaﬁHeM HAKJIOHHBIC ACUMIITOTHI. TaR Kak

_ 2
lim uCL—:O:k 1 lim (

= +00,

|z -1

z—toc T r—3oo 2

—-0-1)=0=b,

10 npamaa y = 0 -z 4+ 0 = 0 ABIAETCA OMHOBPEMEHHO W MPABOH, M JIEBO
HAKJIOHHON (B JAHHOM CJIy4Yae TOPM3OHTAJLHOM) aCHMITOTOH. [>

Haitrin acumnrors! rpadmioB yrasaHHbIX (YHRIHA:

6.452. y = § - z 5 6.453. y = Va3 — 22
Viz? = 3|
6.454. y = - 6.455. y = 32 + arctg bx.
1 1 3|
6456, y = 20D 4o gasry = 0T
T

1
6.458. y = zln (e + ;) 6.459. y = T arcsecz.

6.460. JoxasaTs, 40 rpaduk ICI0H PALHOHAILHON QYHRIUYA Yy =

= 2" + a1z 4+ ...+ an_1Z + an, N > 2, HC UMET HUKAKUX
aCUMIITOT.

4. TMlocrpoenue rpaduxos GpyHrmui. 1A nocrpoenus rpaduka GyHKINU
y = f(z) ¢ HempepLIBHOK BTOPOR NPOU3BONHON (BCIOIy B 06/IACTU Onpenese-
HuA QyHKOUU KPOMe, GbITb MOMKET, KOHEYHOrO YMCJIa TOYEK) CHAYAJIa IpO-
BOOMM 3JIEMEHTADHOE UCCIIEH0BAHNE, BhIACHAOLIEE HEKOTOPbIE 0COOEHHOCTH
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GyHsmun (€CAM OHU MMCIOTCA): CUMMETDMA, NEPUONMYHOCTh, MOCTOAHCTBO
3HAKa, HyJIM, TOYKU nepecederns ¢ ocbio Oy, TOUKU Pas3pbiBa U T. 1. 3aTeM,
HCIOMB3YA NEPBYI0 U BTOPYIO IPOM3BOIHBIE, HAXOIMM TOYKM JKCTPEMyMa U
nepern6a, UHTEPBAIbI MOHOTOHHOCTH U BBINYKJIOCTH, 8 TAK/KE aCUMIITOTHI.
o - 1]
Ipumep 4. Hocrpours rpadur QyHKUUN y = TR
< OyHKUNA onpenejeHa U HenpephIBHA BCIOLY, KpoMe Touku = = 0, BCromy
HEeOTPUIATENLHA U PABHA HYJIIO JMIIL B Touke £ = 1. Ee uccnenosanue npo-
BeneHo B npuMepax 1-3. Pesyabrar 3T0r0 McciaenoBaHUA MONE3HO CBECTU B
onay Tabmuny — obbenunenue tabmun 4.1 u 4.2. [lpu srom caenyer Bbiuu-
CJINTL ¥ 3aMHCATH B COOTBETCTBYIOLIYIO Kierky Tabmumsl f'(3) = —1/27 —
YIVIOBOH KO3() QUUMEHT KACATENBHOM K rpaduKy (GyHKIUN B TOUKE meperuda.

yr

Puc. 10

Pexomennyerca takme serumcauts f' (1) = =1 u fi (1) = 1 — yruoesie

K03 QUIMEHTHI JIEBOif 1 NpaBoit KacaTenbHuIX B Touke (1, 0) rpadura. Jtu
IDAHHbIE IIOMOTAIOT TOYHEE NOCTPOUTH rpadur (QyHKIMU, NPUBEIEHHLIH HA
puc. 10. >

IIpumep 5. Hocrpours rpadur dyuruun y = $/z(z — 1)2.
< OyHKUMA ONpese/ieHa 1 HeNpepLIBHA Ha BCelt JeICTBUTENLHON ocu 1 obpa-

LLIACTCA B HYJIb B Toukax £ =0 o = 1.
Haxonum mepsyio 11pOU3BOIHYIO

;32 —dz+1  z-1/3

3322z - 1% {22z -1)
IlpupasuuBas ee Hymo, nonydaem ¢ = 1/3. Taxum 06pazom, KpuTUYECKUMHU
roukamu QyHruun AsnArca: ; =0, 2 =1/3, z3 =1 (B Toukax z; =0 u

z3 = 1 1pou3BONHAA HE CYLIECTBYeT). ITU TOUKM Pa3bUBaOT 06JIaCTh Ompe-
IeJeHUA HA YeThIPe MHTEpBalIa MOHOTOHHOCTH (—00, 0), (0, 1/3), (1/3, 1),

y
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(1, +00). Tar nax y'(z) > 0 mpu z € (o0, 0) U (0, 1/3) U (1, +00), 10
y(z) Bo3pactaer na nnrepsanax (—oo, 1/3) u (1, +00). Anamoruuno paccy-
maad, HaxomuM, 4to y'(z) < O npu « € (1/3, 1) n, cienosarensHo, GyHKRIUA
Ha 3TOM uHTepBaje yonipaeT. B rTouke xo = 1/3 dyHruma nocruraer mMak-

1
cuMyMa (ymax(l/B) = 5\3/41 o~ 0,529), a B Touke T3 = 1 — MHHUMYMa
(ymin(l) = O)'

2
Haxonum Teneps BTOpyr NpoussomHyio y'' =

9{/x%(xz — 1)4
qeCKUMH TOUKAMU HEPBOH NponsBonkol asaaorea ) = 0 u x3 = 1 (sropasn
MPOM3BONHAA I HTHX ToUKaX He cymecrnyer). Iomyuaem Tpy uHTEpBana BbI-
nykaocTH ucxomHolt ¢yursumu: (—oo, 0), (0, 1) u (1, +00). B nepsom un-
repsasie QYHKUMA BhInykaa BHU3 (Tak wak y'' > 0 npu z < 0), a Bo BTOpOM
u TperbenM — Bblnykaa seepx (y"' < 0 mpu z > 0, spome Tousu z = 1).
CnenosatensHo, (0, 0) asnaerca Touroi uepernta rpaguka GyHKuun (C Bep-
TURATLHON KaCATEILHOH).

PeayabTaThl NPOBENEHHBIX MCCIEOOBAHMI CBOOMM B TaGJIHILY:

. Kpuru-

Tabnuua 4.3
z | (—o0,0) 0 (0,1/3) | 1/3 | (1/3,1) 1 (1, +o0)
y' >0 He CyII. >0 0 <0 He cymr. >0
" >0 HE CYILI. <0 HE CyLL. <0
1
a a 3 V4 N a

Yy 0 0

BBIN. BBLIN.

— BBLIL. BEEDPX BBEPX

Jl1Aa yrouHeHuA moBemcHUA (QYHKUMM B OKPECTHOCTM Toukd 2 = 1 3a-
mernm, urto f' (1) = —oco, fi(1) = 400, 1.e. B Touke (1, 0) rpaduxa
GYHKUOMM JIeBaA U MpaBad KacaTedbHbIe COBNANAIOT, 00Pa3yA BEPTHRAILHYIO
KaCaTeJIbHYIO.

Haxounen, ompenenny acuMmnrorbl. Tak Kak (QyHKUMA HEIpepbiBHA HA
BCell 0CH, TO BEPTUKAIbHBIE ACUMITOTHI QTCYTCTBYIOT. Jlia ompeneneHus
HAKJIOHHBIX aCHUMITOT HAXOAMM CHAYAJA

ue) _ gy VD

b

r—toc T z-++o00 x
a 3aTemM
; ) — ) = L 8 l(r — 1)2 — z) =
Jim (y@) ~2) = lim (Yele ~1)2 —2)
252 + & 2

= lim — =-—.
zoko (- Y o Ye(e - D242z 3
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CJICHOB&T(’J’II)HO, npapad U1 JIeBafA HAKJOHHBIC aCHMIITOTHI COBIAOAIOT U OIpC-

7 ACITIOTCA YPABHEHMEM Y = T = .
Ipadur ¢ynkumyu npusemeH Ha
puc. 11. >
Vil
3 } IlocrpouTts rpadusu ciexyromumx
l - (byHrumii:
0] 1/3 1 X
(@* ~5)°
6.461. y =
(T
ik 1
! 6.462. y = _o?(a” - 3)?
1 3 2
Puc. 11 6.463. y = gw (z°—5)
23 74
6.464. y = ———. 6.465. y =
Y= o —1)2 =
3 3z z?
6.466. 3 = 6.467. y =
YT YT B
T 23
6.468. y = 469. y =
Y= 6.469. y 4 —1
2
x T
6.470. y = 6.471. y =
vEm 1 L
3
T z
6.472. y = P 6.473. y = 723
2 3
Tt ~1 T
6.474. y = ——. 6.475. y =
YT YT
6.476. y = Yz +1— ¢z - 1.
6.477. y = V22 — 2z.
6.478. y = /(2 + 1)2 + {/(z - )2
1 1
6.479. y = + . 6.480. y = V1 — z3.
v Jr+1 Yz—-1 4
648l. y=Vr+1+ Yz —1.
6.482. y = Vz3 + 1+ Va3 — 1.
3
6.483. 6.484

z
T —
Y vzt +1

xz
RV
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6.485.

6.487.

6.489.

6.491.

6.493.

6.495.

6.497.

6.499.

6.501.

6.503.

6.505.
6.507.
6.509.

6.511.

6.513.

6.515.

6.517.
6.519.

3
x
Y =
/ 3Vx3 42
Y= T
V27
3 .7)3 + 2
y=—"
x
A el
: T '
y = |z? —1].
y = sinz + cos .

y = rarctg .
y = ‘2.7:—m2.

1
y=—c /7

x
y = zell?,
y = (z—2)e /e,
y = (42 + 1)e /2,
Yy = g3ev/2,

Inz
y=—

T
y=z"Inz.
y =22’z
y = xzn?|z|.

1 2
y=—5n"|al.

6.521*. y = 2"/, 2> 0.

sinzx

6.523%. y = .
X

6.486.

6.488.

6.490.

6.492.

6.494.

6.496.

6.498.

6.500.
6.502.

6.504.

6.506.
6.508.
6.510.

6.512.

6.514.

6.516.
6.518.
6.520.
6.522.

72
Y= =
YT Vs —a
22
y:_—.
2?2 +1
x
y:
Y (x3 +1)2
22
Y= .
|22 — 1]
y=lz? -2
1
y=—.
ST + cos T
y=§+arcctga;.
y:xe‘zzﬂ.
_ _1_6—1/1:2
y= .’E2 .
y = le‘l/’vz.
) T
y = (2 — 1)e?/®,
y:$262/m.
y=1In(z+vVz?+1).
1
Y= tlne
_Inz
y'—— ? \
v= In ||
y = In|z? — 1|
y=z% >0
y=1+z)/% z>-1
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HocTpouts KpuBLIE, 3aJaHHLIE TAPAMETPHIECKH:
6.524. z = tet, y =te”t, t e R

< HpOBCJIeM BCIIOMOraT€/JIbHbIE BLIUMCJICHUA!

_ 1-t _
=(1+t)et, y=(1-t)e y’z=——1+tc 2t
" t 1" —t " t2 2 -3t
Ty = (2+1)e’, yhp=(—-2)e™, yi, = 2m€
Tar kak 2 = 0 npu ¢ = —1 u z}}(-1) = 1/e > 0, 10 Tmin = —1/e.
Tak kax y; = O mpu t = 1 u yj;(1) = - < 0, T0 Ymax = - Orcrona

caenyer, 9T0 Kpupaa pacnosomesa B obaactu {(z, y) |z € [~1/e, +00), y €
€ (—o0, 1/€]}. Ua Bbipamenna 1A NPOM3BOMHON Y, ONpeNesAeM KPHTHIe-

cxue Tousd ¢t = 1 (y,(1) = 0) u to = —1 (y,(—1) ne cymecrsyer). Kpu-
TUYECKUE TOYKM IEPBOI NPOU3BOMHON HAXOIUM U3 Bpra;‘I(EHI/IFI IUIAL BTOPOIA

npoussomnolt ¥ : t3 = V2 (¥, (V2) = 0), ts = —v2 (¥, (=V2) = O)
ts = -1 (yo,.(— )He cymecrsyer). Crenosarensno, A(—v/2 /e‘/_ —V2eV?
u B \/—e‘/_, \/—/e — TouYKHU neperuba.

Haxownen, Haxome acumnTorel. Ecin t = —o0o, o x = 0, a y — —o0,
T.e. £ = 0 — BepruKanbHaa acumnrora. OT™MeruMm, YTO NpU NPUOIUMEHUU

A
to=m 5
T . e

|
|

1-€
A

Puc. 12

TOYEK KPUBOH K 3TO! aCUMITOTE UX KOOPIMHATA IO L 0CTAETCA OTPULATENb-
noft. Eciu t = 400, 10 £ = 400, a y = 0, T.e. y = 0 — ropusoHTanbHaA
acuMnToTa. TOYKM KPUBOHM NpU NPUOIUKEHUN K HEM UMEIOT HOMOKUTEILHYI0
KOOPOMHATY IO Y.

PesynbTaThl McciaenoBaHuA cBOTuM B Tabmuuy (tabm. 4.4) u nenaem Bce
HCODXOOMMEIC BLIBOILI B IpaBoit ec Koyouke. Kpusaa upusenena ua puc. 12. >
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Tabnuua 4.4

t T y Y yue | Tobegenme wpupoit

Bruimykna sBepx, yonisact,

(=00, —V/2) <0 <0 <0 | <0 | £ =0— sepruxanbHas
aCUMITOTA
2
-2 —i —\/56‘/§ > 0 | Touxa neperuba
eVv?
(—V2, —1) <0 <0 <0 | >0 | Boinykna BHu3, y6uiBacT
1 HE HC
-1 —= —e cymt. | cym Touxa Bo3Bpara
e . .

Brinmykia BBepx, Bo3pac-

(-1,1) >0 | <0 | Tact, Toura (0, 0) nemur
Ha KPUBOH
1
1 e " 0 MaxcuMym
(1, V2) >0 >0 <0 | <0 | Bunyxaa sBepx, y6oisaer
2
V2 \/—feﬁ i 0 Touxa neperuba
eV2?
Brinysaa BHu3, yOLIBaET,
(V2, 400) >0 >0 <0 | >0 | y=0 — ropusoHTanbuan

ACHMIITOTA

6.525. z =t —2t, y =t>+2t, t € R.

6.526. z=t+et, y=2t+e % tecR

6.527. £ = acos®t, y = asin®t, t € [0, 27).

6.528. = t3 — 31, y =13 — 6arctgt, t € R.

HocTpouTsh ciepyolne KPUBBIC, 3aIaHHLIE B NMOJAPHOR CHCTEMC
KOOPAMHAT:

6.529. r = asin 3. 6.530. » = a(1l + cos p).

6.531. r = \/7/p. 6.532. 7% = 24 cos 2.

§ 5. BexkropHbIe U KOMILIEKCHBIE GYHKIMH
JeUCTBUTEARHON IepeMeHHON

1. Onpenenenue BeKTOp-QYHKUMUHU HelfcTBUTENBHON mepemeHHOH. Ecin
Ka/kIOMY 3HAYEHUIO JeiicTBHTenabHOI nepemennoit ¢ € D C R nocrasien B
coorserctsre Bextop a(t) € Vs, To rosopAar, 4yTo Ha MHomectse D 3amaHa

sexmop-Pynxyus a = a(t) KeficTBUTEILHOM IepeMCHHOI ¢
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3ananue pekTOp-QyHKuUN a = a(t) PABHOCHILHO 3aNaHMIO TPEX YHCIIO0-
BBIX QyHKUHUIL ag(t), ay(t), a.(t) — xoopamHAT BexTOpa a:

a = az(t)i + ay(t)j + a: (t)k,

wm, kpatko, a = (a(t), ay(t), a.(t)). Ecmu Bexrop a asnAerca pamuyc-

BekTOpOM Touku M (z, y, z), TO COOTBETCTBYIOIIYI0 BEKTODP-QYHKIMIO MpHU-
HATO 0003HAYATD:

r=r(t) = 2()i + y(1)j + 2(Dk.

Todozpagom Bertop-pynruuu r = r(t) Ha3bIBAETCA JUHUA, OMUCHIBA-

eMad B IPOCTPAHCTBE KOHIOM BeKTOpa r. BeAxyio JUMHMIO B IPOCTPAHCTBE
MOKHO PaccMaTpuBaTh Kak romorpad Hexoropoi Bekrop-dyuruuun. Ilapame-
TpPUYECKUE ypaBHeHUA romorpada:

z==z(t), y=uyt), z=z2().
Mpumep 1. Haittu romorpad Bexrop-byHKIIN

1—¢2 2t
= —"i+—_5i+k teR
rt) = grpit itk tE

< Umeem napamerpuueckue ypasHeHUA rogorpada
1-1#2 2t
r= ——-— = _—’
1+ YT iy
Hcwmouana napamerp ¢, NOJy4uM
1-t%)% +4¢°
gy LS ER A
(1+12)
CrrenoBaTenbHO, romorpad oM BeKTOp-OyHKUUY r(t) ABIAETCA OKPYRHOCTh
24yt =1, z=1,

U3 KOTOpO# UcKIrouena Touka (—1; 0, 1), nonyuaromanca B npenene npu t —
— oo >

Haittu rogorpadn BeKTOp-(pyHKIMH:

6.533. r = (2t — 1)i + (=3t +2)j + 4tk, t e R.
6.534. r = V1 — 2% + V1 + ¢2j, t € [0, 1].
6.535. r =4cht-i—j+3sht-k, teR.
6.536. r = 3ti + (2t — t2)j, t € R.

6.537. r =cost-i+sint-j+tk, teR

6.538. r = 2cos®¢-i+2sin®t-j, ¢t € [0, 2n].
6.539. r = ti +t%j + 3k, t € R.
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6.540. r = cos®t-i+sintcost-j-+sint-k, ¢t € [0, 27).
6.541. r = 5cost-i+4sint-j+ 2k, t € [0, 27).
6.542. r = (sht — 1)i+ch?t-j+3k, t €R.
2. Iud dep erip oarme Bexrop-dyuswm. IIpoussoduot sexmop-@ynk-
yuu a = a(t) no apryMeHTy ¢ Ha3bIBAETCA HOBAf BEKTOP-(YHKIUA
da _ lim Aa . a(t+At) —a(t)
dt — Ai—-)O At~ A0 At ’
Ecmu a(t) = (a.(t), ay(t), a:(t)), 1o

da _ (dag(t) day(t) da:(t)
dt — d At dt ’

d
Ecmu r = r(t) = (z(t), y(t), 2(t)), To npoussomman d_It1 €CTh BEKTOp,

HaNpPABIEHHLIH [0 KACATEILHOM K rogorpady Bexrop-QyHruuu r(t) B cTopony
BO3pacTaHuA apryMeHTa t.

r
—— = V €CTb BCKTOpP CROPOCTHU KOHIIA BEKTOpa r.

dt

lpaBuaa nuddepeHuupoBauua BewkTOp-OyuHrnuu (a =

= a(t), b = b(t)).

Ecnu t — Bpemn, 10

1) i 0, rae ¢ —— DOCTOAHHBINA BEKTOD.
2) & (aa) = a2 oo cxa
ca —, [ (@ — NOCTOAHHLIA CKAJIAP.
dt Ca ™ :
da | db
3) —(axb)= —+ —
) (a )= dt = dt’

d da
4) (goa) (pa +p— o ey = ©(t) — cranapuan QyHsuua or t.

5) jt(a, b) = (da b) (a, %?)

d da db
6) a[a, b] = lEf‘7 b] + [a, E}

7 %a(go(t)) = %3 ) (Z_fa rme ¢ = (t) — craasapHad yHKUMA 0T I,

a
6.543. Jloxasats, uTO (a, ~> =0, ecau |a| = const.

a
dt

6.544. Jlano ypasHenue nsumeHuda r = 3ti — 4¢j. Onpenenutn
TPAEKTOPHUIO ¥ CKOPOCThL IBVKEHUA.
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6.545. [lano ypasHenue mBrsmenua r = 3ti+(4t—12)j. Onpenennts
TPAEKTOPUI0 ¥ CKOPOCTL HBUMeHUA. [loCTPOHTL BEKTOPBI CKOPOCTU
s MoMentoB =0, t =1, t =2, t =3.

6.546. [lano ypasuenue npumenus r = 2(¢ —sint)i+ 2(1 — cos t)j.
OnpenenuTh TpaeKTOPUIO U CKOpOCTh nBiKeHUuA. [locTponTh BEKTOPHI
CKOPOCTH U1 MOMEHTOB t = 71/2, t = 7.

6.547. HaHTn eIMHUYHBIN KacaTeJbHbIH BEKTOD rogorpada BeKTOp-
Oyurmun = e2ti — (¢ + 8)*/3j upu ¢ = 0.

6.548. Haittu enuHUYHLIN KacaTeIbHbII BEKTOD rofiorpada BeKTop-
dynrmuu r = (t3 +1)i + 3 npu t = —1.

6.549. Haittu npousBoxHble BEKTOP-(DyHKRIIMIA:

a) r =sint-i+cos?t-j+sintcost - k;

6) r =tcost-i+tsint-j+ tk;

B) r = (t + cost)i + ¢j + sint - k.

6.550. Haittu npon3BomHbBIC BEKTOP-(HyHKINI:

a) r=eli+cost-j+ (2 + 1)k B Toure (1, 1, 1);

6) r =131+ (t+ 1)%j + V12 + 1k npu t = -2,

6.551. Haittu j(a b), ecan

a=ti—tj+t’k, b=1i+1tj+t’k.
d
6.552. Haittu E[a, b], eciun a = i+ tj + t?k, b = ti +j + t’k.

da . .
6.553. Haittu i ecin a = ui + u?j + u’k, roe u = sint.

Ecmu r = r(t) = (z(t), y(¢), z(t)), To

Pr_d (&) _ (&2 by £
dt2 ~dt \dt ) \dt2’ dt2’ dez )’
d’r  dv
Eciu t — Bpemn, 10 — JiF = g = W~ BeRTOP YCKOPEHNA KOHUA BeKTOpa .
6.554. HaliTi BTOpble IPOM3BONHLIE BEKTOP-(DyHKIMIH:
a)r=cost-i+elj+ (t2+1)k,
6) r=ti+tcost-j+tsint-k
HpH NPOU3BOJLHOM t u npu t = 0.
6.555. Jlano ypasHenue apymenun: r = 2(t—sint)i+2(1—cost)j.
Onpenenntsh yckopeHue NBumeHHA. 1loCTPOMTL BEKTOPLI yCKOpPEHUA
I MOMEHTOB t = 7/2, t = 7.
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6.556*. Jlano ypasuenuc nsumenns: r = 3t 4 (4t — t2)j. Onpene-
JUTD YCKOPCHUE W IBM/KCHUA U CI0 TAHTEHUMAILHYI Wy U HOPMAJb-
HYIO Wy, COCTaBJIAOIIME B 000t MomenT ¢ u npu ¢ = 0.

1 1
6.557. Jlano ypaBHCHMC IBWKEHUA: T = §t2i + —3—(2t + 1)3/2j.

OnpencianTsh YCKOPEHUC OBUKCHI U €0 TAHTEHIUAJILHYIO ¥ HOPMAJIb-
HYIO coCTaBjAwOLIMe B 11000 MoMeHT ¢ 1 mpu ¢ = 0.

3. KacarensHan K NpoOCTPAHCTBEHHON KPUBOH H HOPMAaJbHAA IUIOCKOCTD.
YpaBHeHuA KacaTeJbHOHM K IPOCTPaHCTBEHHON kpusoit © = z(t), y = y(t),

z = z(t) B Toure Mo(wg, Yo, Z0), KOTOPOH COOTBETCTBYET 3HAYCHHC TapaMe-
Tpa tp, UMCIOT BUI

T—To _ Y—Y _  Z— 20
d;[t/dt'{___lu (ly/dt|[=l0 dz/dt|l:t0’

roe &, Yy, z — TEKYLIMC KOOPAMHATLI TOUYKM KacaTedbHOM. YpaBHEHHE HOp-
MAaJILHO! HJIO0CKOCTH B TOH KE TOUYKC:

+ (z— 20)— =0.

dy
+ (y—yo); 7l
t=to

dx
(v — )= dt

dt |,

Opumep 2. lorazarn, uTo KacaTeJbHAA K BUHTOBOM JIMHUU
= (acost, asint, bt) odpasyer noCTOAHHLIA yroa ¢ ochio Oz.
< Haiinent enirop, KacaTelnbHbIA Ik TOOOrpady BEKTOpa T:

dr
i (—asint, acost, b).
Orciona
2'(t) b
cosy =

ldl/dtl - va? + b? ’
T.e. v = const. >
Mpumep 3. Hamicars ypapHeHusa KacaTejbHOH U HOPMAJILHOM ILIOC-
KOCTH K KpuBoit z = t2 — 1, y =t + 1, z = t3 » Touse M(0, 2, 1).
< JlaHHOH TOUKe COOTBETCTIBYeT 3HaueHue mapamerpa t = 1. Hueem

dx d d .
T, Lo, Zose
dt dt dt
lloncrasasn auaueHue t = 1 noaydaem
del oy W L
dt |-y St t Codt], .

YpaBHEHUA KaCaTeJLHOM:
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YpaBHEHUC HOPMAJLHOM IIOCKOCTH:
20r-0)+1(y—2)+3(z—1) =0,

ni
204+y+32-5=0. >

Ina wammoit U3 CJeNyIOIINX KPUBBIX HAHMCATL YPABHEHWA Kaca-
TEJILHON W ypaBHEHME HOPMAJILHON IJIOCKOCTH B NAHHOM TOUKe:

6.558. © = 4sin’t, y = 4sintcost, z = 2cos’t mpu 1 = /4.
1 1 1
6.559. z = 5152, Yy = §t3, z= Zt4 npu t = 2.

6.560. x = acht, y =asht, z=at nput = 0.
6.561. 22 + ¢y = 10, y? + 22 = 25 B Toune My(1, 3, 4).
6.562. 222+ 3y% +22 =9, 322 +y%— 2% = 0 B Toure My(1, —1, 2).

4. Tuéd dpepenumainHblie XapaKTePUCTHRH IUI0CKUX KpuBbIX. [lycTs kpu-
paa B mwiockocty Oxy ABJIAEICA TONOrPadoM BEKTOP-OYHKUMM r = r(s) =

= (z(s), y(s)), rne s — aanHa nyru KPUBOIL.
Kpususnoi xpuBoit B Touke My Ha3bIBAETCA YUCIIO

K= lim 2.
MM, As
N—
3mech ¢ — Yroil MOBOPOTA KacaTeqbHOH, coorsercrByromuit mayre MoM

(puc. 13) nanxo#t Kpupoit, a As — gauHA 3TOH AYTU.
Beauunna R = 1/K HasbiBaerca padu-

r(s) YCOM KPUBUSHDL.
Kpupusua K onpemesnaerca COOTHO-
M LIEHHEM
M, \4 K d’r
T lds? |’
Puc. 13 MIpusemem pAx HOPMYII IJIA BEIYUCICHUA

KPUBU3HBI KPUBBIX:
1) ecnn kpuBanA 3amaHa ypasHeHHEM B ABHOI dopme y = f(zx), 10

)

yll
<=
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2) ccau KpuBaa 3agaHa ypaBHeHueM B HeAsHol dopme ') F(x, y) = 0, 1o

" " i

Er.r ny Fr
" 1" i

Fry Iy Ty
' i

F, F, 0

K=|——57-1;
(F'i +F’§)3/2

3) eciu KpuBaA 3ajaHa NapaMeTPUYECKMMHU ypasBHeHuamu z = x(t),
y =y(t), To
xl yl
1 "

(’rL.l2 + y12)3/2 ’

K=

4) ecau KpUBAA 3amaHa B NOJAPHBIX KOOPAWHATAX ypPaBHEHMEM I =
=r(p), 10

; 2
24201 — !t

K (7'2 +r’2)3/2

Oxpyarcnocmovio Kpusuanbt (CONPUKACAOWETCA OKPYHCHOCTNHIO) KPUBOLH
B ee TouKe M Ha3LIBAeTCA NpenelibHOE NOJIOREHNHe OKPYRHOCTU, TP OBeIeHHON
gepe3 Toury M u nse apyrue Touku xpusoit P u @, xorma P - M u @ — M.

Panuyc okpymHOCTH KPUBU3HBI PAaBEH PAagUyCy KPUBU3HBI B COOTBETCTBY-
romelt rouke M, a HEHTP OKPY/KHOCTH KPUBU3HBI (YeHMP KPUBUIHbL) HAXO-
IOUTCA HA HOPMAJIU K KPUBOM, NPOBEIEHHON B Touke M B CTOPOHY BOPHYTOCTH
KpUBOii.

Koopmunarer X n Y ueHTpa KpUBHM3HBI PaBHBI

1+y"”°
yll

Y +y?)

X=z o7

, Y=y+

360410mol KPUBOH Ha3bIBAETCA JUHMA, ONUCHIBAEMAA LEHTPOM KpU-
BU3HBLI NPU ABMKEHUU TOYKU MO KpuBoi. DopMynsl mJA KOOPAUHAT LEHTPa
KPUMBU3HBI ONPENESIAIT NapaMeTPUYeckie YPABHCHHA 3BOJIOTHI.

Mpumep 4. Haittu ypasuenne sBomors! napabosst y2 = 2(x + 1).
1
< Umeem 2yy’ = 2, 1.e. y' = —. Tocne nosroproro muddepennupoBanusa
. Y y'2 1
nonyaaem y'> + yy" =0, orsyma ' = —*— = —— . Haxomum soopmunatsr
) )

') 3uech MCHOML3YIOTCA YACTHBIE IPOUIBOXHBIE (YHKUNK ABYX ICPEMEHHBIX; ONpe-
xeneHne cM. B 1. 3 §1 . 8.
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LIEHTPA KPUBU3HBL:

! ['2 2 9
xoo YOV vty (ALY 3,

y" 2 ~-1/y3 277
VS £ N K V. LY
- " =Y —___-T_~y’
Yy 1/y

TEM CaMbIM HAUIEHBI TAPAMCTPUIECKHUE YPABHEHUA IBOJIOTDI:

3.
X = §y2, Y = -y

Ucknrouns napamerp y, HalACM yPaBHEHMC 3BOJIOTHI B BHIE

8

YZ —
27

X3 >

Buruucnuts KpuBU3HY TaHHON KPUBOIL:

6.563. y = 1 B mauane xoopauuar u B Touxe M(1, 1).
6.564. £ + 9y? = 9 B epmmmax samunca A(3, 0) u B(0, 1).
6.565. 22 — zy + 32 = 1 B Toure M(1, 1).

1
6.566. z =2, y=1— §t3 mpu t = 1.

1 1
6.567. z = §t2, Y= gts B touse M (1/2. 1/3).

6.568. 7 = a(1 — cos y) B MOGOH TOUKE U TPU Y = 7.
6.569. 2 = a®sin 2p npu p = /4.

Haitti pamuycs! kpusH3HbI (B 11000 TOUKC) TAHHBIX KPUBLIX:

22 2
a2 b
6.571. a) 22/3 4+ y?/3 = a?/3; 6) x = acost, y = bsint.
6.572. x = a(t —sint), y = a(l — cost).

6.573. a) r2 = a?cos 2¢p; 6) r = ap.

6.570. a) y = ¥/z; 6) =1.

6.574*. Bepwunoti RPUBOH Ha3bIBAETCs TaKad ee TOUKa, B KOTOP Ot
KPUBH3HA MMCET MAaKCUMyM MIu MuHUMyM. Ha#iTu BepiivHy nwpuBoi
y=e"%

6.575. Haittu Bepmmuy wpusoii y = Inx.
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BoryucanTs KOOPOVMHATHLI HCHTPOB KPUBU3HBI X1 HANMCATL ypaBHE-
HUA ORPYHQHOCTeﬁ KPUBU3HDLI NAHHLIX KPHUBLIX B YRA3aHHLIX TOUKaX:

6.576. y = 2a B Touxe M (0, a).
a

)
6.577. y = e~%" B TouKe M(O 1).
6.578. y = ze” B Toure M(—1, —1/e).

6.579. y = sinx B Touke M(7r/2, 1).

6.580. = a(t — sint), y = a(l — cost) B Touxe M (ma, 2a).
Haittu 5BOMIOTHI npnBLIX'

6.581. a) y = 2%; 6) 2% — y® = a?; B) 2?3 + /3 = ?/5.

alnf‘_i______ VA 7Y JZ 2

6.582. = -y

6.583. x =2t, y =12 2.

5. Tuod depeHimannHple XapaKTePUCTHKA HPOCTPAHCTBEHHBIX KPHBBIX.
Bo Bcakoit HeocoGoit Touse M (x, y, z) npocTpaHCTBeHHON KpuBo# r = r(t)
MOJKHO NOCTPOUTH TPU B3aMMHO NEPNEHIUKYIAPHBIX BEKTOPA:

r
= — (HanpaBIAILIMIT BEKTOP Kacameabrot),

dt
dr dr
T (HanpaBIAOLIIL BEKTOP 6uMOpMaaL),

= [B, T] (HanpaBaAwMWKH BEKTOP 24a68H0U HOPMAAU) WK COOTBET-
CTBy}OIIIPIe UM OCHOBHBIE eJUHUUHbIE 6EKMOPLL:

T 4, B N
IT|’ [B]’ INJ’
KOTOPbIe MOARHO BLIYMCJIUTEL TAKKe MO (HOPMyIam:
dr dr/ds

T = =[r, v].

as’ U |dT/ds|’

TpexrpaHuuK ¢ BepiIuHON B Touke My, pebpaMu KOTOPOro CJIyKaT KacaTenb-
HafA, TJIaBHAA HOPMaJb W OMHOPMA/ib, HA3LIBAETCA ECTECTNEEHHbIM MPeT-
epannuxom (mpusdpom) NpoCTpaHCTBEHHON KpuBoit. I'paHAMu ero ABaA-
10TCA ILIOCKOCTH: conpuxacatouasca (npoxonutr yepes sextopel T u N),
nopmaabras (npoxonut uepes Bexropsl N u B), CTPAMARIOU O (mpoxomut
qepe3 Bexrope: B u T).

YpaBHeHUA r1aBHOM HOPMaJW UMEIOT BUI

T—% "Y—Y% 2~ %0
- - )
N, Ny N,
TIe T, Y, Z -— TeKyIINe KOOPANHATHI TOYKM IIaBHOi HopMamu, Ny, Ny, N, —
KoopouHaTh BexkTopa N.
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YparHeHua OMHOPMAJIN:

T—To Y—Yo _ 2~ 20

B, B By h B,
YpapHeHue CONPUKACAIOMIEHCA TI0CKOCTH:
Br(x - .’lo) + By(y - yO) + Bz(z - ZO) =0.
YpaBHEHI/le CHpﬂManU.IGI?I IIJIOCKOCTH:

N (z ~ z0) + Ny(y - Y0) + N.(z = 29) = 0.

Ipumep 5. Haiity ocHOBHLIE enMHUYHLIE BEKTOPHI T, V U 3 KPUBOii
z=1-sint, y = cost, z =t B Touke M, KOTOpOIt COOTBETCTBYET 3HAUCHUC
napamerpa t = 0. Hanucars ypaBHeHusa racaTeJbHOM, IJIABHOM HOpMAIU M
6uHOpMaaM B 9TOI TOUKeE.
< Umeem

r = (1 —sint)i+ cost - j+ tk,

dr cost-i—sint-j+k
— = —cost-i—sint-
dt J s

%:sint-incost-j.
IIpu t = 0 noayunm
T=%=—i+k, iz; 3,
B—[ZZ,%]——i f) l1(=1+1<,
' 0 -1 0

CrenosatennHo,

—-i+k ) i+k

T =

z—1 y-1 =z
= = — —- YPaBHEHUA KaCaTCJIbLHOM;
-1 0 1
z—1 y-1 =2
= >—— = — — YypaBHCHHA INIaBHO{#t HOpMa/ny,
0 1 0
z—-1 y-1 =2
= ———0 = I — ypaBHeHUA OMHOpMaau. >
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Ecnu npocrpaHcTBeHHAnA KPUBAA 33a13aHA KaK NEPECeueHUe IBYX IOBEPX-

gocreit
F(z,y,2)=0,
G(z,y,2) =0,

dr  d’r
10 yaIo6Hee BMECTO BEKTOPOB ~— W ~j7 PacCMaTpUBATL BeKTOPHI dr =

= (dz, dy, dz) u d®r = (d*x, d®y, d?z), npuuemM MOMHO CUMTATH OHY U3 ITe-
pPEMEHHBIX T, Y, z He3aBUCUMOIt 1 ee BTopoit audepeHnan paBHbIM HYII0.

Ipumep 6. Hanucars ypasHeHus conpuracarolieiica, HOPMaibHON H
cupAMIIAIIIEH NJI0CKOCTe KPUBOI

z2 +y? + 2% =6,
22—yt +22=4

B ee touxe M (1, 1, 2).
< InddepeHuupysa JaHHBIE YPABHEHUA U CYUTAA T HE3aBUCHMOHN nepeMeH-
HOM, MoJIy4uM:

zdr +ydy+ zdz =0,
zdx —ydy+2dz=0

dz? 4+ dy? + ydPy +dz? + 2d*2 =0,
dr? — dy? — yd®y + dz* + 2d?*z = 0.

Mpuz =1, y=1, z =2 umeem:

dy =0, dz:—%dm, d*y =0, dzzz—g—dmz‘

1
CnegosarensHo, dr = (dw, 0, -3 dm), d’r = (0, 0, —% dx2>. 3ame-
HUM 3TM BEKTOPbI BEKTOPAMH, UM KOJUTHHeapHbIMy, (2, 0, —1) u (0, 0, —1),
OTKyZa

T = (2,0, —1),
i j ok ij ok
B=12 0 -1/=2j, N=[0 2 0|=2(-i-2k).
00 -1 2 0 -1

Orcroma HaxomuMm:

y — 1 = 0 — ypaBHeHHE CONPUKACAIOMICHCA IJIOCKOCTH;
2z — z = 0 — ypaBHeHUEe HOPMaJbHON IJIOCKOCTH;
T + 2z — 5 =0 — ypasHeHue CIPAMIAOLILH MIIOCKOCTH. [>
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Ha#itu ocHOBHLIE eIMHIYHLIE BEKRTOPBI T, V, (3 ¥ COCTABUTL YPab-
HCHUfA KacaTeALHOM, TAAaBHOM HOPMAalIW W OMHOPMANW NAHHLIX KpPU-
BDLIX:

6.584. x =c', y=e!, z2=tnput=0.

t
6.585. £ =t —sint, y =1 — cost, z:4sin§ npu t = 7.

6.586. x =2t, y=1Int, z=t>nput = 1.

6.587. y =z, z = 2% B Toure x = 1.

6.588. HanucaTs ypaBHeHUA mI0CKOCTEH, 06pa3yOIINX €CTECTBEH-
HbIff TPEXTPAHHUK KpUBOH z = t2 4 1, y = cost, z = el B Touxe
(1, 1, 1).

6.589. Hanucars ypaBHeHHMA MII0CKOCTCH, 06Pa3yOINX €CTECTBEH-
Hblil TPEXTDaHHUK KPUBOH T = t/\/§, Yy = t/\/i, z = Insint npn
t=m/2.

6.590. Haittu sexropsl T, v, B 1 HanucaTh ypaBHEHUA Bcex pebep
U IIoCKOCTef, 06pa3yoUINx ¢CTeCTBEHHDBIN TPEeXTPAaHHUK KPUBON T =
=(t+1)? y=1t% z= V2 +1B rouxe (1, 0, 1).

6.591. Haittu Bexrops! T, v, B ¥ HamucaTh ypaBHEHWA BCEX pe-
Oep 1 maocrocTeil, 06pa3yIINX eCTECTBCHHDLII TPEeXTPaHHUK KPHBOU

22 + 92 + 2% = 14,
{a:+2y—z=2 B Toure (1, 2, 3).

Kpueu3na npocTpaHCTBEHHON KPUBON OIpENeNAETCA aHAJOLHTHO KpH-
BU3HE II0CKOIt kpunoit. Ecnu spusas 3agana ypasuenuem r = r(s), To

o
ds?

K=

1
R
B caygae obuicro napaMeTpuyecKoro 3agaHuA KPUBOH HMeEM

oL [[dr/dt, d°r/dt?]|
SRT T @y

Kpyuenuem (6mopoti xkpueusnotli) npOCTPAHCTBEHHON KPUBOH B TOUiKe
M Ha3BIBACTCA TUCIO0
1 . 7

7= T NS Ay
SN—"
rae 6 — yroa nosopora 6uHOpMany, coorBercTBytomuit nyre M N. Beawuuna
p Ha3BIBACTCA PAduYcom KPYueHus WM paduycom 6mopot Kpuusnbl.
Ecan r = r(s), 1o

dB| _ (dr/ds)(d’r/ds*)(d’r/ds?)
ds l B

T=7 ’ |&r/ds?|? ’
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as
rie 3HaK MUHYC 6eperca B TOM CJIy4ae, KOIZA BEKTOPbl —— U U UMEIT ONU-
s

HAKOBOE HANpaBJIEHHUE, U 3HAK ILTIOC — B MPOTUBONOIOKHOM CIIyUae.
Ecau r = r(t), rae t — OpoOU3BONBHBIA apaMeTp, TO

_ (dr/dt)(d?r/dt*)(d?r /dt?)
B |[dr/dt, d?r/dt?]|?

Ipumep 7. HaliTn kpuBusHy u npydenue wpusoit z = elcost, y =
= elsint, z = e' B moboft TouKe.

' Umeem
r = (et cost, e!sint, et),
dr
i (et(cost — sint), ef(sint + cost), '),
d*r
7o (—2etsint, 2ef cost, et),
&r t(ci t : t
— = (—2e!(sin , 2ef(cost — sint), et).
e (—2et(sint + cost), 2e'(cost t), e)
Ozcrona
i J k
d 2 . .
[E;:’ 372] = |et(cost —sint) el(sint +cost) ef|=
—2etsint 2et cost et
= e(sint — cost, —(sint + cost), 2),
g &r dr ef(cost —sint)  e'(sint +cost) et
TR —2etsint 2ef cost et| = 2e3t.
—2et(sint + cost) 2e’(cost —sint) el
CaenoBaTeibHO,
e?t\/(sint — cost)? + (sint + cost)? + 4 V2
= = —e t
e3t\/((sinf — cost)? + (sint +cost)2 +1)3 3 '
~ 963t et N
7= edt((sint — cost)? + (sint +cost)2 +4) 3 °

BouIuncauTh KpUBM3HY U KPYUYEHHE KPHBBIX:

6.592. z = ¢!, y = !, z = t/2 B moboit Toure u mpn t = 0.
6.593. x =t, y = t>, z = > B ;ro6oit Toure u mpu t = 0.
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6.594. £ = 3t — 13, y = 3t?, z = 3t + t3 B mGoit TOuKE M mpu
t=1.
6.595. z = 2t, y =Int, z = t? B moboit Toure 1 pu t = 1.
z? 3
6.596. y:?, z = 3 upu r = 1.
6.597. 2z = 4%, z = 2% B moboit Touxe u mpu y = 1.

2
6.598*. lano ypaBHeHue OBMAEHMA I = ti + t2j + -?;t3k. Omnpene-

IUTh YCKODEHUC W IBUMAEHUdA, TAHTCHUMAIbHYI0 W; U HOPMaJbHYIO
W, COCTaBJIAIOIINE YCKOPEHMA B n1000it MoMcHT ¢ 1 ipu ¢ = 1.

6. Kovmurercunie dyHuimm nefictsurennHol mepemMenHoit. Eciu rammaomy
3HAUEHUI0 HeicTBuTenbHON nepeMennoit ¢ € D C R mocrasieno B coorser-
CTBHE OIpeIeseHHOe KOMIUIEKCHOE YHCI0 2z = T + 1y, To z(t) HasviBaerca
Komnaexcrot Pynxyuet deticmeumeavrot nepemennots ¢ 061acTbIO OIpE-
neienusa D:

z = 2(t) = z(t) +iy(t).

3anaHue KOMIUIEKCHOH (QyHKUUM z = 2(t) PAaBHOCHIIBHO 3aIaHMIO NBYX HCHi-
CTBUTEJBbHBIX Qynkuuit ¢ = z(t), y = y(t), WIN 3a0aHUI0 BERTOP-OYHKIMH

r(t) = (2(1), y(t)).

Mpumep 8. MocrpouTts KPUBYIO, 3aKaHHYI0 ypasHeHueM z(t) = el 9t
—-00 <t < 400.
< Tax war z(t) = e®'(cos Bt + isinft), o |z(t)] = e* u argz(t) = Bt
llonarasa ¢ = Bt, Haxomum, ecau 3 # 0, t = % CnemoBatensho, r = |z(t)| =
[e3
=e0% (—00 < p < +00), U MbI TOIYYUIN YPABHEHHE JOrapUMITICCKOIT
cnupasu (1. 1, 1. 1, §3, . 5, a raxme puc. 11 caesa), ccan aff # 0. lpu
@ =0 — oxpymuocts r = 1, upu § =0 — ay1 ¢ = 0. >

IIpouzsodnot woMmaekcHoN GyHKuuM z(t) HA3BIBACTCA KOMINICKCHASA
Az(t, At)
At
IUH OefCTBUTEIbHOI NepeMEHHOH DacmpoCTPAHAIOTCA OOLIMHLIC MpaBuia

muddepernuposanua (em. m. 1 §1).

QyHrnua 2'(t) = AlitmO = z'(t) + 1y'(¢t). Ha rommiekcHbie dyHR-
—

Hpumep 9. Joxazars, uro (e) = e, rme A = o + i — npous-
BOJILHOE KOMILTEKCHOE YHCJIO. ‘
< Myems z(t) = e = ele+®t rorma z(t) = e cosfBt u y(t) =
e sin Bt. OTcroma HaXOmUM:

z'(t) = ae® cos Bt — Be®! sin Bt,
y'(t) = ae!sin Bt + Be! cos (t.
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CenoBaTeIbLHO,
2(t) = ') + iy (t) =
= (™ cos Bt — Be® sin Bt) + i(ae! sin Bt + Be™ cos Bt) =
= ae®(cos Bt + isin Bt) + i3e* (cos Bt +isin ) =
= ael®HOt L ige(atiBlt = (o 4 i8)elot O = NeM | >

IocTpouTs KpuUBbIE, 3aZaHHBIE ypaBHeHUAMH z = z(t), u HatiTH
2'(t):

6.599. z = t? + it, t € (o0, +00).

6.600. z = 1 — i+ teid, £ € (—o00, +00).

6.601. z = 2¢*, t € [0, 7).

6.602. z = 3¢’ + e, t € (o0, +00).

6.603. z = (2 +i)e! + (2 —1d)e7!, t € (—00, +00).

6.604. z = t2 +it*, t € (—o0, +00).

6.605. z =t +i—ie” ', t €0, 27).

6.606. z = ae’*(1 —it), a € R, t € (—o0, 4+00).

6.607*. MasectHo, uro 2z = 2z(¢) ompenenfer 3aKOH IBUKEHUS
TOYKM HA MIOCKOCTH. HalTh KOMIOHEHTHI CKOPOCTH U YCKOPEHH 10
HANPABJICHUI0 KACATENLHON K KPUBOM z = 2 () U MePICHIAKYIAPHOMY
K HEMY.

6.(?08*. Touka z mpoGeraer OKpYmHOCTL |z| = R ¢ mOCTOAHHOI

YIJIOBOI CKOPOCTHIO, PABHON exuHuUIEC. HaliTi BEKTOD CKOPOCTH TOUKH
w, OBUARYIICHCA BMECTE € 2 10 3aK0Hy W = f(2).

d
IIycts D = J; — oneparop nuddepenupposanud, 1.e. Dz(t) = 2'(1).
Juuneiinbiit oud QepeHImanbHbIf 0MepaTop ¢ MOCTOAHHBIME KO3 QUIUCH-
ramu p(D) = a, D™ + ... + a1 D + ag onpenenaerca cienyomuM 06pa3om:
p(D)z(t) = anz™(t) + ... + a12'(t) + agz(t).

6.609*. loxazars cienyrolue cBOHCTBA JIUHEHHOr0 Tu( QepeHiy-
AJILHOTO ONEpaTopa ¢ MOCTOFAHHBIME K03() GUIMEHTAMU:

a) p(D)eM = p(N)et;

6) p(D)(eMz(t)) = eMp(D + N)z(t), rne 2(t) — npomssonbuan
KOMILICKCHO3HAYHAA YYHKINA, N pa3 nud hepeHnupyeMan npu ar0doM
t € (—o0, +00).

Ina 3ananHbiX QYHRUMIA BHIYMCIUTL YKA3aHHLIE JTUHEHHbIE KOM-
OuHAIUM NPOU3BOIHLIX:

6.610. " (t) + 3z'(t) + z(t), ecau z(t) = te " cost.
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< Bamernm, uto z(t) = Re (tel~1+9D). Toaromy z"(t) + 32/(t) + z(t) =

= (D? 4+ 3D + 1)z(t) = Re(D? + 3D + 1)te! " *+9. Ucnomsayn pesyrbrar

3agaun 6.6096), HaxomuM:

(D? +3D + 1)te "1+t = oI (D 4§ —~ 12 4 3(D +i - 1) +1)i =
=YD L2~ 1)D+ (i —1)2 +3D + 336 - 1) + 1)t =

= eTHIN(D? 4 (14 20)D + (=2 +4))t = e ((1 - 2¢) +i(2 4+ 1)) =
=e '(((1 - 2t)cost — (2 +t)sint) +4((1 — 2t)sint + (2 + t) cost)).

Ozrcrona nomyuaem:

z"(t) + 3z'(t) + z(t) = Re (D? + 3D + 1)te~1+9t =
“H(1-2t)cost — (2 + t)sint). >

6.611. ="' (t) + 46x(t); z(t) = e cos 3t.

6.612*. 2//(t) — 2'(t) + (5/4)z(t); x(t) = €'/?sint.
6.613. z"(t) + 2z'(¢) + 2z(t); z(t) = e'sin2t + et cost.
6.614. 2"'(t) — (,); z(t) = t*sint.

6.615. z''(t) — 2z'(¢) + 5z(t); z(t) = el sin2tV/1 + ¢2.
6.616. (1/2)z"(t) — z'(t) + =(t); z(t) = (1 +t%)el cost.



['masa 7

WUHTETPAIBHOE UCUUCIEHUE OYHEKIUNA
OIHOM NEPEMEHHOIA

§ 1. OcHOBHEIE METOXBI BHLIYMCIEHUA
HeOIpeIeJIeHHOr0 MHTEerpaia

1. lepBoobpasnaa u HeonpeneneHust unrerpai. Oyuruua F(x) Hasbl-
BaercA nepeoobpa3noti GyHkmmu f(z), 3amaHHOR Ha HCKOTOPOM MHOMCCTBEe
X, ecin F'(z) = f(z) nna seex € X. Ecan F(z) — nepeoobpasHan
oyusuun f(z), 1o ®(x) asnAerca nepBoobpasHoi TOH me GYHKUMU B TOM
U TONBKO B TOM ciayuae, xorma ®(z) = F(z) + C, rne C — Heroropas mo-
croannasa. COBOKYMHOCTL Bcex NepBoobpasHbix GyHruuu f() HA3BIBAETCA
HEONPedeseHHbIM UKMESPAAOM OT STOH QYHKIMY H 0003HAUACTCA CHMBOJIOM

/ f(z)dz. Takum o6pasom, 0 OIPENETEHHUIO

/f@ym={F@y+CL (1)

‘rae F(z) -— oana ua nepsoodbpasubix ¢yukuuu f(z), a nocroauHaa C npu-
HUMaeT OeHCTBUTEbHLIE 3HAUCHUA.

B cuny ycranosuBuiefica Tpamunuu pasencTBo (1) samucniBaerca 6es
ABHOr0 0603HAYEHUA MHOKECTBA CIIPABA, T.€. B BUIE

/f(:c) dz = F(z) + C,

npu 570M C' HA3BIBAKOT MPOU3BOJILHON MOCTOAHHOM.

CsoitcrBa HeonpeneneHH0r0 MHTCrpaja:

(/fwdﬂ - f(a).
2 [ f@)de= @) +C.

3./af(m dx:a/f(x)dx, a#0.

4/UmmmeM=/ﬂmM+/ﬁmm
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Tabnuua OCHOBHBIX HEONpEeHEJEeHHBIX MHTErPaJios:

xn+1
1. /r”d:c— +C’ (n#-1).

/-———ln|a:|+C’
e

4, /sinxdax = —cosz +C.

5]

w

(a>0, a#1); /e’daz:ez+C.

5. /cosxda: =sinz + C.

dz
6‘/0052 =tgz+C.

—ctgz +C.

~

/QIIlIl‘
“fa

9/ |tg( E)‘+C=ln|tgm+seca:|+0.
o[ aia )
<

/ _ T+a
2 _ 42

+C (a#0).
-a
. T
12./\/ﬁ_arcsma+0, lz] < |af.

=In ltgzl + C =lIn|cosecz — ctgz| + C.
sma:

13,/\/———_.2———4_:6___——2-=ln|a:+\/a:2—a2]+6', 2| > |a] > 0.
Tr“ —a
14./%:1!1(&74—\/1124-(12)4—0 (a;éO)

x a

15. /sh:z:da: =chz + C.

16. /cha;d:z: =shz+C.

dz
17./Ch2x =thz + C.

18./ 9 _ _ctho 4 C.
sh” z
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Ha#ttu nepeoobpasmbie Caeayommx (yHRumii:

3 5
7.1. 227, 7.2. 4z 7.3. — + —-
Tz T
34542 -1 13
g 5oL VBT e 2
T :c\/_ 2
1 1
Y ( (RE— 7.8, 2737, 7.9. .
va+ bx V5%
1 23+ 1 .. 9 2
7.10. 3 7.11. . 7.12. 1— 8sin” 2z cos” 2.
cos? 4z T —

2
7.13. (cos §+291n§cos§*sm2§) .

7.14. cos (v + z) cos (& — x) + sin (a + z) sin (o — ).

OrpIcKaHMC HEONPEEJIeHHOr0 MHTErpajia ¢ IOMOUIbI0 TalJHULbI 0CHOB-
HBIX MHTErpajioB U TORIECTBEHHBIX IPeo0pa30BaHUN HA3BIBAIOT HENOCPEn-
CTBEHHDIM HMHTETPUPOBAHUEM.

dx

MMpumep 1. Boiuucauts / — .
22 — 24

< / dr _/' dz __/'1—3;2 + 22 e —
J ozt -t ) 221 —a2?) .1'2(1——1'2) T
_/d / U RIEY

) a2 -2tz

Hcnmonnsya tabariy OCHOBHLIX HHTEIPAJIOB, HAUTH CICAYIOLIUAC
WHTETPAbL:

2
7.15. /<3L + 2z + )da;. 7.16./ rxj3dx.

' dr
7.17./\/ma:d:v. 7.18.
\/_'

1 z+1 (Va+ /x)?
7.19. /( ) . 7.20. /———d

\/_ V3 . Vaz
7.21. /T :2(1:1:. 7.22. /2xemdx.

7.23. / 2°(1 + 322 - 27%) dx. 7.24. /(2'5 + 3cosz) dz.

+C. >
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A4

"2 —si — 2ctg?
7.25. / e 7.26. / d-2dgw 52 da.
sin® z cos? g
2
7.27. /ﬂ%——daa 7.28. /siandx.
J cos?zsin®zx . 2

7.29*. a) /tha:d:B; 6) /thQ:cdx.

d:
7.30. /—————T——E— 7.31. /(arcsinw—l—arccosw) dz.
cos 2z + sin“

.z T\2 dzx
7.32. /(81n§—cos§) dr.  7.33. /x2+4.

dzx dz
7.34. _— 7.35. —_—
/ 5— 22 / V3 — 22

Vr2 —3— vz 43 (1+2)?
7.36./ S T /x(sz) dz.

7.38. /(a: +a)(z + b) dz. 7.39. /(a1/3 + z'/3)3 dg.

dzx.

7.40. / cos?z + 32608 T —2
. cos?

7.41. a) /Ctggxdx; 6) /cthzwdx.

2 _
7.43. / %dx.

7.42. =3

/‘ dx
Va2 -7
2. Meron 3ameHsl mepeMenHoii. (CyiecTsyor cienyomume n1Ba BapUaHTa
3TOr0 METOAA.
a) Meton nomBemcHuA non 3Hak auddepenunumana. Ilycts

TpebyeTcA BLIYMCIUTD UHTErpas / f(z) dz. Tlpeanonomum, 4TO Cy1Ie CTBYIOT

mudpepennupyeman GyHRnua v = @(z) ¥ Gyunnua g(u) Takue, YTO IMOOLIH-
TerpainbHoe BoipameHue f(z) dz Momer ObITh 3amMCAaHO B BUIE

f(2)dz = g(p())¢' () dz = g(u) du

(y1a3anHOe npeofpa3oBaHUe HA3LIBACTCA HOABEOCHHEM u = () mom 3HAK
muddepennuana). Toraa

[ @iz = [ glo@)s @) de = [ gtu)du

u=p(z)
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. €. BbIUNCJEHUE HHTErpaIa / f(z) dx cBonuTCA K BLIYICICHUIO UHTCIPAJA

g(u) du (ROTOPBIA MOKET OKA3ATLCA MPOLLC MCXOMHOI0) M IOCICAYIOIICE

[OOCTAHOBLC U = (x).

Mpumep 2. Beruucnuts uuTErpad / sin® r cosz dz.

/sin3 rcosxdr = /sin3 rd(sinz) =

4

1
=/u du= % fo="0T oy
E 4 u=sin 4
2z + 1
Dpumep 3. Beruucaurs nnrerpan / —;E————-dr
»2?+r-3
< Nmeem:
2+ 1 dr — /d(m2+a3—i_3l_ “du
2+2-3 ) 22+42-3 ) u

:ln!u|| +C=Inla® +2-3|+C. 1>

u=g24-a-3

Onepanun nogBeneHna GyHruMK () moa 3HaK AuddepeHIHaLa dKBU-
BQJICHTHA 3aMEeHE [MEePEeMCHHOI & HA HOBYI0 NEPEMCHHYIO u = ¢(T).

dz
Hpumep 4. Boruncnurs unterpan / e
YBu+1)2
< MIpoussenem 3ameHy ucpeMeHHOMN 110 (hopMyne

w=23r+ 1.

Torma du = 3dz, T.e.

dz = = du

du 1/3 .
p— — / C — 3 1 C'
/ Y (3l +1 / u2/3 =u |u:3.r+1+ m—+

Brinoanentoe npeobpasoBaHie SKBIBAIEHTHO MOABEIEHHIO N0 3HAK Hudde-
pennuana GyHKIuH © = 3z + 1. >
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BoruucanTs HWHTerpaJdanl ¢ IOMOIULIO MOAXONALLEN 3aMCHBI:

7.44. /\/3+:z:(1.7:. 7.45. /(3—4sinz)1/3cosxdaz.

2
7.46. /ch:csha:d:v. 7.47. /sec4 wdm.
tg*

7.48. / dr_ 7.49. / do_
zlnz a+ bz

2 .
7.50. / T gp sl / 0s(@/V2D)_ .
a—btgx 2 — 3sin (z//2)

7.52. / ctg z dz. 7.53. / 31 dz.

d
7.54. /cos (az +b)dz. 17.55. /sin (lnx)—f.

dx dx
7.56. ] - —. 7.57. —_—
5 /sm\/i Nz /cos(:c——ﬂ'/4)
dz T
7.58. . 7.59. dz.
/sh23:v /\/3:52—‘1 !
) a2 dx
7.60. /:1:-5 T dr. 7.61. / " ag2

7.62 /_I_“f_*d 7.63 /‘wa
62 | T e z. 8| e

7.64 / dz 7 65 sinz dzx
) Vo -1 ) Veostz+ 4
3 ..
2° dzx zdx
7.66. . 7.67. —_—.
/ z8 + 1 vzt +1
" dz sinazx
7.68. | ———. 7.69. dx.
/ a? + b2z / costaz
xT
7.70. /chQ:vshwd:L‘. 7.71. /——f——— dz.
, (7—e%)?
7.72. / tg x dx. 7.73. /cth4z dz.

B YL
7.74. / Lo dx. 7.75. /—Q—‘E—dI——
J =z ch” (z2 + 1)
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/ (a — (a+ D)
dm
. .
7 4z2 +7
2
. 179, __37__511_
J Vb +1

[IpuMeHAa pasauyHbIE DPUEMbl, HAUTH HCONPEINENCHHLIE WHTC-

rpajILL.

z—1
81*. [ ——— dz.
! 78 /(.’I?+2)2 v

"z — 2243

(0<b<a).

T dx
7.78. / yroant

7.80.

a® d
Va2t — 1 ¢

dz.

2
z
.82.
8 ./3+a:2

T dzx

7-84. / m .

Cox8 i+ 1
. 86. | ——— dz.
785/9 4$8da: 76/x5+5$—8d$
7.87. / 3 V524 — 3dz.
T dz
7.88. 3— )
/ ( V2 + 1) Va2 +1
780, _z+1 7.00 /a + Va? + b2a2
' Vi—d22 4752 e a? + b2
dz
7.91. | ——. 7.92. [ e*V/4 + e dx.
Va® /
et . dz
ros, [Ty e [Py
da:
7.97. | V3 —chzshzdz. 798, | ————.
/ CHTSRT AT zv1—4Inz

7.99 /_ﬂz_
. $\/1—4ln2:z:‘

7.101*. /cos2a;d:c.

7.103. /(sin az + cos az)? dz.

7.100*. / sin® z dz.

7.102. / _dz
sin (z//2)

X
7.104. /———COS () dx.

dx.
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(1 + cos 2z)3 sin 2z
7.105. Sfe——————dz. 7.106. — .
/ cos2z V3—costz
" sin2z dz
. . — (1. 7.108*. _—
7.107 / Ve a3 / Tp—
7.109. / ____d.’c . 7.110. /th az dzx.
J ctg V3z

7.111. / tg? (az + b)dx.  T.112. / 2% ctg? (2% - 3) dz.

7.113. /esp’c” tg rsec z dx.

6) Mcrox momctanopru. Iycts Tpefyerca BBIMHCIAUTL UHICTPAI

[ .
/ f(z) dzx, roe pynsuua f(z) onpeaeneHa na HeroTopoM MHOKecTse X . Bpe-
ICM HOBYIO ICPEMEHHYIO U OpPMYIIOii
r=p(@): U- X,
rae GyHruua @(u) auddepeHnupycra Ha HeROTopoM MHomecte U u ocy-
LICCTBIAGT B3aWMHO OnHO3HAuHOe orobpamcHue U Ha X, T.c. umeer 06-
PATHYIO
u=¢ Hz): X = U.
MoperaBus © = o(u) B HCXOXHOE HOALIHTCIPAILHOE BLIPAKCHUE, OIYIAEM

fl)ds = f(p(w)e' (v) du = g(u) du.

Hanee, copaBeINBO PABEHCTBO

[ @z = [ 1et)¢ @ du

= /g(u) du
u=¢~ ()

T.C. BBLIYHCJIEHME HHTErpasa / f(z) dz cBoauTCA K BLIMMCACHUIO HHTErpaia

)
U=t

/ g(u) du (KOTOPBI MOKET 0Ka3aThCA MPOLIE MCXOMHOLO) W MOCIEAyIoIed

noacranosre u = =L (z).

1+
Dpumep 5. Boraucants unrerpain | ———=dx.
1+
< B paccmarpuBaeMoM caydae 00JacTh ONPCAETEHMA NOOALIHTETPAJILHOL
pyunmuu X = [0, +00). lIpoussenem noacraHoBry

2

T =) =u", u€l0,+x).
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Torma dr = 2udu, u = ¢~ (z) = \/z, orxyna

1+z ul +u du
/1+f v / = /(“ ut2)du /u+1 '

1
=2 (3u FU +2u> 4In(u+1) +C|u=ﬁ_

1
—2(3 3/2—§:c+2x1/2> —dn(Va+1)+C. >

[Ipumenan ykasaHHLIE MOACTAHOBKY, HAWTH MHTErPAJIbL:

dz
7114, | ———, z = (1 —?)/3
/xvl — g3 ( )
dzx 2
7.115. , T = .
/x\/4—x2 t
dx
7.116. = t?
/w-l— V' !
e?x
7.117./ dr, = =Int.
J e +1

HpI/IMCHFIFI noaxomAImMe nNogCTaHOBKH, HalTu HHTCIDAJIDI:

31
19
7.118. /m(Sx—l) dr. 7.119. m

7.120. / _TF2 4 1121 / i

ve+1+1 (3—z)"
dx dz
7122, | ————. 7.123. / —_—
V3 + et oV + 1

3. MeTon uHTerpupoBanud 1o dactam. Eciu u(z) u v(z) — nuddepen-
MpyeMble QYHKIMHU, TO CIPABCLINBA CACAYIOMan (OpMyaa HHTCIPUP OBAHUA
10 9aCTAM:

/u(w)v’(:c)dm = u(z)v(z) — /v(w)u’(z) drx

WU B KPATKOII 3anucu
/udv:uv——/vdu. (2)

91a hopMyia MCHOIb3YETCA B TeX CJIy4adx, KOrga NOALIHTErpajibHOe BhIpa-
meHune f(x)dr MORHO TaK NPENCTABUTH B BHAC U dv, YTO CTOAINMH B IPaBOR

yacTd (2) WMHTErpaj Npu HANLIERKAILEM BbIOOpE BhIpasKeHWH u M dv MOMCT
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0Ka3aThCA MPOLUC UCXOJHOr0 nHTerpana. Ipu 3ToM 3a u yI00HO NPUHMMATL
MHOMRUTENL, KOTOPBIA ynpowacreda npu auddepenuuposanuu. Hampunep,
CCJIM IO 3HAKOM MHTCIPaja CTOMT NPOU3BENEHME MHOIOYWICHA HA TPUTLOHO-
METPHYCCKYI0 MJM NOKa3aTeIbHYH (QDYHRIHUIO, TO K U CJIEOyCeT OTHECTH MHO-
FOWICH, a oCTaBlleecA BoipamcHue — K dv. Ipu stom Qopmyna (2) momer
IPHUMEHATLCA HEOTHOKPATHO.

Hpuwmep 6. Haittu /:r,zcosa;da:.

< Honaraem v = 22 1 dv = cosz dz. Torma du = 2zdx nv = /cosmdx =

= sinz (nocroaunyw C 3nech mogaraeM paBHOH HYMIIO, T.C. B KAUECTBE U
GepeM onHy 13 nepsoo6pasHbix). Io dopmyne (2) umeem

/1‘2 coszdz = z* sinw—/2a:sin:cda:.

K croamemy cnpasa uHTErpanty CHOBa npuMeHAeM (HOPMYIY UHTErPUP OBAHHA

0 4acTAM, IPUYEM K U CHOBA OTHOCUM MHOrowieH (tT.e. 2z). Umeem: u =
=2z, dv = sinz dz. Orcrona

du=2dr n v=/sinwd:r:—cos:c.

[Ipumensnsn hopmyay (2), noayyaeM OKOHYATEIbHO:

/x2 coszdr = 2 sinx — (—Qxcosx - /(—-cosx)2d.1:) =

=z?sinz + 2zcosz — 2sinz + C. >

Ecnn nmopbiirerpanbHasd (YHKUMA COOEPHUT COMHOMUTCIEM Jorapud-
MHYECKYI0 WM OOPAaTHYI TPUTOHOMETPUYECKYI0 (YHKUMHU, TO UX CJAELYCT
IPUHUMATh 33 U, TAK KaK B pe3yabTare Aud(QepeHuupoBaHusA 3T (PyHKIUN
YIPOILAKOTCAL.

Hpumecp 7. Haiitu /lnxdx.

dz
< llonaraem u = Inz, dv = dz. Tornadu = — n v = /dx = x. Honcra-
T

BuB B Gopmyay (2), HaxoEuM
d >
/lnx,da: =rlnz - /ac—gvi =zhhz—-z+C. >

Huorna noucie nByKpaTHOrO MpUMeHEHNA (HOPMYIbI HHTETPUPOBAHUA MO
JacTAM IPUXONUM B IIPAROI YaCTH K BbIPAKEHHUIO, COHEPKAILIEMY HCXOTHBIM
HHTCTpaJd, T.e. INOJyJaeM YPaBHEHHE C MCKOMBIM MHTErPajIOM B KauCCTBC
HEU3BECTHOTO.
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Mpumep 8. Haiitu /e’” sin bz dz.

4 Nonaraem u = €%*, dv = sinbz dz. Torna du = ae®* dx, v = 3 cos bz.

Momcraeus B (2), uMeeM

/e‘” sinbzrdz = —%e‘” cosbx + % /e” cosbz dx.

Tenepb momaraeM u = €**, dv = cosbrdzr. Torma du = ae**dz, v =

= -ll;sinbx u

ar L 1 azr a eaz M a ar .:
e sinbrdr = —-e** cosbr + ~ | —sinbzx — —- [ e**sinbzdz ).
b b\ b b
B uTore noaydyeHo ypaBHEHHE OTHOCHUTEIBHO HEU3BECTHOTO MHTErpaja
/ € sin bz dr. Pewan 310 ypaBHeHue, HaX0AUM

a2 .
(1+ b2) /G“zsinbxdxzeazaSm xbszObe-l-Cﬁ,

nim

az H _
/e‘” sinba dz = & (asin bz — bcos bx) L C b
a? 4+ b2

[Ipumensaa ¢opMmyny MHTErpUPOBAHUA IO YaCTAM, HAlTH MHTE-
TpalIbL:

7.124. / arccos z dz. 7.125. [ zcoszdzx.

In
7.126. /mlnxdw 7.127. /———
\/—

7.128. /w —z+1)Inzdzx. 7.129. z?sinz dz.

7.130. / 277 dg. 7.131. / z3e® da.

1 2
7.132". 7.133. / =2 da.
x
7.134. /xarctgmdm. 7.135. /wSl;mda;.
cos? x

7.136. /e‘”” cos bx dzx. 7.137. /ea‘"cc"”dw.
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7.138. /ln(x-i- 1 + z?) dz. 7.139./x3ln:cd:c.

7.140. /:63’” dz. 7.141. /(:1;2 — 2z + 3) cos z dz.
z dz
7.142./ 5 7.143./cos(1n:1:)d:1:.
cos?
[IpuMeHAA Pa3IMYHbIC METOAbI, HAUTY UHTErpPAIbL:
7.144*./eﬂdm. 7.145. /.’E(arctga;)2 dz.
7.146. / 2R 7.147. / zetg?z dx.
T
cos? 2
7.148. . 149*, [ ———dx.
8 / " dz 7 /($2+1)2d:c

7.150**. BriBectu peryppeHTHYIO HOpMyIy Ijs uHTerpana I, =

dx .
=/m Haiitn IQ n 13.

Haittu unTerpambr:

2
7.151**./ 22 +ade.  T.152**. /"”'—dax.
) . a? — z2
In(lnz
7.153. /:carcsina;dx. 7.154. /@dcc
7.155. /:cQal‘ctga:d:I:. 7.156. /Mdm.
-z

7.157*. / Va2 —22dz.

§ 2. UaTerpupoBanue 0CHOBHBIX KJIACCOB
3JI€EMEHTAPHBIX (QYyHRIUHN

1. HHrerpupoBanue pamMoOHAIBHBIX OpobGe#. MHTerpuposanue npous-
Pm(.T) _ bpx™ + ...+ bz + by

Qn(z)  apz™+...+a17 +ag
TeIbHLIMU KO3(DGHIMEHTaMH B O0IIEeM cjIydae IPOM3BOTUTCA CJIENYHOILIUM
obpasom.

P, (z)

Qn(z)

IIpeaBapuTeJbHO BLIOEJIUTL B 3TOH I[p()ﬁl/l yeayrw vacmy, T.€. NPeaCTaBUThb

BOJIBHOI PalMOHAJIbHO Ipodu ¢ neicTBu-

Ecau m > n, T.e. ucxomHasa npobn HENPABUALHAA, TO CIELYET
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ee B BUME

Py (z) _ R, (z)
Qn(2) = My—n(z) + 0n(z)’ (1)

rae My p(z) u R.(z) -— MuOrownens! creneneit m —n > 0 u 7 CoOTBET-

R, (x)
< NPABUALHAA.

Qn(z)
Py ()

Qn(x)
CIUTENA HA 3HAMCHATEIb (YTOIKOMY.
Mpumep 1. Boineauts nenyio vacts apodu

CTBEHHO, puyeM 7 < n, T.e. Opodb

Boinenenue uesoit wacté B gpobu IPOU3BOIUTCA OEJIEHUEeM YK-

Pm(l') _ ("1"2 + 1)3
Qn(z)  z(2?--2z+1)

< [Ipobs HempaBusbHAA, Tak Kak m = 6 > n = 3. [[aaA BLIIEIeHUA LETOR
YaCTH BANKMCbIBAEM YUCIUTEIb U BHAMEHATENb B KAHOHUYECKOM BHIE:

(% +1)% = 28 + 32 + 32 + 1,
(z? = 2r+1)=12° - 22% + 2,

U J1ajiee, BBINOJHAA JEJEHHE «yTOJKOM» [EepBOrd MHOIOWIEHA Ha BTIOPOH,

nomyyaeM B uactHom z° + 2x2 + 6z + 10, a B ocratke 17z — 10z + 1.
CitemoBarenbHo,

(22 +1)3 3 2 1722 — 107 + 1
T = 2% + 222 + 63+ 10 + ———T T~
z(z? -2z + 1) 7 207 G 10+ 3 —2z% 1’

M BBLOEJEHUE HEJOM 4acTHU 3aKOHYCHO. [>

Kax noxazsipaer gopmyia (1), onepanudA BbIIEIEHUA LEI0H TaCTH CBOIMAT
MHTEI pUPOBAaHUE IPOU3BOJLHONI PAIMOHAILHON Jpo0M K MHTErpUpOBAHHUIO
MHOTOWIEHa U NPaBHJIbHON palMOHAIbHOIT npo0u.

Jl;1A TOro UTOOLI IPOMHTErpUPOBATH HPABUILHYIO PALUOHAIbHYIO I1p00b
P, (x
QL‘E—;, m < n, CIenyeT NpegBapUTeNbLHO PAa3lIOMUTb €€ B CYMMY Tak Ha-

T

n
3bIBAEMbIX MPOCTCHINIX Apobeil. ITO PA3IOKEHUE OCYILE CTBIACTCA CICAYIO-
muM o6pazoM. Ilycrs smamenarens Q,(z) = ¢,z" + ...+ a;T + ap uMeer
IOEeACTBITENbHBIE KODHU Qj, ..., Oy KPAaTHOCTEH Si, ..., S§ H KOMIUIEKCHO-

CONpAREHHBIE Napsl KopHedt f1, 8, . ., Bk, B KpatHocTedi ¢y, ..., ty COOT-
BETCTBEHHO (81 +. ..+ 8 +2t; ...+ 2t =n), T.e. CIpaBeIINBO PA3JIOKEHIIE

Qn(@) = an(z — a1)* ... (2 — ) (2" +prz + @) ... (2 + o+ )",

rie

\

b pr g == BN -8, v=1...

e
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Pm T
Torma pasaomeHue gpobu 0 E£; B CyMMYy NpOCTEHIINX HMCET BHI
n
i 1 1
Onle) A A5 LAY
Qn(l') €r—a (CL‘“Oél)s‘ T —
Ay + BWz 4+ M N B§f’x+0,‘f)
(z—a)  +pz+q T (@ 4Apztq)h
: > k k
BM g 4+ ) BPz+clP o
e +pr+q 0 @ pr gt

Koyd punucHTI A§J), Bl(]) u C’im B 3TOM DA3JI0KEHUH OMpCACAAITCA My-

TeM NPUPABHUBAHUA KO3()(UIMEHTOB PU OJUHAKOBLIX CTCIEHAX T Y MHO-
rowicHa I, (%) ¥ MHOrouIeHa, KOTODPBIA MOIYYAeTCA B UHUCAUTCIC HPABOLi

wacty (2) mocsie mpuBeneHuA ee K 00IeMy 3HAMEHATEqI0 (METON HEeompenc-
JCHHBIX K03()OUUUCHTOB). MOKHO TAKKE ONpPEAEIATH 9TU KO3 PUIUCHTHI,
110;1arad B paBeHCTBe (2) Wiy eMy 3KBUBAJICHTHOM I PABHBIM NMOLXOJLUE T10-
no6paHHbIM YKciIaM (B IEPBYIO OYepenhb 3HAYCHUAM JeHCTBUTEIbHBIX KOPHEH
sHamenareas Q,(x)).

(z+2)?

5 PA3IOAKHUTH B CyMMY NMPOCTEHILIMX.
z(x —1)

< Hexomoe padiomeHyue UMeCT BUL

Mpumep 2. Dpobs

(@+2? _A, B __C
z-12 z z-1 (z-1)%

IpuBoaa nmpaBylo 9acTL K 00IIeMY 3HAMEHATENIO, [OJYyYaeM TOKIECTBEHHOC
PaBEHCTBO

2?4+ 4z 4+ 4= Az —1)® + Bz(z — 1) + Cx. (3)

[IpupasnuBanne k03(GULMEHTOB IPU OIMHAKOBLIX CTCIEHAX & JAET CUCTEMY
YPaBHCHUIL:

A+B=1, =-24-B+C=4, A=4,

otryna nonyyaemM A =4, B = =3, C = 9. CieqoBaTeabHO, UCKOMOE Pasio-
/ACHUE MMCCT BUI:

a:2+4a:+4__4 3 9

z(x —1)2 _x_a;—l-*_(x-—l):"

Moo onpenemuts ro3dduuuents: A, B, C' apyrum cmocobom, nosaras
L0CICAOBATCALHO B TomaccTse (3) x = 0, £ = 1 u, Hanpumep, £ = —1: npu
7 = 0 maxomnM A = 4, npu = 1 noayvaem C = 9, a npu ¢ = —1 umeeMm
1A+2B-C=1,r1.e. B=-3.
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IIpu pewteHny HTOro NpUMepa Jydiiue Bcero 6b110 6b1 KOMOMHUPOBATL 002
cnocoba, T.c. uaittu A =4npuz =0, C =9 npu x = 1, a B onpenenurs
43 PABCHCTBA k03¢ GunuenTos npu 2 B (3), T.e. us parencrsa A+DB = 1. >

(Qopmyna (2) moxasbiBaer, YTO WHTErPUPOBAHUE NPOU3BOJLHON pamuo-
HaJbHOM OPOOM CBONMTCA I MHTErPUPOBAHMIO NpocTefiux apobeit crienyio-
HIAX YCTHIPCX THUIIOB!

1) A / Aada:=A1n|:r—a|+C.

T—a

T —
A A A 1
2) ——— (k=2,3,...). | —————dz=- +C.
)(:x—a)"'( 3 ) /(:c—a)k k—1(z—a)k!
Az +b
3) -, p? —4q < 0.
T4+ pr +q
Meron unTErpupoBaHuA APOGELH 3TOr0 THUIA PACCMOTPUM Ha IPUMEpE.
T—1
Hpumep 3. Hattru | ——— dz.
P P * / 2 +x+1
< B paccmarpuBaemMoM ciydae DMCKPUMHUHAHT KBagpaTHOIO TPEXU/eHa, CTo-
AIIIIEr0 B 3HAMeHaTese, oTpunaTencH: p? —4g=1-4= -3 < 0, T.c. umeem -

1po6b Tpervero tuna. Tak wan (22 + 1z + 1) = 2z + 1, To yncaurems apobu
npeobpasyeM ciaeqyrmuM o0pa3oM:

NI RY)

1 S ,
T 1—2(2x+1) 2—2(:c +z+1)

(370 mpeofpa3oBaHUC HA3LIBAETCA BbLIIEJEHUWEM B UHCIMTENE IPOM3BOTHOLN
KBaZ[paTHOI0 TPexujeHa, croAiero B 3HaMeHarese). llosromy

T—1 1 [(z2+z+1) 3 dz
2T = [EEET g 2 o
224z +1 2 24z +1 2/ 22441

3 dz
2 - o— _—
In(z® 4+ +1) 2/x2+a:+1’

N | =

Ocrapiuniica MHTCIPAT HAXOOWTCA BbIOEJCHMEM IIOJTHOI'O KBajpaTa B KBa-
APATHOM TpPeXYJIeHE:

/‘ dz :/ dx __.é/ dz =
Pzl ) @r1/27+3/4° 3) 11 (2z+ 1/2)/v3)

B T S e
TVA) e @erypiE VB B

B pesyabTare samaHHbI MHTErpas paseH

+ C.

2z +1

V3

- 1 .
/Ld —-2—ln(a:2+:c+1)—\/§arctg +C. >

r I =
24+ z+1
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B
1) Az +

(2 + pz + q)*’
MeTon uHTerpupoBaHua npobeit 5TOr0 THIA PAaCCMOTPUM TaKAKe Ha IIpHU-
Mepe.

Mpumep 4. Haﬁm/

pt—49<0, k=2,3,...

z+2 i
(z? + 2z + 3)?
< 3mecs p? —4¢g =4 —12 = -8 < 0, T.e. uMeeM mpocTeftiryo apobb ue-

TBEPTOro TUMa. CHavajia BbIme/AeM B YHCIUTEIIe NPOU3BOOHYH) KBanpaTHOro
TpexyuJjieHa.

T+2 (/)@ +22+3) +1
/(z2+2x+3)2dx_/ (22 + 2z + 3)2 de =

3 1 + / dz
2(z? + 2z + 3) (2 + 2z + 3)2°

[I71A BHIYMCAEHUA OCTABIIErOCA HHTErpaja IpPeaBapUTelNbHO IPHUBENeM
€ro K CTaHOAPTHOMY BUMY, BBINEIAA IOJHBIA KBaApaT B KBAAPAaTHOM Tpex-
YieHe:

/ dr =/ dx =_1_/ dz _
(22 + 2z +3)? ((aa+1)2+2)2 4/ (1+ (@ +1)/v2P)°

/ (= +1)/v2) /
T 2/2 (14 ((z + 1)/v2)?) NG 1+u
Ilajiee UCIIOMb3YEM METON MHTETPUPOBAHUA IO YACTAM:
/ du 1+u2-—u2du_/ du _/ wdu
(1 + u2)? - (1 +u2)? T 12 (1 + u?)? -
= arct +1/ud 1 = arct u+1 L
Tarcteu T g T+u? U T o Tr

1 1
——arctgu+C = 3 (arctgu+ lfuz) +C.

u—'(z+1)/\/-

2

OxoHuaTenLHO MOMyYaeM:

/_1_:__}‘_2____.(13;:_______1____._1_
(z? 4+ 2z + 3)? 2(z? + 2z + 3)
+—1——arctgx+ ~l—1 z+1 +C. >
14/2 V2 T 4z?+2c+3

B ofuiem ciiyuae k > 2 paccMOTpeHHbIN B npumepe 4 npueM I03BOJACT

CBECTH BbIMUCIEHME HHTErpaia / (1 +u?)7F du ® prruncnenuio unTerpana
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/ (1+ u?) ™" du, T.e. maeT perypPCHTHBIA METOX BBITMCICHUA MHTErpa-

JIOB 3TOCO THUIIA.
IIpousnmocTpupyemM MCTOL MHTErPUPOBAHUA PALMOHAIBLHLIX JIpobeii B ue-
J0M Ha CIIeIyIOLIEM IIPHUMEpC.

dz
Mpumep 5. Haittu | ————=.
b P / x(r? +1)2
1
<« HOpobb ———— npaBuibHaA, ee pas3iokeHue B CyMMY IpocTreiinux
Op ST p p yMMY 10}

npobeft uMecT BUL

1 __{1_+Ba:+C+Dac+E
o(z2+1)2 22 +1 0 (22 +1)2

Nnmeem
1=A(2? +1)? + B2?(2® + 1) + Cz(2? + 1) + Dz + Ex.

Nonaraa z = 0, maxomum A = 1. Ilpupasuusad k03 GUUUEHTHLI IpU OOK-
HAKOBLIX CTemeHAx z, nomyyaem 0 = A+ B, 0=C, 0 = 2A+ B+ D,

0=C+E,r.e.
B=-1, C=0, D=-1 u E=0.

CaenosaTesnnHo,

/ dz __/ 1z z dr =
z(z? +1)2 r z2+1 (2?2 +1)? r=
1

1
:ln}x}—§ln(x2+1)+m+a

1
3aMeTiM, UTO pasiomenue npobu ————
z(z? +1)
JYIUTH U HE IPUMEHAA MeTOJA HEeONPeIeIeHHbIX K03 (UIUeHTOB, 8 HMEHHO:

Ha IpocTeiilnme MOKHO I10-

1 (42t a2 1 oz
z(x2 +1)2 7 z(z2+ 12 z@2+1) (22412
(1+2%) —a? T 1 z z

z(z2 + 1) _(w2+1)2:;_$2+1—($2+1)2‘

>

Hattu unaTErpansr:

dz dz
.158. _ 7.159. ———
7158/x2+4$—5 /2x2—4$+5

rdz T dzx
7.160. _—— .161. e
160 /$2—5$—|—4 7.16 /$2—3$+3
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dz 4z —
7.162. . 7.163.
/mQ—Gx /:z:2 2:c+6
" zdx 3T dz
7. . B .
164 /w4+6x2+13 7165. /3% 1343
dr 7 —1
7.166. ——e—————, 7.167. dz.
/(w—B)(w+4) /x3—o:r2+6:c v
3 +2 2t + 323 + 322 -5
7.168. Iz, .
68/:{:3—4:17(]:8 7169/$%+3$2+3w+1
. 2 — —
7.170. / om0l L qam / 22 - da.
(x—1)%(z +2) -5:c+4
7.172. / _dz 7.173. /
z(z? +2)
(z —1)dz zdz
7.174*. — 175%. .
/ FERE T | G D@ 2510
dz ' 22—z +4
7.176. —  T.177. T,
=iy [ oo
dz 5z — 13
. . . 7.179. —_——— .
7178 /:c3+8 y /(m2—5$+6)2d$
zi+1 dz
.180. [T, .181. —_——,
7.180 /mll_ld:z: 7.18 /x4+2x2+1

Haittu unTerpanni, He IPUMEHAA METOLA HEONPeNeIeHHBIX KO3(-
(buureHTOB:

7.182%. /———95”———. 7.183*. /—dx—

74 + a2z2 o _ g
7.184. /?% 7.185%, /R—c—f—“’m
7
7.186. /ﬁ% 7.187%. / (w4+1§:(:v4 —55
7.188. /(ﬁflj)i—d 7.189. /;é—i%dm

2. WurerpupoBaHie TPUrOHOMETPHUECKHX M THIepHoMYecKUX (GyHK-
mu#t, a) Uurerpanst suna | sin™ z cos” z dz.

Ecnu xora 661 01HO U3 YKCEI T WU N — HEYETHOE MOJIOKUTENILHOE 1IelIoe
YUCII0, TO, OTOENAA OT HEYETHON CTENEeHU OOUH COMHOMUTENb M BbIpamad C
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HOMOLIBIO (GopMyas! sin’ & 4+ cos? 2 = 1 0CTABIIYIOCA YETHYIO CTENeHb Cped
, IOTIOJIHUTENIbHYI0 QYHKIMI, IPUXOIUM K TabIMYHOMY HHTErpajuy.

. SlIl'3 X

Mpumep 6. Haittu
P P \/cos:r

< Umeenm:
sm z / ; 1—cos?z p
snu(a:_ ——————dcoszx =
{’/cos :r Wco Jcoszx
dcosz cos? z

4 4
= - m—i— \/_dcosxz—g\q/cos3a:+ﬁi4/cos“a:+6'. >

Ecnu me m u n — 4yeTHbIE HEOTPULATENbHLIE YHCIA, TO CTEICHH MOHU-
JRAFOTCA IOCPCICTBOM HEPexona Kk ABOHHOMY apryMeHTY € IIOMOLUbLIO TPULO-
HOMETPHYCCKUX (HOpPMYJT:

2 1+ cos2zx .2 1 - cos2z . 1 .
cos*x = ———, sin“z = ———— sinzcosr = —sin2zr.
2 2 2
Mpumep 7. Haittu /Sin2a:cos4:vda:.
< Umeem:
.2
. . . “2x 1+ cos2x
/Si112$COS4$d£E= /(sina:cosx)z cos® z dz =/Sm4 ’ +C205 L dr =
1 1 . 1 [1-cosdx
= g/sin2 2z dr + g/sinz2a:-c052xdw = g/——(;()—sldx+
1 z sindzx  sin®22
— 2rdsin 2z = — — — +C.
+ /sm rdsin2z = 16 64 + ) + >
Ecmu m +n = -2k, k € N, 1.e. m + n ABIAETCA LEJIBbIM YETHBIM OTPU-

LATeJbHBIM YHCIOM, TO 1I€JeC000Pa3HO UCIO0Jb30BATh MONCTAHOBKY tg X =
uctgr =t.

Mpumep 8. Haitru /sinl/zxcos_”/g‘xdw.

13

< Tak Kak 3-3 = —4, TO BBIYUCJICHUE WHTCIPAJIA CBOOUTCA K HHTErpU-

POBaHUIO CTeneHeil TaHreHca:

Ry’ 1 ' dx
sin'/ zcos™ 3B g dr = tgl/gm‘ o=
) costx

dx .
— 1/3 2 — 1/3 -
/tg z(l +tg .L)COSZT /tg rdtgz+

+/ tg” P zdtgz = %tg‘l/g %tglo/3fv+0. >
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Jl71A BLIYMCICHUA HHTETpPajoB BHUIA / tg™ z dz, / ctg™ xdx, tne m =

= 2,3, ..., UCIIOIb3YIOTCA TPUTOHOMETPUIECKIE (OPMYJIbI

2

tg?x =sec?z —1, ctg?z = cosec’z — 1.

Opumep 9. Beruucaurs / ctg! z da.

< Umeem:
/(:tg“ zdr = /ctg2 z(cosec’z — 1) dz =

= —/ctg2xdctgm—/(cosec2x—1)da:=

ctgd z
= - g;)’ +ctgz+z+C. >

B obmem caygae unterpadsl Buma | sin™ xzcos" xdx, rme m u n —
)

HeJIbIe YHCJA, BLIYUCIAKOTCA C NOMOLILI0 PEKYPPEHTHBLIX (GOPMYJ, KOTOphIE
BBIBOIATCA NYyTEM WHTErPUPOBAHUA 110 YACTAM.

dz
Mpumep 10. Busectu pexyppentuyio ¢opMmyay mid [ ———— u c
cos2k+1
dx
€c IIOMOLUbLI0 HANTHU T
cos3
< Umeem:
I dx sin z + cos® z d
L= [ CosthAl g costhtiy T
.92 . .
sin“ dr sinx
= | ———do+ | ——— = | sine————dz + I35
/ cos2k+1 g cos2k-1 g cos2k+1 g
. sinzx
lMonaraem v = sinz, dv = o dz. Torma du = coszdx, v =
c+1
1 cos T
= —————— 1 UHTErPUPOBAHUEM II0 YACTAM IOJIYUaEM
2k cos?k gz’ pp y

I _ sinz _}_/ dx ny
L= Sk cosk gz 2k | cos2h—lg | 2D

sinx 1
DLy =c00—F5—+ (1 - "“) Iy

5018%¢

2k cos?t 2k
(pexyppentHaa Gopmyia).
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B uactaocTu, npu k = 1 umeem

I / dzx sinz +1/ dx sinz +1] ltez +seca|+C. >
= = = = ~In|tgz 4+ seczx .
3 cos3x  2coszx 2 ) cosz 2cos?z 2 &

Haittu unTerpansr:

3

7.190. /singrcda:. 7.191. /Smgxda:.
cos® z

7.192. / cos’ zdx. 7.193. /(‘054 -;de.

7.194. / sin? z cos? 1 dz. 7.195. /cos2a:sin4xdw.

02
7196, [ -2 7.197. / "7 da.
sin” r COos¥ &
7.198. / B e, / _
sin® z cos® sin® z cos?
7.200. / cos @) 4 701, / &
sinz cosx COS° T
3 3T 4z
7.202. / tg” T dx. 7.203. /(ctg 5 + ctg 2) dx.
7.204. / 7.205. / cos® z dz.
COSJ,‘SIH .T
7.206. \b/lc%fi 7.207. / sin® 2z dz.
7.208. / dr_ 7.209. / A
J costz cos (z/3) sin® (z:/3)
7.210./ ,d:: . 7.211./cosxcos22mdm.
Sin-

6) JnA uHTErpupoBaHUA NPOH3BENEHNHA CHHYCOB M KOCHHYCOB Pas3iuy-
HBIX aPryMeHTOB IPUMEHATCA ClIeIyIoiie TPUrOHOMEeT pudecKue GOpMyJIbL:

cosacos 3 = =(cos (a — B) + cos (a + B)),
sinasin 3 =

(cos (e — B) — cos (a + B)),

sinacos =

(sin (a — B) +sin (a + 3)).
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Mpumep 11. Haittu /cosQ:vcosSxda:.

< Umeem

1 1 1
/cos 9z cosdx dr = 5/(cos dx+cos 1dz) dzr = -ésin 4:1:+—2—8 sin 14z+C. >

Haittu unTerpansr:

7.212. /sin 3z cosdrdr. 7.213. [ sinl0xsinlbz dx.

sinz sin 2z sin 3z dz.

7.214. /cos g— coS % dzr. 7.215. /sm — cos — d:c
7.216. /cos:c cos? 3z dr. 17.217. /

B) Hurerpans! Buna

/R(sin z, cosz) dz,

roe R(u, v) — panvonanbHas QYHKLMA IByX DEPEMEHHLIX, MPUBOOATCA K
HHTErpajaM 0T PALMOHAILHOM (QYHKLIN HOBOIO apryMeHTa ¢ HONCTAHOBKON

z
tg 5 = t. llpu sroM ucnosnbayrcsa GopMyIbl

sinx 2 cos 1-e d 2dt
/] = —-— M :l:: = .
1+ 1+ T 1xe

dz
dcosz +3sinz +5°

Mpumep 12. Hantu /

T
< Ilonaraem tg 5= t. Torna

/ dx B
4cost +3sinz +5

- /(4(1—t2)/(1+t2)+3-2t/(1+t2)+5)(1+t2)_
dt dt 2 2
:2/t2+6t+9:2/(t+3)2=m+oz_tg(x/2)+3+c' >
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Ecnu nop unrerpanoM sinz u cosZ CONEp/RaTCA TOJBLKO B YCTHLIX CTE-
NeHAX, T0 ynobHee UCIOAL30BATh MOICTAHOBRY tgx = L.

dz
-2 *
1-5sin“z
< Pagnenus 4uCaNTENb  3HAMEHATENb HA COS® T U UCTIONL3YA MONCTAHOBLY
tg z = t, nomyunm:

/ dz __/ dtgx __/ at
1-5sin’z  J 1+tgiz—5tg2z ) 1—42

Mpumep 13. Haﬁm/

= }Iln 11-;‘—!—0: ilnl%t—;—tii +C. >
Haittu unrerpans::
d d
7.218. /%S—";—E 7.219. /3_2sinz+cosz.
7.220%. / e, 7.221. / 4sin2$d_"”7cos%.
7.222. / e e T2, / % .

7.224. / _dr
2 —sinz

dz 1+ctgz
.225*. . 7.226. —_—
7.225 / (sinz + 4)(sinz — 1) / l—ctgz dz

7.227./ — _ de .
J sin®z +8sinzcosx + 12cos? z

r) Uurerpuposanue runep0oauyeckux OYHKUUNR MPOU3BOTUTCA aHAJO-
FMYHO UHTErPUPOBAHUK0 TPUTOHOMETPUUYCCKUX QYyHKUUH, IPHUYEM UCHOIb3Y-
H0TCA caenyroLue GopMyasl:

ch?z —sh’z =1, shxchx:%sh?a:,
1 1
ch’z = 5(01129: +1), sh?z= §(ch2a: - 1),

. 1 1
1-th’z = , cth’z - 1= )
ch’z v sh?z
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Haittu unrerpans::

7.228. / ch? 3z dz. 7.229. / sh? 2z dix.

7.230. /shzxchQ:z:d:c. 7.231./ch4md.7:.

7.232. / L rasse, / S —
sh“zch®x sh“z —4ch*z

d
7.234%. / z 7.235. / Vehz + 1dz.

chz -1’

7.236. /cthsmd:c. 7.237. /t}14:cd:1;.

3. HurerpupoBanne HeKOTOPHIX MPPAalMOHAMLHBIX GyHmummi. a) Uure-
rpansl BHIA

az + b my/ny az + b mo/n2
e (220" (22 e

roe R(z, y, 2, ...) — panuoHainHad GYHKUMA CBOUX aPIYMEHTOB, My, N,

mg, N2, ... — IeJble YHUCAA, BBIYUCIAIOTCA C IIOMOILBI) IOOCTAHOBKU
ar+b s _ my Mo

= t°, rme s — 00LIMIT 3HAMeEHATEab apobdett —, —, ...
ct+d ny N

dz
(Vz+3-1DvVe +3

< Nlpoussonum noncranosky = + 3 = t*. Torna da = 4t® dt, u, cacnopa-
TEJILHO,

Opumep 14. Haﬁm/

/ dzx _4 tdt
(Vo+3-1)ve+3 J t-1e2 "

4 %:4/“;_1)12dt=4(t+1;1|t—1i)+0=

=4(Vz+3+In|Ve+3-1)+C. >

Haittu uurerpanss:

dz " xdr
7238, | —————. 7.239. | ——.
/(5+x)\/1+:c v2z — 3

dz Vr+a—-1
1240, [ =2 124 da.
0 / N / cra(ltdora "
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1
7.242. /“f/x'* . 7.943. /“~__£§L___

7.244. —_— 7.245.
/\f+4 ./

6) Buiuncienue uuTerpanos Buna
/R(z, Vaz? + bz + ¢) dz,

rne R — panuoHambHaa QYHKUUA IBYyX apryMEHTOB, NPOU3BOLUTCA C IO-
MOIIBI0 TPUIOHOMETPUYECKUX IIOACTAHOBOK CienyroinumM o6pasom. Buimene-
HUEM IO0JIHOT0 KBajpaTa B KBAZPAaTHOM TPeXWIEeHE U HOCHexyoiel 3aMeHoit

d:c.

nepeMeHHOl v = T + 2— UCXOOHBIA MHTErpajl NpuBOOUTCA K WMHTErpady
a

OOHOro U3 CJEenyHUIUX TpeX TUIIOB:

/R —u2)du

/R V12§ u?) du,
3) /R (u, Vu? —12)du.

llocnennue uuTerpadb TPUOHOMETPUYECKON UK runepboaudecKoi noacra-
HOBKOIt COOTBETCTBEHHO

1) w=1Isint wnmm wuw=1Itht,
2)u=1Itgt wmm u=Isht,
3)u=Isect wumu wu=Icht

IPUBONATCA K UHTErPajaM BHIA /R(sint, cost) dt unn /R(sht, cht)dt.

IIpumep 15. Haﬁm/\/w?—(ﬂdx.

< Mpoussonum noncranosxy ¢ = acht. Torma dz = ashtdt, V2 —a? =
= asht, u nanee

2
/\/:I:Q-a‘zdzrzaz/sh”dt: %/(ch?t—l)dt:
2
=%(ﬁ% Q+C=%@nwhﬂ+0=

2
2
—g\/a:"’—az—%—In|x+\/x2—a2|+C. >
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Ipumep 16. Haittu /J————
V(z? + 4z + 7)3

< Boinesass nondplil KBagpaT B KBALPATHOM TPEXWIEHE, UMEeeM

/ do —/———(L rore u=2x+2
V(Z?+ 4z +7)3 V@2 +3)% .

u+3 =

3
Ilpoussonsa Temepn MOACTAHOBKY U = V3 tgt, du = cc\é;f

3sect, nomyuaem:

/ dr :/———\/—g—d—l/costdt
J V@2 +4z+3)?% ) cos?tV3secdt 3

1 1 1 ; 2
==sint+C = s

U
3 §y/u2+3‘3\/ac2+4:l:+7

IIpu BeIYMCIEHNU MHTErPAJIOB BUOA

+C. >

mx + n
v, a:v2 + bz + c
CJenyer npenBapuTeNbHO BbIICINUTD B YACIUTE/E IPOU3BOIHYI0 KBAIPATHOLO
TPeX4JCHA.
_z—-1 1

\/1—4$—.7’2

IIpumep 17. Haittn

< Umeem
_z-1 / (-1/2)(2-4) -3 _
\/1—4x—ac~ V1—dx —z?

_1/(1—4z—$2)'dm /
V1—4z — 22 V5 x+2)°

2
-1 —4a — 22 — 3arcsin T+2
V5

3amMeruM, 4TO B 3TOM NpPUMEpPE HET HEOOXOAUMOCTU P OU3BOAUTL TPUTO-
HOMETPUYCCKYI0 MOJCTAHOBKY, Tak KAK BLIIEJIEHUE MOJHOT0 KBALpaTa Cpasy
OPUBOOUT K TAONMUYHOMY MHTErpafy. >

+C.

dx

mz 4+ n)"Vax? + bz + ¢
HATCA K PACCMOTPCHHBLIM BHILIC HHTErPaJaM C IOMOLIBbIO HONCTAHOBKU
1

Hurerpaas Buna /( (r =1, 2) cso-

mr+n=-.
* t
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Mpumep 18. Hax‘«’xfm/

1 1 2
« Ilonaraem z = T Torpa dzr = —22—, Vit -2z -1 = \/t—2—g——1 =
_Viu-v

t

/ dx B _/ dt B _/ dt B
s -22 -1 ) emWi-2a-e/t) ) -t +1)2

t+1 1z 41 z+1
= —arcsin —= + C' = — arcsin + C = — arcsin +C. >
V2 V2

V2

Haittu unTerpas::

dz dz
7.246. . 7.247. .
/(z2~3)\/4—x2 /(w2+1)(:c+\/x2+1)

N 3
7248, [ Y214 7.249. / L 4
dz dz
7.250. / —_—_— 7.251. / _—,
V8zx — x2 V2 +pzr+q
dz _z+4 4
7.252. _—, 7.253.
/\/4—6:5—3:52 V2 —z—x2
_z=3 3 T
7.254. 7.255. /———— dr.
Va? ViZ—6z +1 +1 J Vzt+z+1
7.256

Tz dz
. | YY——m—— 7.257. / .
/x\/x2+8x+l (z —1)V6zx —z%2 -5

dz dx
7.258. . 7.259. / —
/ z2V1 — z + 222 (x+2)2Vz2+5

7.260. / 1 -2z —z%dc. T7.261. / V(3 — 2z — z22)3 dz.

2 vz —1
rasa., [ 4 7.263. [ Y —dz
V(2?2 +1)° T

7.264. / V2?2 —2z+10dz. 7.265. / Vi — z? dz.



142  D'n.7. HarerpaipHOe HCYNCICHAE (PYHKLUHUH OJHOH IEPEMEHHOH

7.266

/

Va2 45
3 dz.

7.268. / _dv
. (z2 4+ 9)3

2
T
7.267. /—— dz.
Vz2 — a?
7.269. / V(2% = 1)3 dz.

§ 3. CMemmaHHbIe 3a0auy HAa MHTErDHPOBaHHE

Ha#ttu unrerpanst:

7.270

7.272.

7.274.

7.276

7.278

7.280

7.282

7.284

7.286.

7.288.

7.290

-/
/
/
-/

z+3

dz

(z—2)2(z +3)°

dx

— - azx.
z? 42z + 4

T (zt +1)2

Inzdzx

V6 +4lnz — I’z

/z 2 —4dz.

. / Vz? + 4z + 5dz.

T dr

Vzi+ 16

S me

/
/
v

sSinz

1 —sinz

cos

(1 —sinz)?

dx

3 —4sin’z’

dr.

7.271.

7.273.

7.275

7.277

7.279

7.281

7.283

7.285

7.287

7.289

7.291.

3
T
/_—_—xQ e dx.
/ dz
@ -1

T dx

) Vi rz 2
/ dz
") zVr? 18z + 4

. /1: z2 + 4z — 5dz.

dz

'/(z2+9)\/16—z2'
/ dz
AR/

' 1 14z
'/(l—l-:z:)?\ll—xdx'
/ T dx
") 14cosz’

/ dx
") 24cosz’

2— tgx
[,

cos? x
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7.292.

7.294.

7.296.

7.298.

7.300.

7.302.

7.304.

7.306.

7.308.

7.310.

7.312.

7.314.

7.316.

7.317.

7.318.

_secxrtgr
7.293.
V5 —seclx
dz
/ ——J—-s—— 7.295.
sin z cos®
d
i 7.297.
sin®
dz
. 7.299.
/ shzchz
/ th? z dz. 7.301.
d
/ e 7.303.
ch“z
/ ze?® dz. 7.305.
e* dz
7.307.
/ e?® +4e® -5
/ QAresine o, 7.309.
arcsinz 1+ z2
dzr. 7.311.
/ 2 122 !
4
/ T Arcter . 7.313.
1+ z2
2
/In(l T2 ) e 131,
(1+x)?

/:1:\/.’52+11n\/372—1da:.

x

T
In dzx.
V1i—z2 1-22

/x‘”(l +Inz) dz. 7.319.

3
/ _COSTT
sinz + 5
/ dz
cosb z
/ rsinz cos 2z dx.
/ dz
sh?z + ch?z

ch\/l +x
Vi+z

/sin2 (Inz) dz.

/a:e_‘”2 dz.
T __ HhT\2

/ (a® =%
a®b®

/ Ve ~1da.

] T
arcsine
[ =
ez

/x(l + 2?) arctg z dz.

/a:ln (4 + z*) dz.

z/2
/ arctge d
e®/2(1 + e*)
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§ 4. OnpeneseHHBI MHTErPad U METOXBI €r0 BHIYMCICHHA

1. OnpenesreHHBNY MHTErpal Kak Hpemel MHIErPaIbHON cymMmbl. Ecin
Gyuruna f(x) ompencnena Ha orpeske a < T < bua = 19 < 11 <
<23 < ... < Tp1 < Ty = b— npousBoanbHOe pazbUCHME ITOrO 0Tpe3Ka
Ha n vacreit (puc. 14), 10 unmezpaavnot cymmot pyuxmmu f(x) Ha [a, ]
HA3bIBAGTCA CyMMa BHIA

Sn=Y f(&)Amy,
k=1

e Tp—1 < &k Lz, Az = — 821, k=1,2,3, ..., n. [eomerpuue-
cxu S, ectb anrefpanyecKan CyMMa IJIOLIANCH IPAMOYTOAbHUKOB, HMCIOIINX

¥ ocuoBauua Az, u Beicotnl f()).
Ecau onpenenenHas Ha OTpe3ke
A [a, b] dynruma f(z) Taxopa, uto cy-
%% [IECTBYCT KOHGYHBINA MPEmC] mocie-
% =% IOBATENbLHOCTH UHTCTPAIBHBIX CYMM
/ % ,%‘ S, TpH YCIOBMU, YTO HAMOOAbILAA
:% u3 pazHocTelt ATy CTPEMUTCA K Hy-
:% JI10, IPUYEM 3TOT IPEIes HC 3aBUCUT
:4/ HHM 0T crocoba pa3bueHusa OTpeaka
:% [a, b] na orpesku [xp_1, Tx], HU OT
2 %% ! BbIOOpa TOUEK &) HA 3TUX OTpE3KaXx,
0| xpx X, T0 Gyuruma f(r) HasbIBaeTCA UNME-
éx 5'2 epupyemot Ha orpesie [a, b], a cam
Ipenesl Ha3bIBACTCA O0NPedecHHbIM

unmezpasom or Qyuaruuu f(z) B
Puc. 14 b

mnpenenax oT a g0 b u 0603HaYaeTCA CUMBOJIOM / f(z) dr. Takum obpason,

a

max Az, —0

b n
[r@dn= tm S f(@)sn. &
a k=1

Henpepeisaas Ha orpeske [a, b] Gyuruma f(x) unrerpupyema Ha 3T0M
oTpesxe.

Teomerpuyecku onpenenedHslit uuterpan (1) mpencrapiaaer coboit anre-
OpamyecKyo cymMMmy Mmiomaneii Guryp, orpaHuyeHHbIX IpaduioM QyHKIUN
y = f(z), ocbto Ox v IpAMBIMUA Z = @ U T = b, IPUYEM TLIOLIANM, PACIONIO-
menHple Bhime ocu Oz, BXOOAT B 5Ty CyMMY CO 3HAKOM IIIIOC, a INIOLLALH,
pacnonomennbie Huke ocu Ox, — €O 3HAKOM MUHYC.

2
Mpumep 1. Boruucnurs / z? dx, paccMaTpUBas OnpeIeeHHbIH HHTe-

1
rpall Kak Mpee] HHTErPalbHBIX CYMM.
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4 1-#t cnoco6. Pasgenum orpesok muTerpuposanua [1, 2] Ha n paBHBIX

. 1,
yactell nauabl Az = —. Tourn penexus:
n

n—1
Ty = 2.

1 2
‘7:0:13 rn=14+—, xo=14—, ..., Tp_1 =1+
n n n

B rauectse Touek £ BoibepeM, HaIPUMED, JIEBbIE KOHIbI Ka/KI0I0 YaCTUYHOr0
orpeska. Torma

Flao) =1, fler) = (1+ 1)2,

f(x2)=(l+%>2, ooy f(@noy) = <1+ —1>2.

n

CaenosaTenbHo,

( ( () e (e ) -

S 4 (A1 (2P (20— 1)) =

2n~—1 n—1
-5 (Ee-%e)
k=1

[Ipumensas Gopmyny cyMMbI KBaZPATOB LEJBIX UHCEI

Zkz _ n(n+1)(2n + 1)

k=1 6
HAXOIUM
g - 1 /@n-12n@dn-1) (-1n2n-1)) _14n’-9n+1
n= 3 6 6 - 6n2 ’
oTKyna
2
14n?>-9n+1 7
2 0 !
/m dr = nlgr;o o2 3
1

2-# cnoco6. Pazo6bem orpesok [1, 2] Ha yactu Tak, 4TOObI abCUUCCHI -
TOYEK IejieHusA 00pasoBajn reoMeTPUYECKYI0 IPOrPeCCUI0:

2 _ 2 — n-1 —_
=1 z1=¢q 2°=¢, ..., Tp1=¢q¢ ", TL=q" =2,
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roe ¢ = 21/™. Touky & Buibepem Ha JeBom KoHme k-ro orpesxa. Torma
flo) =1, f(z)=4¢" fl@2)=4q" ..., flzn-1) =",
Ary=g-1, Az =¢* —g=q(g-1),
Azz=q¢*(g—1), ..., Az, =q""(g—1),

Sa=1-(g=-1)+¢q-D+¢(g-D+...+F" Vg-1)=
q3n_1_ q3n_1 _
@#-1 ¢>+g+1 "
B’ 7
= Pyl PR

=(@-D)A+@+¢+.. +F )= (g-1)

CrnemosarennHo,
2
7 7
25 1 !
/:): dx"nlgrgozz/n+2l/n+l 3.l>
1

Boruncaurs OIpeIeJICHHbIC HMHTErpajibl, paCCMAaTPHBasg HX KaR
npenesbl COOTBETCTBYIOLINX MHTEI'DAJLHBIX CYMM:

5 7!'/2
7.320*. /(1 +z)dz. 7.321*. /cosxdaz.
0 0
10 3 p
7.322%. / Fdv.  1.323% [ =,
T
0 1

2. Berumcienue mpocrefinmx HHTErpaios ¢ noMomsio ¢Gopmyns: Hero-
toHa-Je#i6ruua. Ecim F(x) — ogHa u3 neproo6pasHbIX HENpepLIBHON Ha
[a, b] pynrmuu f(zx), To cupasemusa caenyomas popmyaa Hrworona-
Hdetibuuna:

b
/ f(z)de = F(z)|= F(b) - F(a).

o2
dx
zlnz’

Mpumep 2. Boruncaurs /

e

< Umeem
‘,2 2

de  [d(lnz) e? 2 . N
/xlnm n/ e hx}lnx[le =In(lne*) ~In(lne) =In2 = 0,69. >
e @
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I/ICHOJILByFI ¢dopmyiny Hrrworona—Jleitbuuua, BbIYUCIAUTE MHTETPAJIBL:
8

7.324. /:1: dzr. 7.325.
\/_
-1
2 1.
7.326. / 72 — 2z + 1) dz. 7.327./(\/5+€'/ﬁ)dm
1 0
5 9
7.328. / +5\/~ 7.329. /3/:;—141:1:.
1
0
7.330. sinz dz. 7.331. / P
CcOSs
/2 —m/4
2 3
7.332. / e® dz. 7.333. / 2 dz.
1 0
5 d 2 d
7.33./—‘”. 7.335. / e
T 2r —
2 1
1 24 /4
T T
7.336./1+x6. 7.337. /sm pdyp.
0 0
w/3 2
7.338. [ tg'zdz. 7.339. / sh3 z dz.
0
1

dz
— 7.341. e ————3
422 + 4z + 5 /\/a:2+2:1:+2
0

-1

w/6
/1
0
4 2
7.342. /T +3 e 7.343. /ﬂd:p.
T —2
3
/2
1

3 — 12
-2

e
dz. 7.345. / 303(;—”)(133
1
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e w/2
d
7.346. / = 7.347. / cos’ a da.
J z(l+In”zx)
1 0
1/3 3
dy
2 .
0 2
P d / 2 1
7.350. / 2 7351 / T e
V2 + 3z — 222 2z 4+ 1
3/4 0

z? + 3z

7352, | —M——
(z+1)(z% + 1) e

o _

C TIIOMOIIBIO ONPEOEIEHHBIX UHTCIPAJIOB HaUTH Ipeneybl CyMM:

o 1 n n "
7.353 .nli)rgo<n2+12+n2+22+...+n2+n2).

™ s
7.354. nle 5—(1+cos§— +cosZ—~—|— .+ cos(n — 1)272)'

1 1 2
7.355. lim —<\/1+~+\/1+—+...+,/1+’1>.
n—oo n n n n

Boruucanrh miomanyn Guryp, orpaHHYEHHBIX JTUHHUAMUA:

1
7.356. 1 =§:B2, y=0,z=2, z=3.

7.357.y=Vz, y=0, z=1, z =8.
7.358. y =6 -z — 222, y =z +2.
2

7.359.y=%, y = 2/7.

s s
7.360. y =cosz, y=0, z = —» =7
736l. y=e®, y=0,z=1, z=2.
7.362. y =

7.363. y =
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3. CsofictBa ompenenentoro uaterpana. 1) Ecmu f(z) > 0 Ha orpeske

b
[a, I)],TO/f(III dr >0

b
2) Ecau f(z) < g(x) na [a, b], TO/f z)de < / (z)dz.

3| / () de] < / f(a)lda.

4) Ecnn f(z) Henpepbmﬂa Ha [a, b], m — naumensiuee, M — HanGomnb-
wee 3xHaucHua f(z) Ha [a, b], T0

b
(b-a) s/f(w)dw<1VI(b—a)

(reopeMa 00 oumeHKe ONPENCIEHHOI0 UHTErpaa).
MIpumep 3. Ouenurs unrerpan

I*/ dx

J V14t

QHmeen: 1< 1428 <2mpu0 g <
1o«

V2 S V1¥ T

1 1
T.e. m=—, M =1, b—a = 1. CaepoBareasro, —= < [ < 1. >
V2 V2

5) Ecan f(z) nenpepsisHa, a g(z) HHTerpnpyema Ha [a, b], g(x) >0, m
u M — nauMeHblLuee ¥ Hanbonbinee 3Havenua f(z) Ha [a, b], 10

m/ /f SM/g(r)dx

(o6obmennan rteopema 00 OmEHKE ONpEIETEHHOI0 HMHTE-
rpana).

6) Ecan f(z) senpepuiBua Ha [a, b], T0 cyuiecTByer ramas Touka ¢ €
€ (a, b), 4T0 CIpaBENIMBO PABEHCTBO

/ f(@)dz = f(c)(b—a)

(reopena 0 cpegHeM 3HAYEHUH).
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b
1
=b_a/f(x)dx

HasblBaeTCA cpednum 3nauenuem GyHsumu f(x) Ha orpeske [a, b].
7) Ecim f(z) nenpepeiBHa, a g(x) uxrerpupyema Ha [a, b] u g(z) 2 0,
TO CyLIECTBYeT Takarm TO4ka ¢ € (a, b), YTO CIPABCAINBO PABEHCTBO

Yucao

b b
/ f(@)g(z) do = £(0) / o(z) dr

(0606uernan TeopeMa 0 CpemHEM).
8) Eciu f?(x) u g*(x) unrerpupyems! Ha [a, b], T0

b

| /b f(@)g(x) de| < /b (x) da / 2(a) de

a

(nepasencrso Komu-Byuarosckoro).
9) UurerpupoBasue YeTHHIX U HeYETHBIX (QYHKIUI B CUMMETPUY-
a a

HBIX npenenax. Ecau Gpynruma f(z) uersas, 1o /f(x)dx = 2/f(x) dz

Ecmu ¢yunuua f(z) severnas, 10 /f(x) dz = 0.

—a
10) Ecau ¢pyuxuna f(z) zenpepsiHa Ha orpeske [a, b], To unmeepaa ¢
NePeMENNbIM 6EPTHUM NPEDEsOM

B(z) = / (1) dt

ABAETCA HeproobpasHoit naa ¢dyurmuu f(z), T.e.
d'(z) = /ft)dt = f(z), z€la,b)]

11) Ecau ¢yuruum ¢(z) u ¥(z) nuppepenunpyems: B Touke = € (a, b)
u f(t) senpepsisaa npu p(a) < t < ¥(b), T0

P(zx)
/ feydr) = (@)W (@) - flel@) @)

w(x)
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IZ

Mpumep 4. I(z) = /e“'2 dt. Hantu I'(z).

0
< Ucnonssyn csoifctso 11) u yuursisam, uro ¢(z) = 0, T.e. ¢'(z) = 0,
uMeeM
2)'2

I'(z) =e . @) =22, >

7. 364 OnpencnuTh 3HAKY UHTErPANOB, HE BHIUUCIAMA UX:
1 1

/\/_da:, 6) /:I:Be'dx; B) /mlnwdw.

-1 1/3
7.365. He Bbrumcisaa uHTErpanos, BLIACHUTL, KAKOM U3 HHTEIPAJIOB

6oaniue:
2

2 2 2
,_____._1 e 8% . 2 I ey
1 1 1

1

_,2
e™%" cos? z dz.

o _

8) [ e ®cos’xdr wn
0
7.366. Hattru cpennec 3naucHuC (QyHKIMM HA TAHHOM OTPE3KC:
3 7T
a)z®, 0< 2 <1; B)cosz, 0<x<5;
3 3 7r
Y Yz, 0<z <1 1)cos’z, 0< :cgi.
7.367. Cuna mepCMEHHOr0 TOKA MEHAETCA 0 3AKOHY
2
I =Iysin| —t+¢],
T <P 7
roe T — nepuon. Haiitu cpennee 3HaUe€HUE CUIILI TOKA 32 TOJYIEPHOL.

7.368. Ouenuts MHTCTPa / V8 + x3dx.

7.369. Ouenuth MHTErpaI /

\/5+2qm1:



152  I'n.7. HuTerpaanbHoe uCYHCIeHHEe GYHKIUH OJHOH TePEMEHHOH

1
7.370. Onenuts uHTErpan / V(1 +z)(1 + 23) dz, nonsayacs:

a) 00001IeHHOM TEopeMoit 00 OLeHKe HHTErpaa;
6) mepasencrsoM Komu-Bynakosckoro.

7.371. OueHuTH HUHTErpa / V(4 + z3)z dz, nonbaysacs:

a) 06001IeHHO TCOPEMOii 00 OLeHKe HHTErpaa;
6) mepasencrsoM Houm-Bynaxosckoro.

dI dI er
ek ) ,ec.rmI /;—dm 0<a<p).

«
7.373. Haittu Touku sxcrpeMyMa QyHKIUU

7.372. Haittu: a)

T
cost T
@(m)—/—dt (:I:>0,O<a<—2~).

a

Haitru I'IpOI/IBBOII,HbIe crenyomux GyHKIui:

N
t
7.374. B(z / Sty 7.375. d(z) = / sin (2) dt.
1/x
1133
dt
7.37 377, B(x) = | — .
376. /\/_:_3 7.377. O(z) /lnt (z > 0)
$2
7.378. orasar 7mdx—0
.378. b, 9TO | T2 =
-3

4. 3aMeHa nepeMeHHo B onpexeeHHoM uHrerpaie. Ecnu dyukuua f(z)
HCIpephIBHA HA orpeske [a, b], a pynsuua = (t) nenpepsiBHo nup Pepen-
uMpyema Ha orpeske [t, ta], npudem a = p(t1), b = ¢(t2), T0

b to
[ @z = [ sewnewa
a ty
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V1-212
Mpumep 5. Boruucaurs —dz
V2/2
« llpumenum mopcramopky = sint. Torma dxr = costdt, t = arcsinu,
) 2 7 ) ™
t1 = arcsin 5 =" to = arcsinl = 3 CsrenoBaresibHO,

1 w/2
/ 1-1:2 /\/1—sm stdt—/COSQt

——dt =
sin? ¢ sin“ ¢
V2/2 /4 /4
/2 2
1—sin"t n/2 T s T

= ———dt = (—ctgt —t =——4+14-=1- -
/ sin? ¢ (mctgt =Oly= -5 +1+3 T
w/4

3
7.379. Momuo nm uHTErpasa / £V 1 — 22 dz BLIYMCAUTD ¢ TOMO-

1IBI0 TOLCTAHOBKY € = sint?
BLruucauTs MHTErpadsl ¢ IOMOIILI0 YKA3AHHBIX TOICTAHOBOK:

6
d
7.380./————'76——, 3z — 2 = 2.
1+ 3z —2
In8 d
T
7.381. | ——, ¥+ 1=1¢%
/\/eT?-_l
In3
sh1
7.382. /\/.’1:2+1d:1:, z = sht.
0
w/2
dz T
7383, | ——— tg= =t
/3+2cosx’ &9
0
m/4
7.384. /—dCE—Q—, tgx =1t.
1+ 2sin“x

1
7.385./\/3—2x—x2d:c, z+1=2sint.
1
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Berumennts MHTErpansl ¢ NOMOIILI0 3aMEHBI [ep eMCHHOIA:

' dz dz
7.386. / e 7.387.
vz -1 J Vr+3+/(z+3)3
2/V3 -2
4/v3 V3

x2 —4
7.388. /————dm. 7.389. /
J T \/1+CL
2
\/23:—

5
dr
7.390. /(—m— 7.391. /

-2
1

7.392. / 9Ty,
X

1
V1 + 4x? /
1/4 -1
In6 3
7.394. / Ve_ dz. 7.395. /3:2 9 - 22dz
In2 0
e? 2
d T
7.396. IloxasaTs, qro/—— /E—
nx x
' e 1
w/2
d.
7.397. IloxazaTh, 4T0 / :1: = / cosxdl..
arcsinzx x
1/v2 w/4
3 T 92 5 3 _
7.398. Yoenutnca B TOM, 9TO / d T ra o dx = 0.
zt+ 322+ 1

-2

5. MHrerpuposanue mo yactaM. Ecau ¢pynxunu u = u(z), v = v(z)
uX npoussonsble u'(x) U v'(x) HempepsIBHBI HA OTpeske [a, b], TO

b b

/udv:uv[i—/vdu

a a

(bopMyna MHTEIrDUPOBAHUA MO YACTAM).
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€
Mpumep 6. Boruucaurs /lnxda:.
1
dz
q TonomuMm u = Inz, dv = dz, rorna du = —, v = . Umeem
x
e e d
T
/lnmd:n:xlnxﬁ—/a%—=e—xﬁ=e—e+1:1. >
T
1 1

Borancnutn HWHTerpaJbl METOOOM MHTCIPDHUPOBAHUA II0 4aCTAM:!:
1

1
arcsin x
7.399. | ze”dx. 7.400. / dx.
/ Vit
0 0
w/3 e
d
7.401. / = 7.402. / In’ z da.
cos? x
/6 1
w/4 2V3 T
7.403. / 3 sindz dx. 17.404. / %;— dz.
0 2
e 1
7.405. /:1: Inzdz. 7.406. /marctgmdm.
1 0
/4 /2
7.407. / z? cos 2z dx.  7.408. / e’ cosz dzx.
0 0
7.409. IloxazaTh, YTO IJIA MHTETpaja
/2 w/2
I, = / sin" zdx = / cos"zdz, neN,
0 0

n—1
BepHa peKyppeHTHasa gopMmyna I, = — 2. Boruucauts I7 u Ig.

7.410. IloxazaTb, 4TO HJIA UHTErpaja
1

I, = /m"e_z drz, n €N,
0

1
BepHA pexyppeHTHas GopMmyna I, = —3 + nl,_q. Beraucnurs Iy.
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§ 5. Heco0crBeHHbIE HHTErPAIBI

1. Hurerpamsi ¢ 6eckoHeunbivMu mpenenavu. Eciu ¢yukuua f(z) He-
npepbiBHA NpH a £ £ < +00, TO MO0 ONpPCACIEHUIO

b

+00
/f(x)dx——“ lim /f(a‘)da‘ (1)

b—+o00
a

Ecau cymecTsyer KOHEMHBIN mpemesn B mpaBoit uact ¢opmymst (1), To
HEeCOOCTBEHHBIM MHTErPajl HA3bIBAETCA CTOOAUUMCA, €CIM ITOT Npemes] He
CYIIECTBYET, TO ~— PACTOOAUUMCA.

Teomerpuueckn HecobcTBenHbiit unrerpan (1) B cayuae f(xz) > 0 ectn
Wiomanb (GUrypobl, OrpaHUMIeHHON rpaduroM QpyHruum y = f(z), mpaAMoit
x = a u ocbro O (aCUMOTOTO).

b

AnanoruuHo onpenenAaercA MHTErpaji / f(z)dz. Hanee, no ompene-

—00
JICHUH
+o0 c +0oo
[ t@as= [ @)ds+ [ sa)as, )
-0 —00 c
roe ¢, —o0 < ¢ < +00, — MNPOM3BOJbHO, NPUYEM HMHTErpaj B JIEBOH

YacTH PAaBEHCTBA (2) CYMTAETCA CXONALLMMCH, ECIH CXONATCA 002 MHTErpaa
B IIPaBOil 4acTu.

Ipu3Haky CXODMMOCTH M PAaCXOLMMOCTHU IPHUBEIEM TOJILKO
1J1A uHTerpastos suma (1).

1) Ecau F(z) — nepsoo6pasuas naa f () 1 CylIeCTByeT KOHEUHBIH mpe-
nen lirf F(z) = F(+00), o unterpan (1) cxonutca U paBeH
— 400

+00
/ f(z) dz = F(+00) - F(a);

ecmu me lim F(z) me cymwecrsyer,.To uarerpai (1) pacxoaurcH.
T—+00
+0o
2) Mycts mpua € ¢ < +00 0 € f(z) € g(z). Ecanm /g(a:) dz cxo-

a
+o0 +0oo

+00o
OUTCA, TO CXONUTCA U /f(x)da:, npuIeM /f(x)dxs /g(l')dx. Ecin
’ a

a a

+00 +00
/ f(z) dzx pacxonutea, TO pacxoouTeA U / g{z)dr (mpusHaxu cpas-
a a

HEHHUA).
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3) Eci mpu a < ¢ < 400 f(z) > 0, g(z) > 0 n cymecTsyer KoHed-

+o00 +o0
gpii mpepmea  lim f(z) # 0, TO MHTErpajnl /f(:z:) dz n /g(w) dz
T—+o00 g(a:)

a
CXONATCA WJIM DPACXOOATCA ONHOBPEMEHHO (mpemeabHBIH NPU3HAK
CpaBHEHUA).

+o0 +o00
4) Ecnu cxonurca / |/ (z)] dz, T0 cxomuTca u / f(z) dz (nocnenuutt
a a
MHTETPAJ HA3LIBAETCA B HTOM CIIy4ae a0COM0MHO CTOOAUUMCA).
+o0

Mpumep 1. Boruucauts /6'3"' dz.
0

< Nmeem:
+oc0 b
1 b
/ e 3% de = lim e 3% dr = lim (__6—31 ) _
b—+o00 b—+00 3 0
0
_ L —apy _ 1
=3, lim (1=e )=3- b

Ha npaxruke B KayecTBe MHTErpaja, C KOTOPHIM IPOU3BONUTCA CPaBHe-
Hue, 06BIYHO UCMOJbL3YIOTCA HHTEerpasbl BUIA

1

/—dw, a>0, a>0,
:EC!

a

KOTOpBIE CXONATCA npu a > 1 u pacxongarca npu o < 1.

Mpumep 2. UccnenoBath Ha CXOAUMOCTb MHTET A

._.\.é_
2
Ql+
Pl =
IS W
&8

< IIpu & — +o00 umeem

r+1  z(l+1/z) 1
B a2 SV R

+00

dz
Tak wax unTerpan / ~j3 bacxomurea (a = 1/2 < 1), T0 u 3anaHHbINA
z

1
MHTErpaj Takmke pacxogurcAa. >
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Beraucautb HeCOHCTBCHHBIE HHTCTPANDLI (MM YyCTAHOBUTb UX pac
XOIUMOCTD ):

+00 d +00o d
7.411. / . 7.412. / 2
J zln°z zvVinz
e e
+00 d +00
T
7413, | ———. A414. —2z d
3 /:1:2-{—6:1:-{—11 .71 /e cos z dx
—00 0
+o0 d 400 ) 5
T dx + 2z
7.415. . 7.416. —dzx.
/az2+4 /x2(1+x) T
0 1
+o00 d +00
7.417. ———ﬂ—L. 7.418. /aze"’z dzx.
V(22 +5)3 /
+00 +oo
7.419. /a:cosa:da:. 7.420./ z dz.
3 + 8
0 0
+00 9 . +00 d
T° + x dx
7.421./ dz. 7.422. /——
| == | Vv
+00 +00
7.423 / _dz 7.424 / e da
.423. 2 et .424. J .
HccnenoBaTh HA CXOMUMOCTH MHTETPAJILI:
+00
,/ 2y
7.425. / __dr 7.426. Vel
3 + 222 + bzt 3+3x+1

+00
7 .
7.427. / Ciah VA CREVCP P P k. UE N
213 + Vzd +1 Vz

7.429.

/ dz
/) Vil + 1)@ +2)
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-+00 i +oo d
7.431. / S — 7.432. / —=
VT + cos?x zlnlnz
1 e2

2. HHrerpanst or HeorpaHmyeHHbIX QyHrmmi. Ecau Qpynxuoua f(z) ne-
mpepbiBHA Ip a L T < bu lirbn Of(:n) = 00, TO IO OIPeNEJIEHHI0
z—3b—

b
/ fl@)de = tim / f(z) dx. 3)

Eciu cymecrsyer KOHeYHbIN Ipenes B IpaBoit wactu (popmyinl (3), TO
HeCcOOCTBEHHBIM MHTErpall Ha3bIBACTCA CZOJAWUMCA, €CIM HTOT IpEenesl He
CYLLECTBYET, TO — PACTOJAUUMCA.

Teomerpuuecku HecoGeTBennbiit unrerpan (3) B cayuae f(z) > 0 ects
mwiomans (GUrypel, orpaHuveHHoit rpadpuroMm Qynrumm y = f(x), upamoit
T = @ ¥ BEPTUKAJILHON acUMITOTOI T = b

Ananoruuno ompenenaercA HECOOCTBEHHBLIH WHTErpajl B Cjiydae

Jlim f(z) = co.

B cayuae, rorna ¢ € (a, b) — Touka paspniBa u q.)yHKIIPIH f(z) neorpa-
HUYEHA B JiH000/ OKPECTHOCTH TOUKH C,

/bf(a:)da::“li_r}}ro/f dzr + 11m /f 4)

c+'72

lIpusnaku cXOmMMOCTH U PACXOOUMOCTH HECOOCTBEHHBIX MHTErPAJIOB OT
HEOI'DAHUYEHHBIX (YHKIMI aHAJIOMYHBI IPHU3HAKaM U3 1. 1.

Ha npawTuke B KauecTBe MHTErpaia, ¢ KOTOPHIM IPOU3BONUTCA CPABHe-
Hye, 06bIYHO MCIOJIL3YIOTCA MHTErpallbl BUOA

b b

dx dz
heer a/(b—m)a (>0, ®)

a

KOTOpbIE cxofATeA npu a < 1 1 pacxomarca npu a > 1 (cpaBHuTE € aHANO-
TMYHBIMM HHTErpajlaMy B Ciiydae 6€CKOHEUHBIX IIPEeIOB MHTerPUPOBaHKA ).

dz
IIpumep 3. UccnenoBarh Ha CXOOUMOCTH MHTErpat o
nx
1
1 1 _
dllpuz = 1 e~ o1 (oKBMBaNleHTHBIE 0€CKOHEYHO GoMbliue),
ne r—
TaxK KaK
1/Ing . oxr—1 . 1
== lim - =Him ~— =1

1 \ - .
a—1 1/ \:I‘——]‘ z—=1 lar -1 1/a
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2
dx
Murerpaa / ‘
a’l' —
1

2
dx
BATCIILHO, PACXONUTCA U l——
1

] PACXOIMTCA Kai MHTCrpail THIA (5) mpn a = 1. Caeno-

Mpumep 4. UccnenoBath Ha CXOEMMOCTL MHTErpail

1
2
/ M dr.

tgr —x

<] 3amava COCTOMT B TOM, ITOObI YCTAHOBUTHL XapaKkTep MOBENEHU MONbIHTE-
rpanbHoi ¢yHxunu npu r — +0. B uucnurene npu x — +0 umeem

222 + vz = 22 (22%/? + 1) ~ /2

B 3namenaresie pocnonbayemca dhopMysnoit Maknopena gna ¢dyHKuuuy tgx:

1 1
tgx —z = (m+ §x3 +0(:1:3)) -z = §x3 +o(2?) ~ %x:‘.

Cnenosarennno, mpu £ — +0

22+ 21
tgx —x  x3/3  “25/2

1

dx
Tark wax uHTErpan / T3 pPacxomuTCA, TO PACXOOMTCA M 3aNaHHBIX HMHTe-
T

0
rpan. >

Boraucauts Heco6CTBEHHBIE MHTEIPANbI (MM YCTAHOBUTDL UX Pac-
XOIUMOCTD )

e

2
dx zdx dx
—_. 7434, | —————. T7435. | ———.
z? + zt / (2 — 1)4/5 / zlndz
0 1

2/3

4
dzx dz
7.436. —_—, 7.437. —_———,
2/ 6x —z2 —8 /:B\/Q:n?—-l

1/3

7.433.

o _
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2 e’
o3 dx " dx
7.438. | ——. 7.439. .
b/ V4 — 2 / zvinz
2/n 1
1 d ' dx
7.440. / cos = - ==, 7.441. / ——
) ¢ T ) z(l — )

HeeieaoBath Ha CXOXMMOCTD NHTETPAJILL:

1 1
cos (1/z) / ?
7.442. | —=+dz. 7.443. [ ——=dx.
J Y J /1— 74
1 1 .
2
7.444. / _dr 7.445. / {1+ VoD g,
J tgx—=x et —1

1

7.446. — .
J e —cosx

0
/1
0 : 0
1 1 1
7.448. / dx 7.449. / 2T .
0 0
| /0
21

dz

Ve-1

e1/1‘
7.450. / 5 dz. 7.451.
J «

0

7.452. Jloxasars, uro upn a > 0 onpenenaromuit 2amma-PyHKyuo

+00

I'(¢v) worerpan Qinepa o) = / ez dx cxommren, n ycraHo-

0
BUTh CJICAYIOIUE COOTHOIICHU:
a) cenn o = n - - neqoe uucio, o I'(n + 1) = nl;
6) (e + 1) = al'(«) ana awboro a > 0;

re®)-m 0r(l)-4

H)F(71+~> =1-3-5...(2”—1)g,nﬂuenoe.
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§ 6. T'eoMerpuyecKue NMPUIOKEHHUA OINpEXETEHHOT0 WHTErPa:

1. Tlromwams miaocko#t ¢urypsl. Ilmowans (GHUIYPbI, OrPAHMYCHHON Tpé-
¢uxom menpepwiproit GyHrunuu y = f(r) (f(z) > 0), asymMA npaAMBIMI
z=anz=>bnocsio Or, HIN IWIOIIALb KDP-
80AUKCUHOTU MPaAneyul, OTPaHUYCHHOMN 1yroi
rpapusa ¢yHsmun y = f(z), a < T < ¢
(puc. 15), Bruncagercsa no Gopmye

¥

b
S:/f(:z)dz. (1

o [Inowmags Gurypel, orpaHuYeHHONl rpady-
KaM{ HempepsiBHBIX (yHrumit y = fi(x) ©

Puc. 15
y = fo(x), fi(2) < fo(x) u royma mpmvbTAL

T = a, £ = b (puc. 16), onpemeaserca no dhopmyne
b
5= [(h@ - Aw) e (2

Nlpocreitine 3agaun Ha mpuMenerue Gopmya (1) 1 (2) frrmm mnurereus.
3 §4 (3amaum 7.356-7.363).

y
AT —
2 L

-2

=y

Puc. 17

Dpumep 1. Haittu niowans Guryps, nemaiucii o mpasoit noaymiIocKo-
T 1 OTPAHHYCHHOH OKDPYMRHOCTLIO T° + y2 = 8 u napabonoit y2 = 2z.
1 Haitgem touxu mepecedenua wpusbix (puc. 17), pemus cuHcreMy ypab-

‘eHUil
2 +y% =8,

y? = 2.,
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Honyaum touxu (2, 2) u (2, —2). Ucnonb3ya cCMMMETPHIo OTHOCHTENILHO OCH
O, HalileM UCKOMYIO IUIOLIAAb S KAK YABOGHHYIO CyMMY IUoianeit Kpu-
Bonunem{mx Tpanenuif, OrpaHMIEHHbIX COOTBETCTBEHHO AyraMM Mapa6oubl

=2z, 0 <z <2, uonpymuocru y = V8 — 22, 2< & < V&
2 V8
S=2(/\/§;dx+/\/8—:v2dx>=
0

:2(\/5 3 3/2

( V8 — 12 + 4 arcsin

\/g):g)z

=2(§+27r—2-—1r) =27r+§. >

Huorna ynobHo ncnonb30Bath (opmyunsl, ananorugusie (1) u (2), xo o
nepeMeHHoH y (cuurTan T QyHROMEH OT Y), B YACTHOCTH,

d
5= [(10) - 1) . 3)

Npumep 2. Hafitm mmomans Qurypsl, orpanudeHHOH mapabosoit
(y—2)% = -1, KacaTenbHOI K Helt B TOUKE ¢ OPIMHATOH Yo = 3 U ockio Oz.
<1 ®opma durypsr (puc. 18) He no3BONAET HENOCPENCTBEHHO IPUMEHUTH (OP-
Myast (1) unu (2). OpHaro eciiv paccMaTpuBaTh GUIYPY OTHOCUTEILHO OCU

Puc. 18

Oy, To MomHO npumeHuts dopmyay (3). Urar, nycrs y — He3aBUCUMAaHA He-
Y p pMYyITy Yy Y

peMeHHaA. YpapHeHue napabonnl 3amuiiem B Bune T = y> — 4y + 5. Hatinem
ypannenne KacaTeIbHOH K napaﬁone Ono umeer Bun = — o = Zo(y — Yo)-

Tax rak z, = 2(y — 2), 10 7y = 7'|y=3 = 2. Hatina, nanee, abcuuccy Touku
KacaHua zo = 2, mony4aeM ypaBHEHVE KacaTelbHOH

r—2=2y-3), um z=2y-—4.
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Honaras B (3) fi(y) =2y — 4, fo(y) =y? — 4y + 5, umeem:

3
S=/((y2—4y+5)—(2y—4 )) dy (y* =6y +9)dy =
0

3

=9

1 .
3 dy = 5= 37|

/v
fos

3amernym, uto npuMenenne GpopMya (1) u (2) opu pewennn npumepa 2
noTpe6oBaso Obl BBIUMCICHUA CYMMBI TPEX HHTErPAJIOR:

:3:»/4l (%m+2)dx+l/2<<%x+2) 2+\/§_——>dx+
+/5(2—\/5’———T)dw.

Mpumep 3. Haittu niomans GUTypsI, OrpaHudeHHOM Kpupoit y = 1/22,
ocoto Oz u npamoit z = 1 u Jemaieit mpasee 3T0H IPAMOII.

y < Uckoman minomans (puc. 19) puipamaercs
HECODCTBEHHBIM HMHTETPaJoM

rd
T
S = / - = =1 >
x
1
ol 1 Sl Ecin durypa orpannueHa KpHBOI, MMe0-
et mapamerpuveckuc ypasnenua T = z(t),
Puc. 19 y =y(t), npameivu = = a, ¢ = b u ocvio Oz,
TO IJIOLIAMb €€ BLIYMCIACTCA 10 (hopMy.Ie
to to
5= [voa' = [y ao, (1)
t1 t1

rae mpefeibl MHTerPUPOBAHUA HAXODATCA W3 ypaBHCHUH a = z(t1), b =
= x(t: t) > 0 ua orpesre [t;, to]
T\l2) (Y(t) 2 U HA OTpe3kKe |11, 12]).
Mopmyna (4) mpuMeHHMa TaKAe IUIA BLIYICIEHUA IUIOMIagU (OHUIYpHI,
OTPAHUYEHHON 3aMKHYTOH KpUBOH (M3MeHeHHC mapamerpa t OT ) 10 fo
IOM/RHO COOTBETCTBOBATh 00XOIYy KOHTYDPA MO YacOBOH CTPEJKE).
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Mpumep 4. Haditu nnomans nernu Kpusoit
r=a(t?-1), y=b@t—t*) (a>0, b>0).

< HatimeMm Touku mepecedeHus KpUBOH C KOOPAUMHATHBIMU ocAMU. meem:
z=0nput==1; y=0unput =0, t = +2. CrenosarensHo, nosyuaem
caenyiowume toury: (0, 3b) mpu ¢t = 1; (0, =3b) mpu t = —1; (—a, 0) npu
t=0; (3a, 0) npnf = +2. Touxa (3a, 0) ABIAETCA TOUKOK CAMONCDECEUCHUA
wpusoit. lpu 0 <t <2 y > 0;mpu =2 <t <0 y <0 (puc. 20).

Hnomans (pnry PbLI HAX0IUM KAK YABOCHHYIO IUIOLIAAb BCPXHEN ee moJio-
BUHBL

3a

2 2
S=2/yda:—2/y( 2/b4t-t3a2tdt
0 0

A 4, 6\
= 4ab/(4t2 —tYYdt = dab (—?;t3 - —-)
0

256
= —ab.
o 15

5

Ilnottans ¢urypst, orpaHuueHHOR TpadUKOM HenpepLIBHON QyHRIMYN " =
= r(p) u AByMa JIy4aMu = @, ¢ = [, [Jie Y U T - NONAPHbIE KOOPAUHATEL,

% 7
2all= 2a sing
/
/
al-
r=2acosp
L o
0 a 2a X
Puc. 20 Puc. 21

W TJIOLIANb KPUBoAunelino20 CEexmopa, OTPAHHYCHHOr0 AYrof rpaduxa
dyusnuu T = 1(p), o < @ < f, BeIMUCIACTCA 10 (OpMYyIIe

B

—5 [ (5)

a

!\Dl»—l

Ilpunep 5. HaitTu mioniams JyHKU, OFPAHUYEHHON yraMH ORPYHAHO-
creit T = 2acosp, 1 = 2asing, 0K < 71/2, a>0.

< Oxpymuoctu mepecesarorca npu ¢ = m/4; paccmatpupaeMad Qurypa
{puc. 21) cuMMeETpUYHA OTHOCUTENLHO ayua ¢ = 7 /4. CremosarennHo, ee
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IJIoaab MOKHO BBIYHCIAATH Tak:

w/4 /4
S=2. -;— / 4a? sin® p dp = 2a* /(1 —cos2p)dp =
0 0

, 1. w/4
=2a° [p— §sm2np

7.453. Haittu nuomags GUrypel, OrpaHudYeHHOM KpuBoit y = Inzx
HOpAMBIME T = e, T = €2, y = 0.

. =(12r——1)a2. >

2
7.454. Haittu mnomans GUrypsl, OrpaHUYEHHON DILIHIICOM 3—;—2- +
Yoy
a
7.455. Haitty nnomans ¢wurypsi, orpaHuueHHoi mapabosamu
y? =4z u 2% = 4y.
7.456. Haiitn maowans durypsi, orpaHuyeHHoi mapabosoit y =
=22 4 2z u npamolt y = = + 2.
7.457. Haiitn winomans (Urypbl, OrpaHHYEHHOH KPHUBBIMU Y =
27 22
“2+9 "V 6
7.458. Haiitu mwiomams (QHUTypsl, OTPAHHYEHHOH KPUBBIMH y° =

4
=2pruy’ = ;(z —p)3 (p>0).

7.459. Haiitu miaomans ¢urypnl, OrpAHUYEHHOM OKPYKHOCTAMH
2 +y% = a?, 12+ y? — 2ay = a® u npamoit y = a.

7.460. Haiitu mimomans (Urypbl, OrPAHAYEHHOH KPHUBBLIMH Yy =

a3

T2ia2 VT a2

7.461. Hajitu miaomans ¢urypol, orpaHndyentoit ocsto Oy, napa-
6osoii (z —a)? = 2p(y — b) ¥ KacaTenbHOM K Hel B TOUKe ¢ abCHUCCO
z=c (c>a>0, p>0).

7.462. Ha#itu miaomans ¢urypbl, OrpaHUYEHHOH KPHUBBLIMM'Y =
=e* -1, y=e**-3, 2=0.

7.463. Haiitu wiomans Gurypsl, orpaHudYeHHOH mapabonoi y =
=3+ 2z — 22 u ocwio Or.

7.464. Ha#itu mnomans, OUrypbl, OrpaHAYEHHOH KPUBOH Y =
= arcsinz u npameiMu z = 0, y = 7/2.

7.465. Haiitn nnomans BepxHe# JyHKH, OTPAHUYEHHON OKDYRHO-
cramu z2 + y? = a® u 22 + y? + 2ay = o>

u ocsio Oy.
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7.466. Haiitu motiians Qurypnl, 0rpannuesnon ansuamu (z—1) X
x(y+2)=2unzx+y=2

7.467. Haiitu niomans GUrypnl, orpaHUICHHONR KPUBOR y = Inz,
KaCATCALHOW K HCH B TOUKe Z = ¢ u ocuio O.

7.468. Haiitu nnomann q)urypm, OTPAHUYCHHON KDPUBLIMHU Y
=In(z+2), y=2Inz, y=

7. 469 Haiitu nmnomanyu kammuoi us nByx JacTeit, Ha KOTOPLIE KPYT
z2 4+ y* < 2azx pasnencs napabonoit y? = 2ax — a’.

7.470. HaiiTn miomain, ayHed, OrpaHmicnnoi runepbomoi 22 —
5 Lo,
— y? = «? u napadoauit y* = 5(1:1:.

7.471. Haitru niomann runepboIndeckoro CCrMCHTa ¢ BLICOTOM A
¥ OCHOBaHMCM 27 (ICHCTBUTCALHAA I0AYOCH TMIEPOOJILI PABHA ).

7.472. HafiTa nnougans Qurypol, orpaHHueHHON kpasoi a’y? =

=4

.,Il.\)
- U Ce aCUMITTOTON.
T2 -—a
7.473. Haiitn nJIOIJIdIIL (pmvpm OrpAHMYCHHOH JTHHUAMI T2 —
—y?=d?, (2?2 —a®)*y? = a® uocrio Oz (z > 0).

7.474. Hatiru rmomami Im;lumn H3 IByX 4acTCH, HA KOTOPbIE KPYT
z? + y? < 20z pasmencs runepbonoit 4z? — 3y? = a’.

7.475. Haittu mmoutans HMOTHYECKON0 CEIMCHTA € BBICOTOH N
U ocHoBanuem 2r (GOALINAA TMOJIYOCL HIVIMNCA PABHA @, OCHOBaHUE
CErMEHTa NapAJJICILHO MaJIoi 0cn).

7.476. Hailtu miuowmanm, Qurypbl, OrpAHUYCHHON KPUBBIMU 1 =
_ a? a’x i 5
= g2 y = i i ocso O,

7.4'177. Haitti mnouwrazns (UIypoLl, OrpaHMuCHHON Kpusoit 4> =

= —5——5 U C€ aCUMIUTOraMH.
a2 — 52

7478 Haitru n.unmanb (hUrypLI, OTPAHMYEHHOIT aCTPOUIOR & =
= qcos’ t, y = asm 't

1 .
7.479. Haitru mionan, IeTId Gpanoil © = §t(3 —t3), y =12

7.480. Haiitu minongans Gurypol, OrpaHUICHHON OTHON apkod Iu-

waounot 1 = 2(t — sint), y = 2{1 —cost) u vevwo O,

7.481. Haittyt naoman, nerms spunoit 2 = a(22+1), y = b(t3 —3t).

7.482. Haiimii miomaan enan kpuolt & = 24 — 12, y = 262 — 3.

7.483. Hadty miomans GUIypnl, CrpaHnCHHON Kap/auoumol 1 =
a(l + sing).

7.484. Haiiru miomaan 0OQHOrO JIPIECTIA KPABGH 7° = ¢ sin 2.

7.485. Haiiin micmann (Qurypnl, OrpAHHYCHHON KPHUBOH 7 ==
asindp.

It
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7.486. Haitti naomanh QUrypnl, OrpaHHUCHIION KPUBLIMH 1° =
=atgwsccy, r = 2aCos ¢ U NOIAPHON 0CLIO.
7.487. Haiitu nmuomann, Qurypni, Jdemainieil B IEPBOM 4eTBCPTYH,
a

OTpAHMYCHHOM KPUBLIMU 7" = atgy, r = U HOJAPHOH 0ChIO.

b

7.488. Haittn minomans GUrypoi, orpaHUICHHON IBYMsI TIOCIEN0BA-
TEJNLHBIMU BUTKAMH JIOTAPUDMHUUCCKOM CIMpanu r = ¢¥, HAauMHafA ¢
o =0.

7.489. Haiitu miomans (JUIyphbl, OCPAHMYCHHOM KPUBLIME 12 =
=2cos2p, r=1{ =1).

7.490. Hajiru miaowans (Qurypnl, OTPAHWYCHHOR ®pUBGIH 1 =
= acos 3.

7.491. Haittu nnomans QUrypol, orpaHUIeHHOH JeMHUCKATOH bep-
uymm 12 = a? sin 2.

7.492. Haittu niotiaap GUrypoi, orpaHUUICHHON OKPYKHOCTLIO 7" =
= /3sin » ¥ Kapauouaoi r = 1 — cos ¢ (BHC KapIMOMILI).

2. Jlimna nyru xpusoii. Ecan riankasa kpnBasd 3agaHa ypaBHEHHCM Y =
= f(x), ro mumHa | ce gyru pasHa

b
l:/\/_—l+(17’75dm,

racau b = a6cuuccm KOHIIOB OyT'H.
Ecnn sre kpupaa 2amana mapaMCTPHYECKUMII ypaBHCHUAMH T = z(t),
y=y(t) (t1 <t <t), 10

t2
(= [ Ve
ty

AHAJOrUYHO BBIPAMKACTCA AIMHA AYCH NPOCTPAHCTBEHHON KPUBOI, 3a1adHOd
napaMerpudeckunznl vpapheniamu o= a(H). y = y(B. z = z(1), H <
< 4 S tzi

to
I = / JEE T W T ) d
ty

Eeau 3amano noaspHoe ypasHeHuc riapkoil wpusoil 1 = 1(p), o <
<< B, 10
3
;

1= [ VEE R

«
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Mpumep 6. Hafitin gauny nyru noayrybuueckoit napabonst y? = z3 or
Hayajla KoOpAMHAT Ao Touku (4, §).

« Waeear:
y:m3/2, yl=§$l/2,
2
4 .
[ 9 42/ 9\/" 8
= Srdr == == ~1).
! / L+ Jwds =g 3<1+ 7~> ) 27(10\/T6 ). >
0

Mpnaep 7. Hattru qmmy actpounst © = acos® t, y = asin® t.
< Umeem:
' 2 4. ' 2
Ty = —3acos” tsint, y; = 3asin”tcost,

2

= \/9(12 cos? tsin?t + 9a2 sin® t cos? tdt =

NN

o2

w/2 9
' sin®¢ ™/

3
:3(1/ sintcostdt = 3a =-§~.

0

f=}

orkvaa | = Ga. >

Mpunep 8. Haittu anuny sapouonast 1 = a(l — cosp) (a > 0).
< Maicent:

r' = asin,

1 [ . —
51 :/ \/az(l —cosp)? + alsin? pdp =
0

= a/ V2(1 - (;BS_J) dyp = ‘Za/sin g dy = 4a,
0 0

orryna | = 8a. >

JI'Z

7.493. Hatitn miuny ayru mapabonnt y = r° ot ¢ = 0 mo « = 1.

1
7.494. Haittu nviHy nyrw KpuBoii y = g(3—~a:)\/:1; MEKIY TOYKAMHU
ec nepeccueHnsa ¢ ocuio O.

7.495. Haittu mminy nyrd noiykybuueckoi napabosst y° = 277 X
D
X (x — p)?, nemamicit BRyTpu mapabomsr y? = 2p.
7.496. Haiitu naumy nyru mpusod y = aln(a? —22) (a > 1),
Jeskaieit seime ocu O,
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7.497. Haittu nmumy samusuayroi spunoit 8a’y? = 2%(a? — 22).
7.498*, Haiitu ucpumerp JiyHKH, 00paz30BAFHON OKPYMRIOCTAMMU:
22 +y? =2az u 2> + y* = 2by (a>b>0).

7.499. Haitty nmmy ayru nenHoft auunm y = 5 ch2z or 2z =0 no
4

T = 3.

2 . X
7.500. Haittn mauny xyru wpmBoit y = —lnsin or ¥ = 2
0
3
o0 T = —.
2
O
7.501. Haittr manay ayrm momymyOiyecnoii napaGomnt 42 = — X
p
x (z — p)?, orcenaemoit mpamoit z = 2p (p > 0).

7.502. Haiitu mnuny ayru npusoit © = a(3cost — cosdt), y =
=a(3sint —sin3t) ort =0not = g (@ >0).

7.503. Haitru mnuuy ayru xpusoii = e/ cost, y = ¢'sint or
t=0mot=1

7.504. Haittu panay merad spusoit o =t y = (é - 1,2\.

t6 !
7.505. Hatru mauny nyrm wpusoit = —, y = 2 --
TOYKAMU €€ ICPECEICHUA € OCHAMH KOOPIUHAT.

MCRIY

7.506. Haitru nmumy memm spusoit © = a{t + 1), y = -::—(t" - 3t)

(a > 0).

7.507. Ha wuwnonne z = a(t — sint), y = a(l — cost) waitru
TOMRY, KOTOPa#d HETUT JJIMHY NEpBOM apKM JMKIOUILI B OTHOUTICHUN
1:3, cumras or Havama woopruuar (a > 0).

7.508. Haiitul mounHy LYyry JOrapuMHUCCKON cuupand ¢ = %,
HAXGHAILEACA BHYTPUA ORpY:RHOCTH 7 = 1 {(a > 0).

7.509. HafiTn amuny nyru wapawonsan ¢ = 2(1 — cos ), naxons-
uieiicss BHYTPH OKpYEHOCTH I = 1.

[y

)
7.510*. Haitti ity seeit spusoit 7 == a cos® hd a > 0).
y 3 )

7.511. Hajitu mauny myvu cunpanua Apxumena r» = 5y, Haxojga-
uicica BHYTPH OKpyxHOCTH 77 = 107,

7.512. Haitru mummny Beel kpunoii r = asin’ ii— (a > 0).

£

Haiitu qiuHb1 1yT OIPOCTPAHCTBEHHLIX KPUBLIX:
. . 1. ’ 1.
7513. x = at’, y=a (t + gtJ), Z=a (t - -;{t‘) ort =0 nmo
b= V3 (a. > O)

[
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7.514. z = et cost, y = e'sint, z = ¢!
nz=a (a>0).
7.515. 22 = 4y, 922 = 16xy Memny miockocTamu = = 0 u z = 4.
7.516. z = av/tcost, y = av/tsint, z = at or t = 0 1o mpoms-
poasHoOro ¢ >0 (a > 0).

MeRIY II0CKOCTAMH z =

t
7517. z = t —sint, y = 1 — cost, z = 4cos§ MERIY IBYMA

TOYKAMM TepeceueHndA KpUBOi ¢ miockocTsio Oxz.

3. Ilnomams noBepxwoct Bpammenud. Ilnomans nopepxHocTu, 06pa3oBan-
HO# Bpamenuem Bokpyr ocu Oz Iyry KpuBofi, 3anaHuol dyHknueti y = f(z),
a < z < b, Beruucaserca no gopmyae

b
Qq =27r/f(w) 1- (f'(z))* da.

Ecnu nyra samana mapamerpuveckumu ypaBHeHuamu z = z(t), y =
=y(t), t1 <t <t2, 1O

@ =2 [0V @0) + r©) at

t1

Ecnu nyra 3apana B nonApubIX koopouHarax r = r(p), a < ¢ < f§, 10

B
Q: = 27r/rsin<p\/r2 + (r")2 dep.

Ecnu nyra spusoit BpaimaercA BOKPYr HPOM3BOJBLHOM OCH, TO IJIOIIANbL
MOBEPXHOCTY BPAIEHNA BBLIPAKAETCA MHTErPAJOM

B
Q:27T/Rdl,
A

rae R — paccroAaHMe 0T TOYKM HA KPUBOM OO ocu BpauwieHud, dl — mud-
(depennuan nyrd, A u B — npenenbl UHTEIPUPOBAHUA, COOTBETCTBYIOLIUE
KoHmam ayru. Ilpu srom R u dl noamuel ObITh BRIpameHbl yepe3 nepeMeHHY 10
HWHTErPUPOBaHMA.

Opumep 9. HatiTu mnomams NoBepXHOCTH, 06pa30BaHHOM BpameHHeM
actpounsr z2/3 + y*/% = a?/® Borpyr ocu Ox.
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< Umeem:
y = (az/:s _ 12/3)3/2,

' _ 9 2/3 _ 42/3)1/2
. g(az/s RTINS <_5$~1/3) _ (@ =2

z1/3 ’
a2/3 — 22/3 al/3
1+ 5 = .
22/3 |z|1/3

Y

CnemoBarennHo,
. 1/3
Q.= 2~27r/(a2/3 —x2/3)3/2 . (—ll—dx =
zl/3
0

= 4ma'/? /(az/3 - w2/3)3/2x“1/3 dr =

3 (a2/3 _ 1,2/3)5/2 a 12 .
— VA S el AR e
4ira 2 5/2 . 5 Ta®. >

Mpumep 10. Haitu naowans nosepxHOCTH, 06pa30BaHHON BPALLIEHUCM
omHo# apru wrIouasl ¢ = a(t —sint), y = a(1 — cost) soxpyr ocu Ot.
< Unmeem:

z; = a(l — cost), y; = asint,

. t
Vi(Ep)? + (y)? = \/@2(1 — cost)? 4+ a?sin®t = a\/2(1— cost) = 2asin 5

Otcrona

2m
t
Q: = 27r/a(1 — cost) '2asin§dt =
0

2

27
t t
_ 2 z _ 2 7 in — —
= 87a /sm 2dt 8ma? /(l cos 2) Sm2dt
0 0

. t  cos? cos” (¢/2)
= —16ma* ( cos -
ma ((,082 3 )

64
= —ma". >
0 3
Ipumep 11. Haittu mioians n0BepxXHOCTH, 00PA30BAHHON BPALLIEHHEM
sapauouasl 7 = 2a(1 + cos ) BOKPYr NONAPHOH OCH.

< Umeem:

' = —2asinp,

Vrt+(r)? = \/4a2(1 + cos )? + 4a? sin® p = 4a cos g,
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u, nausee,
Tr.
Q. =2m / 2a(l + cos p) sin ¢ - 4a cos g dp =
0

Ky
12
= 647ma’ /cos ~sin = dp = —5—877(12. >
0

7.518. Haittu miomans nosepxsocty (Ha3bIBacMoil Kamenoudos),

06pa30BaHHOM BpAIICHUEM IYyTY UEMHOM JUHUK Y = 2 ch2z, 0<z <

< 3, soxpyr ocu Ox.
7.519. Haiitu nnomans mOBCPXHOCTH 9/UIMIICOUAA, 00pa30BAHHOTO
ppamtenucsM simnca 4x? + y? = 4 soxpyr: a) ocu Oz; 6) ocu Oy.
7.520. Hatitu nioomann, mosepxHoOCTd, 06pa3zoBaHHON BpalleHueM

BOKPYT ocu O OyIY KPUBOH y = —2° or 2 = —1 10 = = 1.
Py y P ! 3

7.521. Haitru nimomians moBepXHOCTH, 00pa30BAHHON BpalleHueM

Boxpyr ocu Ox nyru KpUBOH Yy = 6\/;(% — 12) mMemny Toukamu ec

nepeceuenus ¢ ocoio Ox.

7.522. Haittu nnomanh MOBCPXHOCTH, 00PA30BAHHON BpALICHHEM
Boxpyr ocu Oy myru noaysybuueckoi napabonst 9ay? = 4z, orcexae-
MOI1 npaAMOR Z = a.

7.523. Haittu mmomans nosepxHocTd, 06pa3oBaHHON BpallleHUEM
verim xpusoit 9ay? = x(3a — x)? Bospyr: a) ocu Ox; 6) ocu Oy.

7.524. Hatitu niowans 1MOBEPXHOCTH, 00PA30BAHHON BPAILIEHUEM
IYyIY KPUBOH Yy = e"“’/z, 0 € = < 400, sorpyr ocu Oz.

7.525. Haiitu nnomans noBepXHOCTH, 00pa30BAHHON BPAIIEHUEM

. . Fis

nyru kpunoit £ = a(3 cost—cos 3t), y = a(3sint—sin3t), 0 < ¢ < 5
Bokpyr: a) ocu Ox; 6) ocu Oy.

7.526. Haiitu mromans moBepxHOCTH, 00pa30BaHHON BpalleHUEM

t
nernu wpuroit z = a(t? + 1), y = %(3 — t2) Bowpyr ocu Ox.

7.527. Haiitu niomans moBepxHOCTH, 00pa30BAaHHOHN BpallleHUEM
onnolt apru mukaownnl T = a(t — sint), y = a(l — cost) Boxpyr ee
0CH CHUMMETDHH.

7.528. Haittu nmomans nosepxuHocTH, 00pa30BAHHOI BPAIICHUEM
AYTM HBOJLBCHTLI OxpyssHOCTM =~ = a(tsint + cost), y = a X
X (sint — tcost), 0 <t < 7, Bokpyr ocu Ox.

7.529. Haittu nmomans, noBepxHOCTH, 00pAa30BAHHON BPALICHUCM
OKPY/KHOCTH T = 2a Sin (0 BOKPYT HOJAPHOM OCHU.
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7.530. Haittu nnomans moBepxHOCTH, 00pa30BaHHOM BPalllEHUEM
wapmuounsl 7 = a(l 4 cosy) BoKpyr KacaTeaLHON B ee BeplIMHe
(2a, 0).

7.531. Jlokazats, 4TO MIOIIAxb HOBEPXHOCTH, 00PA30BAHHOM Bpa-
IIeHNeM JIEMHHCKAThl 12 = a?sin2p BOKpYr HOJADHON OCH, paBHa
IVIOMIANY NOBEPXHOCTH cdeprl pamuyca a.

7.532. Haittu nmomans noBepxHoCTH, 00pa30BaHHOM BpallleHHEM

f
IyTH KPUBOH T = a sec? (—g, 0<p< 5 BOKpYT HOJAPHOM OCH.

4. 06nem Tena. Eciu nnomansy S(z) cevenns Tena nioCKOCTbIO, HEpIeH-

ukynApHoi#t ocu O, ABNAETCA HeNpephIBHON QyHKOuel Ha OTpeske [a, b],
TO 00beM Tesla BBIYUCIAETCA 10 dopMmyne

b
V= / S(z) dz. (©)

Ipumep 12. Haiitu 06beM Tenma, 0CHOBaHME KOTOPOTO — KPYT Pamu-
yca a, a cedeHUe WIOCKOCThI0, HEPHEHANKYAAPHON (UKCUPOBAaHHOMY AMaMe-
TPy KpyTa, €CTh PaBHOOEAPEHHBIA TPEYroib-
HUK BBICOTHI h.
< BeibepeM cucremy KOOpAMHAT TaK, 4TOOLI
miaockocth OTy coBHagana ¢ mIOCKOCTHIO Kpy-
ra, Ha4aj0 KOOPDAMHAT — C €ro UeHTPOM, a
ock Oz comepmana QUKCHPOBAHHBINA OHaMeETD
(puc. 22). TMomyaum ypaBHEHHE OKPYARHOCTH
B BUIE

z

2 + y2 = a’.
Puc. 22

Cedenue Tena ma0CKOCTLIO, IEPHEHIUKY-
aapHo#t ocu Oz, ecTh paBHODENPEHHBIN TPEYTOALHUE C OCHOBAHUMEM 2y =

= 2v/a? — z2 u suicoroit h. Umeem:

-2va? —z2?h =hva?2 —2? (-a<z<a),

S(z) =

DO |

a a
V=h/\/az—x2dx=2h/\/a2—x2d:c=
-a 0

z a? z\|* 2
=2h (5 a? —z2 + 5 arcsin 5)
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Bripamenue nna gpyusuun S(z) D0CTaTOU10 IPOCTO MOYUALTCA B Cllydae
ted Bpamlenua. Tak, eciu KpUBOANHERHAA Tpanenua, OrpaHUICHHAA KPHBOH
y = f(z), a < ¢ < b, Bpawaerca soxpyr ocu Ox uau ocu Oy, T0 06BEMBI
TeJl BPALEHUA BBIYUCIAIOTCA COOTBETCTBEHHO MO (hOPMyIaM:

Vo=r [ flads, 7)
, a
Vy = 27r/:1:|f(w)| dz, a>0. (8)

a

Ecau xpuBoinHeiHbI! CeKTOp, OrPaHUYEHHbIN KPUBOH T = () 1 ay-

9aMi @ = a, ¢ = (3, Bpalaerca BOKPYT MOJAPHOH 0CH, TO 00BEM Teda
BpAIlEHUA paBeH

V=

wiN

B
7r / 3 sin @ dep.
[e3

Brruucnenne 06beM0B T€J 3HAYMTEILHO MPOILE NPOU3BOAHTCA C [OMO-
IIBI0 KPaTHBIX MHTErpayoB. Il03TOMy MBI OrPaHMYMMCA 30eCh TOJLKO Mpu-
CTeHIIMMU 3anadyaMi.

Mpumep 13. @urypa, orpaHMYeHHAaA KPUBBIMU Y = /2pT U y =

= 7(3: — )3/ Bpamaerca soupyr ocu Oz. Haiiti 06bem Tena BparueHna.
p
<1 Hattgem TOukHM mepeccyeHHA KPUBBIX: 4
2 ) Pt ————— A
2pr = — (2 — p)*/?, wm
v y 1
2. — — 3. !
2%z = 4(z - p)* 0.

OYEeBUIHO, YPABHEHUIO YIOBJETBOPHET 3HAYE- o I
HUE T = 2p, M TOIma y = 2p, T.e. UMeeM
TouKy mepeceuenusa (2p, 2p), — puc. 23. He- Puc. 23

KOMBIH 00beM eCTh Pas3HOCTh OBYX 00BHEMOB:
obvema V7, moiyyeHHOro BpalUIEHHEM KPUBOJIMHEHHOM Tpameluu, OrpaHi-
“eHHOU mapaboJioit

y=+2pz (0<z<2p),

u obbeMa Vo, mMoNyYEeHHOro BpallleHMeM KPUBOJIMHENHON TpPanelliiy, OrpaHu-

2 .
4eHHOIl mosTyRyOuueckoit napabomoit y = 7p(w —-p)3? (p <z < 2).
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Ucnoansya Gopmyay (7), nonyuaem:

2p 2p
V£:%—1/2=ﬂ/y%(i$~ﬂ/y%dx=
0 P
2p 2p .
4 2 2P 42p
:7r.2p/xdm_7‘-._/(x_p)3dx=27-‘-p,_x__ 541(.’15 p) —
] p 2 p 4 0
P

= 47p® — 7p® = 3np®.

Ipumep 14. Qurypa, orpannyeHHasa KpuBoil £ = acost, ¥ = asin 2t

(0 £t £ 7/2) n ocvro Oz, Bpawaerca okpyr ocu Oy. Haiiti o6nem e
BpALLEHUA.

< Quesnmno, yt0 0 L z <aul < y<a, aranke, wroy =0 nput =0
unpn ¢ = w/2, T.e. paccMaTpuBaeMad (QUrypa ABIACTCA KPHBOIIHCHHOL
tpanenueit. lanee, nput =0 z =a, nput = /2 z = 0. CacnosatcennHo,
HCKOMBIIT 06beM Bhipamaerca Qopmyioh (8). Haeenm:

a 0
Vy =2n /x(t)y(t)dx =2 / acost - asin2t(—asint)dt =
0 w/2
w2 1r/.2
=7ma /%m 2tdt = Eg— (1 —cosdt)dt =
0 0
w/2 ¢
= %j (t~ isinélt) 0/ = %—j >

Npumep 15. Kapaumouna r = a(l — cos @) ppauiaerca BOKPYr HOJAAPHOIL
ocu. Haittu 06bem Tena BpaleHus.

™

/ a’(1 - cos )’ Slncpdcp— 2 3(_1losﬂ
. 3T .
0

8 3

V= = —7a’. >

OOINJ

7.533. Haiitu 06beM Tesna, 0CHOBaHHE KOTOPOTO —- 06J1acTh I1LJIOC-
xocti Oy, OTpaHHYEHHAA acTPOMEOH T = acos®t, y = asin’t, a
CEUEeHHUE II0CKOCTBIO, NEPIEHIUKYIAPHON ocu O, ecTh KBALpAT.

7.534. Hafitu 00beM KIMHA, OTCEYEHHOrO OT NMPAMOI'0 KPYrOBOTO
LUUIMHAPA PANUYCa ¢ MIOCKOCTHIO, IPOXONALICH 1epe3 JHAMET)P 0CHO-
BAHUA MO yIIOM (¢ K IIOCKOCTH OCHOBAHHA.

7.535. Haittu obbem temna, 0bpazoBaHHOro BpallleHueM BOKpYT OCH
Oz (urypsl, OrpaHHYEHHOM AHHUAME 2y = 2> u 2¢ + 2y ~ 3 = 0.
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7.536. Haitru 06neM rena, 00pa3oBaHHOI'O BPAILCHUEM BOKDPYT OCIL
Oz QUrypHI, OPAHHMCHHON IUHUAME § = e~ 2% — 1, 3 = ¢ 7 - 1.
7.537. Haittu 06bem Teaa, 06pa3oBaHHOTO BPALIEHUEM BOKpPYT u¢H
Oy Qurypsl, OrpaHUYeHHOR JMHUSAME Y = T, y = & -+ sin’z (0 <
<z 7).

7.538. Haittu obnem rea, oiipazaoxaaHHoro2 BpAIlleHUEM BOKPYT 0CHU

Oy ¢urypsl, OrpaHUYeHHON IUHUAMU Y = % +2z+2uy=2.

7.539. Haittu o6bem Tena, 06pa3oBaHHOro BpailleHUEM Iapabonn-
YeCKOr0 CErMEHTA C OCHOBAHUEM 2a M BBICOTOH /i BOKPYT BHICOTHI.

7.540. Haittu o6bems! Tes, 06pa3oBaHHLIX BpalleHieM (QUiypni,
orpaHmYeHHOM Kpupoit T = at?, y = alnt (@ > 0) u ocamu roopiu-
uat, Bokpyr: a) ocu Ox; 6) ocu Oy.

7.541. Haittir 061bem tena, 06pa3oBaHHOTO BPAILICHMCM BORPYL OCH
Ox durypsl, OrpaHUYEHHON KPUBOM T = acost, Yy = asint u ocnio
Oz (0 <z <a).

7.542. Haitru obbem tena, 06pa3oBaHHOrO BPALICHHUEM ACTPOIIi
T =acos’t, y = asin®t Bokpyr mpaMoit T = a.

7.543. Haittu 06beM Tena, 06pa3oBaHHOTO BPALICHUEM LPHBOi 7 =
= @ sin’  BOKPYT MOMAPHOM OCH.

7.544. Haittu obbem rtesta, 06pasoBAHHOTO BPAINCHHMEM JICMIAC-
KaThI 72 = a’ S 2¢0 BOKPYT MOIAPHOIT OCH.

7.545*. Haitru 06beM tesa, 00pasoBaHHOIO BPALICHHCM BOEDYT 0CL

. sinz
Oz (Qurypsl, OrpaHMYEHHON KPUBOH Yy = —, W OoCh0 Oz.

§ 7. llpunomxenna onpexeseHHOr0 MHTErpajia
K PEIIeHVI0 HEKOTOPHIX 3aKad MEeXaHHKH ¥ (QU3WKN

1. MoMeHTBI M HEeHTPBI Mace IUI0CKUX KPUBBIX. Ecan nyra spusoit 3amana
ypasHenuem y = f(z), a < r < b, u umeer mioTHoCTL ) p = p(x), 70
CTATHYECKHC MOMEHTHI 3108 nyru M, u M, O0THOCHTENIPHO KOOBZIHATHLIY
oceit Ox u Oy COOTBETCTBEHHO PABHBI

M = [ o) @)1+ (£1)* o,

ab
M, :/p(z)z 1+ (f'(2))? de,

') Beiony B 3ama’ax, roe IOTHOCTL HE YKA3aHA, MPEANOTATASTCA, UTO BPIBAT
onHOpoxHA n p = 1.
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MOMeHTHI uHepuuu I, n I, oTHOcuTembHO Tex e oceft O u Oy BeIYMCIA-
I0TCA 10 (opMyIaM

b

b —— e
L= [ @1 @) i, 1= [ et 1e (510) de,

a

A KOOpAMHATLI LEeHTPa MacC T U ¥ — no dopmyaaM

b
- %/ ’(m))2d:r,
b

:%/ D) f @)1+ (f(2))* da,

&l
Il

H

b
rme | -- macca ayru, T.c. | = /p(a:) 1+ (f’(z))2da:

a

Mpumep 1. Haditu cratnueckie MOMEHTH ¥ MOMEHTHI MHEPUMHU OTHO-
curenbHo oceit Ox u Oy nyru uendodt avvun y = chz npu 0 < =z < 1.

< Maeent: ' =shz, /1+ (y)2 = V1 +sh®z = chz. Crenosareasuo,

1 1
11
M, = /(,hz.cdx ]/(1-! ch2r)de = ! a:+lsh2:v = l(2+sh2),
. 2 2 2 o 4
0
1 1 1
My, = /wchxd’r =/a;d(sh:c) =;1:sha:I:)—-/shzdx:
0 0 0

=shl —ch.z'l;: shl—-chl+1,

1 1 3 !
Ir :/chg;cd.r :/(14-Sl12.1})ch$d33 = (shr-i— sh3z)
0 0

=sh1+%shSl

0

N b

1 1
1, = mzchxdxz/z?d(shm) :J;zsh.’clé—2/a¢shzda¢=
0

1 1
=shl- 2/ rd(cher) =shl~ (x Chx‘ /Lh.’lfd.’lf) =
0 0

=thl~-2enl+4 2shl=3shl~-2ckl. >

[=]
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Ilpumep 2. HaiiTu KOOPAMHATHI UEHTPA MacC AYTHU OKPYAMHOCTH T =
=acost, y = asint, pacnojomeHHON B NepBOil YeTBEPTH.

Ta Vs .
< Umeem: | = > 0<tg 5 T; = —asint, y; = acost,

V()2 + (y1)? = \ﬂl"’ sin?t + a2 cos?t = a.

Orciona nonyuaem:

w/2
a? / costdt = a? Sintlgﬂ: a?,

0
/2

M, = a® / sintdt = —a® costl"ﬁ: a?,

M

B npunomenuax 4acTo 0Ka3bIBAETCA MOJE3HOH CledyIoman

Teopema I'yabnena. Ilaowade noseprrocmu, 06pasosannoti epa-
wenuen dyzu naockot Kpueot sokpye ocu, aexcaweli 6 naockocmu dyeu u
ee ne nepecexarnuet, pasra nNpouzéedenuo daunbl dyeu Ha JAUNY OKPYHC-
HOCTNU, OTUCHIBAEMOT €€ YEHTNPOM MACC.

Ilpumep 3. Haiitu KOOPAMHATHI UEHTPA MACC MOMYOKPYRHOCTH y =
=+va? —z2.
< Beaencrsue cummerpun T = 0. Ilpu BpaiueHuu noayOKPYAHOCTH BOKPYT

ocu Oz momysaerca chepa, miIOmanh NOBEPXHOCTH KOTOpOi paBHa 4ma?, a
IJIMHA NOMYOKpymHocTH paBHA wa. Ilo Teopeme I'ynbmena umeem

4ma® = ma - 2717.
_  2a 2a
Otcroma § = p 1.e. uentp mMacc C nmeer koopauHartei C { 0, - >

7.546. Haiitu cratuyeckuit MoMeHT cuHycompsl y = sinz (0 <
< z £ 7) orHocureasHo ocu Oz.

7.547. Haitti crarrgeckuit MOMEHT ¥ MOMEHT WHEPUUU OTHOCH-
teabHo ocu Oz nyru kpusodt y = e* (0 <z < 1).

7.548. Haiitu cratvyecKu#i MOMEHT ¥ MOMEHT WHEpPINM OTHO-
cureapHo ocu Oz omHOM apku uukaIounbl z = a(t — sint), y =
= a(l — cost).

7.549. Haift cratuyeckuifi MOMEHT XU MOMEHT MHEPUUM MOJIY-
OKPYRHOCTH Paguyca a OTHOCUTEJILHO ee HUAMETpa.

7.550. Haiitu cratudeckuie MOMeHTBI OTHOCUTEIbHO Ocedt Oz u Oy
BCEU IYTY OKPYKHOCTH T = 2@ COS (p, JerARaleil BhIle TOJIAPHOHK 0CH.



180 I'n. 7. WuTerpaabHoc HCIUCACHHC (PyHKIMH OJHOR TEPCMEHHOH

7.551. Haiftu ueHTp Macc myrd HMENHOM JMHUM Y = achz (0 <
<z <a). .

7.552. Haiitu ueHTp Macc Bceil Iyru acTpOMIBI T = G COSSt, y =
= asin® ¢, pacnonomenHoit suime ocu OT.

7.553. Haittu mexaproBbl KOODIMHATLI HCHTPA MACC AYI'U KApIHO-
umet 7 = a(l +cosp) (0 < p < 7).

7.554. llonnaysacs teopemoit 'yanmena, HafiTy HCHTP Mace IOyTu
acTpoumbl T = a.cosS t, y = asin’® ¢, Temarcit B ICPBOK YCTBEPTH.

2. Qusnueckue 3agauwd. HCKOTOpPbIE IPUMCHEHUS ONPEICICHHOTO HHTC-
rpaja mpH PEHIEHUH (PU3MYECKUX 334a4 MILUTIOCTPUPYIOTCA HURE B IpUMe-
pax 4-7.

Mpumep 4. CropocTh NPAMONMHCHHOIO ABMREHUA TCJIA BBIPARACTCA
dopmynoit v = 2t + 3t2 (m/c¢). Hafitu nyTh, mpoHACHHBIN TCIOM 32 HC OT
HAvana IBUKCHHA.
< Tar ®ak nyTn, NpORIEHHDBI TCIOM CO CKOPOCTHIO U(t) 33 0OTPE30L BpeMeHU
[t15 t2], BBIpamaeTcA nHTErpaAIOM

TO UMCEM:
5

S = /(2t +3t%)dt = (t* + t3)|z= 150 M. 1>
0

Ipuscp 5. Haxywo pabory HeobxomuMmo 3aTpaTHThb MJA TOTO, YTOOLI
TEJI0 MACCHI N TOMHATD ¢ IIOBEPXHOCTH 3eMIIM, paguyc KoTopoit 1, Ha BLICOTY
h? Yemy pasHa paboTa, €C/IM TENO yHAIAETCA B 0ECKOHEYHOCTH?
< Pa6ora nepemennoii cuast f(r), neficrsyromeil sroas ocn Ox Ha 0Tpe3Ke
[a, b], BBIpamaerca nHTErpaIOM

A:/bf(:':)do:.

CornmacHo 3aKOHY BCEMMPHOTO TATOTEHMA cuia F', ITeHCTBYWOLIaA Ha TEJI0
Macchl M, paBHA

rne M — macca 3emiu, 7 — PacCTOAHME MAacChl 11 0T NEeHTpa 3eMiu, k —
IPaBUTAUMOHHAA TOCTOAHHAA. Tak KAk Ha IOBEPXHOCTH 3€MJIM, T.e. NpH
mM

R?

r = R, umeem F' = mg, T0 MOMeM 3anucath mg = k . Orcropa Haxomum
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kM = gR?, a noromy
R2
F= mqﬁ

CiemoBaTenbHO, MCKOMarl paboTa paBHA

R+-h R+h d 1 R+h b

A= [ Fdr= 2 U R (=2 = moR—1
/ r / mgR = mygR ( r) . ngR+h
R R

Ozcrona npu h — 400 uMecm

lim A=mgR. >

h—+co

Ipumep 6. Beluncants KUHETHYECKYIO HEPTUI0 ONHOPOIHOTO KPYro-
BOr0 KOHYCA, BPAILAIOLIErOCsA C YIJIOBOM CX0- r R
POCTBbI0 w BOKPYT CBOEH OCH, €CJM 3aJaHbI D l
panuyc ocHoBaHuAa kouyca R, Boicora H u 4 8
TIOTHOCTL . drlle

< KuHetuueckas 3Heprua Tena, BpAIIAIOLLE- h
TOCA BOKPYI HEKOTOPOIH OCH C YITIOBOI CKOpO-

CTHIO W, paBHa 51«.02, roe I — MOMEHT uHep-

U Tela OTHOCUTENBHO OCH BpalleHuA. 3a
37€MEHTApHYI0 Maccy dm IpUMEM Maccy 0
000 WUJIMHAPA BLICOTBI A C BHYTPEHHUM

! d 24 Puc. 24
pamMycoM T ¥ TOJLUMHON cTeHOK dr (puc. 24).
Torma dm = 2nrhydr (0 < r £ R). U3 nopobua tpeyrompuusos OCD u
OAB mcem

H-h

%:T’ T.€. h:H(l—%).

CnenosartenbHo,
dm = 2ryH (1 - }I—%) rdr,

U 3JeMeHTAPHBIN MOMEHT unepuuu dl pasex
r
dl = dm -r* = 2nyH (1 - E) 3 dr.

Taxum 06pa3oM, MOMEHT MHEPIUH BCEr0 KOHYCA €CTh

R

R
— - _ I\ g = RU_EBN _ 1 o
I—/d[—/Z?T’}’H(l R)r dr-27r'yH<4 3 —10,1/HR,
0 0
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U KHMHEeTu'CCKasa YHEPrusa KOHYyCa paBHa
1
20

Mpumep 7. C raxo#t cUION AUAKOCTH INIOTHOCTH Y OABHT HA BEpTU-
KaJILHYI0 TPEYroabHYIO IJIACTUHY C OCHOBAHUEM a M BHICOTOH h, morpymen-

K ryHRYW? >

a HYI0 B UIKOCTh BEPLIMHON BHU3 TaK,
YTO OCHOBaHME HAXOMUTCA HA ee IOBepX-
- B —» HocTu?
" Y < Corntacuo 3axony Ilackana cuia P, c
b KOTOPOH MUAKOCTH MJIOTHOCTYH 7Y AABUT
S N e /2 Ha mwiowanky S npu raybune morpyske-
K] uua H, pasHa
C P =~gHS.
Xy

BBoma cuctemy koopmMHAT, IOKa-

Puc. 25 3aHHYI0 Ha puUC. 25, PAacCMOTPUM 3Je-

MEHTapHY0 NPAMOYTOIbHYI0 IIOWIANKY,

HAXOOALIYIOCA Ha [iybuHe T ¥ MMeLylo ocHOBaHue b u Boicory dz. M3
nonobusa Tpeyroabuuios CAB u CDE umeeM

b h-=z a
o= Te b—ﬁ(h—z),

CJIed0BATEJIbHO,

dS = bdz = %(h —2)dz, dP =~ygzdS = 79’:”@ - z)dz.

Taxum o0pa3omM, cuiIa KABAEHHA AMUAKOCTU HA BCIO INIACTUHY paBHA

h
= [ap =29 [ oh—zyae = 290 (22 _ Y _ ygak?
P-—/dP— z(h—z)dz = W (2 3 )= "6

7.555. Cropocts Tena, 6POILIEHHOr0 BEPTUKAILHO BBEPX C HaYalb-
HOH CKOPOCTBIO Vg, 0€3 yduera CONPOTHUBIEHWA BO3IyXa paBHA ¥ =
= vp — gt, rme ¢t — mporexuiee BpeMdA, g — YCKOpEHHe CBOOOIHOTO
nageHuda. Ha Kakylo MarCHMaibHYIO BBICOTY HOOHUMAETCH TEJO?

7.556. Toura ocu Oz coBepiIaeT rapMOHHYECKHE KOJAEOAHUA OKOIIO
Havajia KOOPAMHAT CO CKOPOCTBIO ¥ = Vg €os (wt + ), rne t — Bpewms,
Vg, W, @ — nocroanHpie. HaitTu 3aKoH xonebaHuA TOUKHM M CpenHee
3HaYeHHE aDCOMIOTHON BEJHMYMHBI CKOPOCTH 32 IEPHOI KoJebaHMii.

7.557. ]IBa Tena mBUKYTCA MO OMHON| M TON ke MPAMOI: mEpBOE
co cropocThio v = 3t2 — 4t (M/c), BTOPOE CO CKOPOCTBIO v =

= 4(t + 3) (m/c). Ecan B HavyaabHBIA MOMEHT OHHM OLLIM BMECTE, TO
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B KAKOIl MOMCHT M Ha KaKOM PACCTOAHWH 0T HAUANa JABHASCHMAS OHU
onATL OynyT BMecTe?

7.558. Cropocts mpwmenna touru v = 0,1t~ (m/c). Haiitu
myth, MTPOUACHHLIA TOUKON 0T Hayaia IBIKCHUA IO MOJHOR 0CTAHOBIM
(v(t2) = 0).

7.559*. axyro pabory nano aatparurh, UToOLI PACTAIYTL HpY-
muHy Ha 5cMm, cemi cua B 1 H pacrarusaer ce ma 1cem?

7.560. Boruuncnuts pabory, KOTOPYH HAmO 3aTPATHTL, UTOOLI HAa-
CBINATH Ky4y ICCLA KOHUYecKod ()OPMBI C pamuycoM OCHOBAHUA R u
seicoroit H. IlmorHocTn mecka 7.

7.561. Boruucanrs paboTy, KOTOPYI HAKO 3ATPATUThH, UTOOLI BLI-
KAUaTL RUIKOCTL IIOTHOCTH Y U3 KOWIA, UMeonero Gopmy napabo-
JIOUIA BpAIUCHHs, 06paICHHOr0 Bepmrioi BBepx. Pamuyc ocroBanus
IR, Buicora H.

7.562. Brruucnurs pabory, KOTOPYIO Hag0 3aTPATUTEL PU NOCTPOii-
KC MTUPAMUIBI ¢ KBALPATHLIM 0CHOBAHKEM, CCIIM BLICOTA mUpamMunnt H,
CTOPOHA OCHOBAHMNA @, IIOTHOCTh MATEPUATA 7.

7.563. Boruucauth pabory, KOTOPYIO HANO 3aTPATUThL, "ITOOLI BLI-
KaYaTh JRUMKOCTL MIOTHOCTH Y M3 pPE3CPByapa, UMEOINero Qopmy
IOHYca, oNPAIICHHOro BeplunHOW ppepx. Pamuyc ocuosauna IR, BLI-
cora H.

7.564. Boruncautn pabory, KoTopy HALO 3aTPATHTL, YTOOLI BLI-
RAMATH KMAKOCTH IUIVTHOCTH Y U3 MUCTCPHLI, OTPAHMICHHON MOBEpX-
nocTAMI: - = 2pz, = +a, z=1p (p>0).

7.565%. JuenTpuucckuit 3apam ep, COCPETOTOYCHHLIN B HAYAJC
KOODIMHAT, OTTAaXKMBacT 3apsi ¢ uzd Touru (a, 0) B Touxy (b, 0).
Oupeuenurn pabory A cuint orranwusanua /7. Yemy pasua padora
MPH yIA.JICHUU 3apAga € i GCCROHEIHOCTL ?

7.566. I[Hmmnp ¢ NOABIJRHBIM IOPLIHCM 3ANOJHCH HapoM 00h-
ema Vo = 0,22 ¢ ynpyroernio py = 10330H /M2, Kaxyio paGory
HAIO BATPATHTL, T100LI MPH MOCTOAHHOM TeMIcpaType (M30TCpMuUtIc-
CRUMH npouu‘*) 00LCM Tapa yMEHBIIMTL B 2 pasa’

7.567*. OnpeacnnTs pabory, IPOU3BCIAECHHYIO TPU dnnaﬁaﬂ/moucom
CIRATIIIT BO3YXa, UMEIOILCTO Haqam,ﬂmc obbem Vo = 8M® u napienue
po = 10000 H/m? 5o obLena Vi = 2m°.

7.568. Hatitu xunernyCCKy0 YHCPTUIO OXHOPOAHOLO IIapa paauyca
R » mnorHocTH 7y, BPALLIGIOILErOCA ¢ YIIOBOM CKOPOCTHIO W BOKPYL
CBOCTO IMAMCTPA.

7.569. HaiiTu KMHETUYCCKYIO 9HEPTUIO IACTHHEKY, UMEIOIEH (hop-
My HapaboaHtICcKoro cerMenTa i BPAIIAOLICHCA BOKPYT 0CH mapadosnt
¢ MOCTOAIHON YII0Boi CKOPOCTHIO w. OCHOBAHUC CEIMEHTA @, BLICOTA
I, TOMIUMHA MTACTUHKYN , JIOTHOCTH MATCPUATA 7.

7.570. Hadttu KUHCTIUCCKYH) SHCPIUIO TPEYTOILHONM IJIACTHHEM,
BPAIIAOIICHCA BOKPYL OCHOBAHMSA C YIVIUBOL CHOPOCTLIO w. (JcHoBanUE
IUFRCTHHEM 1, BLICOTA N, TOJXIUUHA [, WIOTHOCTD 7.
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7.571. HaitTu xuHCTHYECKYIO SHEPIUI0 OXHOPOJHOr0 KPyronoro nu-
JAMHIpA MIOTHOCTH Y C paguycoM ocHoBauua R u nnicoroit H, npamta-
I00IETOCA € YINIOBOH CKOPOCTLIO w BOKPYLI' CBOCH GCH.

7.572. C xaxoif CwJIOH MUAKOCTH IJIOTHOCTH 7y JABUT HA BCPTH-
KaJIbHYI0 TPEYroNbHYH IUIACTHHEY ¢ OCHOBAHHEM G W BBICOTOH A,
HOrPY/KCHHYIO B HCE TAK, ITO BEPIINHA HAXOTUTCA HA MOBCPXHOCTH, A
0CHOBAaHUE MApPAJLIENbHO TOBEPXHOCTH !

7.573. Koneu tpy0pl, HOrpyReHHON B MUIKOCTL IJIOTHOCTH 7, 3a-
KPBIT KPyrao# 3acmoHkoft. OnpenenuTs cuiy HaBieHusA Ha 3acIOHKY,
ccau cc panuyc R, a ueHTp Haxonutca Ha raybune H.

7.574. Haiti cuity, ¢ KOTOPOit JKMIKOCTH IUIOTHOCTH Y JABHUT HA
BCPTHKAJILHYH CTCHKY, UMEIOLIYI0 ()OPMY TMOIYDIIUICA, GONBIIAA OCh
KOTOPOro0 HAXOOUTCA HA NOBCPXHOCTH RUAKOCTH. BoOmbInas mosayoch
BILINICA ¢, MaJad b.

7.575. Haiiti cuny napiacHuA MUAKOCTH TUIOTHOCTH 7y, 3AIOTHAIO-
e KpPyroBoit UMAWHID, HA HOKOBLIE CTEHKH UMIMHIPA, €CIIM PATUyC
ocuoBanus R, poicora H.

7.576. Haittu maccy crepmua onuHLI | = 5M, ecnu JuHeHHAan

IUIOTHOCTDL CTCPARHA MeHAerca mo 3axoHy v = 1 4 0,123 (xr/m), rne
Z — PacCTOAHWE 0T OJHOr0 U3 KOHUOB CTEPKHA.

7.577*. Haittu ronuyecTso Temia, BLIAEIAEMOE NepCMEHHBIM TO-
roM [ = I coswt B TeteHue meprona 27 /w B IPOBOTHUKE € CONPOTH-
pieHueM R.

7.578*. 3a waroe BpeMsA BOIA, HANOJHAIOIIAA HUIMHAPUICCKMI
cocyn ¢ mromannio ocHopanna S = 100cm? u puicoroit H = 20c¢m,
BLITCUET Uepe3 OTBEPCTHC HA JHe IIomannio Sg = 1cm??

7.579**. IIpu ycTaHOBUBILIEMCA TAMUHAPHOM (CTPYHHOM) TEICHUU
RULKOCTH Iepe3 TPYOy KPYIJIOro CEYEHUs PaAnUyca @ CROPOCThL TeuC-
HHA U B TOUKC, HAXOAALICHCA HA PACCTOAHUU 7* OT 0CU TPyObl, gacTcaA
QopMmynoit v = 4—]/%(@2 —72), p — PA3HOCTL DABICHMI MHUIKOCTH HA
KOHIIAX TPYObI, )4 — BA3KOCTh JKUAKOCTH, | — pnuua Tpybni. Onmpe-
ICINTH PACKOR RUIKOCTH (), T.e. 00LEM RUAKOCTH, MPOTCKAOIIEH
Yepe3 MOmepevHoe cedeHne TpyObl B eMUHUIYY BPCMEHH.

7.580*. C waxoit cuioit monykonsuo pagmyca R u maccwt M npu-
TATUBACT MATEPHUATBLHYIO TOUKY 771, HAXOIALYIOCA B ero neHTpe?

7.581. 3a naxoe BpeMsA BOJA BbITEYET M3 KOHUYECKON BOPOHKH,
umeronreit seicory H = 50 cM, paguyc BepxHero ocHopauua IR = 5o,
pamuyc HuHEro ocHosaua 7 = 0,2 cm?

7.582. Ompenenuth pacxoll KUOKOCTH Yepe3 BOLOCIUB TPAMOY-
rOMBHOTO cedeHudA. Bricora Bomocnusa h, IMPHHA 4, BABKOCTL MRUI-
KOCTH /.
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JTVOOEPEHIUATBHOE HCUACIEHUE OYHEIUHI
BECROJIbKEHUX NEPEMEHHBIX

§ 1. OcHoBHbIE MOHATHA

1. HoHATHA QYHRIMH HeCKOIBKMX IepeMeHHBIX. Bcanuii  ynopsamo-
uyeHHbI Habop M3 7 HEHCTBUTENbHBIX YUCCd Ty, ..., I, ODO3Hauaerca
(z1, ..., ) nam P(xy, ..., Tp) U HAa3LIBACTCA TOYKOH N-MEPHOTO apUpMe-
THMeCKOro npocrpancrsa R™, yucaa z1, .. ., &, Ha3LIBAIOTCA KOOPAMHATAMU
rouku P = P(zq, ..., x,). Paccronune memuny tousamu Pz, ..., T,) 1
P'(zy, ..., z},) onpeneaserca $hopmymnoi

p(P, P') = \Jlar —2)? 4.+ (2n — 2)2.

Ilycts D C R™ — npon3BojibHOE MHOKECTBO TOYEK N-MEPHOTO apudmMe-
THYECKOT0 MPOCTPAHCTBEA. Ecau wampo#t touwe P(zy,...,z,) € D
HOCTABICHO B COOTBCTCTBUE HEKOTOPOE BISIHE ONPENCICHHOC IeHCTBU-
teabHoe uucao f(P) = f(zy, ..., T,), TO TOBOPAT, 4T0 HA MHOKeCTBE [
3amaHa wucaosas Pywkyus f: R™ — R 0T N OCPpEMEHHLIX X1, ..., T,.
Muomectso D HasbiBacTea 006aCThI0 ONpPENENEHUA. a MHOmecTBo E =
={u € R|u= f(P), P € D} — obnacrpio 3HaucHuii pynruun u = f(1).

B wactaoMm cayuae n = 2 dyHruua nByX nepemeHsbiXx z = f(z, y) Mo-
/ReT PACCMATPUBATLCA Kak (QYHKUUA TOYEK IUIOCKOCTH B TPEXMCPHOM Teo-
METPUTECKOM IPOCTPAHCTBE € GUKCUPOBAHHON CHCTEMOH koopauHat Ozyz.
IpaduroM 3T0# QyHKUNN HA3BLIBACTCA MHOKECTBO TOYECH

I'= {('E, Y, Z) GRB‘sz(:)j’ y)}’

npencTasaAwmee coboit, BOOBIE TOBOPA, HEKOTOPYIO MOBEPXHOCTL B R3,
Hpuriep 1. Haittu ob6aacts onpeneincHus GyHKOUN

.l
2z = arcsin 2.
T
< OyHiuua oupeaeaeHa mpu

-1

N
‘D—‘

x # 0.

8 |<



186 I'1.8. Aupepenn. uctucacHue GyHKUUH HECKOABKHX TICPEMCHHBIX

Caeposarenvho, —t < y < zopuz > 0wz <y € —z opu z < 0.
O6nacts onpencaeHua GyHRouu u306pamena na puc. 26 (COLCPARUT rpaHULLI,
33 HCIJTIOYEHMEM Hayajla KOOpIMHAT). D>

2 2
Hpuwmep 2. Uyers f(z, y) = -y
LY
Hatttn f(37 —2)> f(y$ ilf), f (l: l) .
z’y
Y <1 Unmeem:
32 — (2% 5
3, -2 = ——— = ——,
2 _ .2
=L "
Prc. 26 Hy. =) = —
11N (2 = (1)y)? _y*—2?
- == = =-—-JlT, . D
1(03) =M = e = e

8.1. Bripasurtsb maomans S TPEYroJbHUKA Kak (QYHKIIMIO IJIKHH IBY X
CTO CTOPOH T M Y, CCAM C€ro nepumerp paseH 2p. Haiitu obnacto
ONIPCHCHACHHA 3TOU (PYyHKIUM.

8.2. BuipasuTs o6beM V' KpyroBoro woHyca Kak (GyHKIUIO IIOIALT
S ero 60r0BOM MOBEPXHOCTH U IIKMHLL | obpasyronteit. Haittu obracThb
OIpCICAEHUA 9TOM PYHKIMU.

8.3. Bripasurs miomans S paBHOGOYHON Tpanenuyu Kak ()yHKIUIO
IUIMH €€ CTOPOH, eCJIH 2 U Y — JIMHDL OCHOBAHUIi, z — MJIMHa 60KOBOM
croponsl. Haiity obaacts ompemenenusa 3Toi GpyHEIUM.

Haiit obnactu onpenenenua ¢yHruuii nsyx mepeMenseix (R =
= const):

84.z2=+/R>—22—y? 85.z=+/22+y2— R2.

1 1

8.6. z = — 8. =
VR — 22 —q? m—RQ

2 3y —1 _

88. r= 2 V"1 g9 .=\ /1— (@ +y)

T —y
2 2 _ .
8.10. z = In(—z — y). 8.11. z = Y z

2 — 2 — 92’

8.12. z = y /cos z. 8.13. z = /log, (22 + y2).

8.14. z = arccos - .
T4y
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8.15. 2 = /9 —x2 — 92 + /22 + 42 — 4.
8.16. z = a,rcsin;c—2 + arcsin (1 — y).
8.17. f(r, @) = ry/sinep. 8.18. f(r, ) = r/cos2¢p.
Haiitu obmactu onpenenenua QyHKUuil Tpex mepeMeHHLIX:

8.19. u = /22 + 92 + 22 — R?2 (R = const).

/2 2
8.20. u = arcsin ——I—il

z

8.21. u = In (1 — 2% — y? 4 22).

Haitti obnactu onpenenenusa GyHKIUA N EPEMEHHbBIX:
8.22. u=+/1-z3+ /1 —z+...+ /1 -z2

2 2 2
8.23.u=\/1—%—z—§— ~n
a; a3 an
2z -3
8.24. Jlana pyuruua f(z, y) = 3: 2?. Haiitu f(2, 1), f(1, 2),
L — 2y
f(3a 2)a f(a” a'), f(a, "a)'
2 .
8.25. Jlana ¢yuxuua f(z,y) = 2_24/5 Haiitu f(—3,4) u
T+ y

02

8.26. Haiitu f(z), ecan f (%) = —M (

z > 0).

T
8.27. llycrs z = x + y + f(z — y). Haittu dysrunn f u 2, eciuu
z=2z?mpu y = 0.

8.28**. Haitru f(z, y), eciu f (w +y, %) =% —y2.

8.29. Jlannr dyuxuun: f(z,y) = 22 + y%, o(z, y) = 22 — %
Haitru: a) f(o(z, y), °); 6) o(f(z, y), oz, v)).

8.30. anpr Gyuruuu: o(z, y) = e*cosy, ¥(z,y) = " siny.
Honasa*rg:

a) ¢’ (z, y) — ¥*(z, y) = (22, 2);

6) 2¢(z, y)(z, y) = ¥(2z, 2y).

8.31. aus! dynsmun: f(z, y) = 22 — y2%, o(z) = cosz, P(z) =
= sinz. Hattru: a) f(p(z), ¥(x)); 6) o(f(z, y))-

2. lpenen n mempepsmHocTh dymrmum. Yucnmo A naswisactca mpede-

aom dyusuuu u = f(P) npu crpemacuuu tousu P(zy, T2, ..., T,) K TOURe
Py(a,, as, ..., a,), ecan naa moboro € > 0 cywecrsyer takoe § > 0, 410 na
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ycJI0BUA

0<p(P,Py)=+/(z1 —a1)?+ ...+ (zn —an)? <6

caenyer
|f(.’L’1,.’L’2, SR .’L'")"Al <Ee.

IIpu srom muyr:
A= lim f(P)= lim f(zy,z2, ..., Tp).

P—FPy r1—a1
I2—az

Tn—an

2 2
¢ —1
— 5 npereanpuz — 0,
e +y

Ilpumep 3. Boracuuts, uMeer i GyHKIMA —

y — 07
< lycrts Touwa P(z, y) ctpemurca k touse Pp(0, 0). Pacemorpum namene-
Hue T u y Buoab npamoll y = kz. Ioayvyaem

i SV gy SR 1ok 1R
20 .’L’2+y2_z—~>0$2+k2562_z—>01+k2_1+k2'
y—r

PesyanTaT MMeer pasiuyYHbLIE 3HAYEHHA B 3aBUCHMOCTH OT BBIOpAHHOrO k, U
n03TOMy (BYHKIMA Ipeneia He UMeeT. [
Oyuruua u = f(P) nasbiaerca wenpepvisnot 6 mouxe Py, eciu BbI-
HOJTHEHBI CJIEAYIOIIME TP YCIOBUA:
1) ¢yuruua f(P) onpeneneHa B Touxe Fo;
2) cywecteyer lim f(P);
P—-}P()

3) Jim, f(P) = f(Po).

DyHKUMA HA3BIBACTCA HENPEPbLIBHOT 6 064aCTNU, eCIH OHA HEeNpepbIBHA
B KaRIOM Touke 910l obnactu. Ecau B Touke Py X0TsA 6bI OOHO U3 YCJIOBU
1)-3) napyeno, 10 Py HasbiBaerca Toukoit paspeisa ¢oyusuuu f(P). Tousu
Pa3pbIBA MOTYT OBITH U30JIUPOBAHHBIMY, 00PA30BBLIBATH JTUHUH Pa3pPbIBa, 110~
BEPXHOCTH Pa3pbiBa U T. I.

Mpumep 4. Haittu Touku paspbiBa GyHKIUM
1—-ayz
u = —_—.
2c+3y—-2+4

< OyHKOUA HE ONPEHENeHA B TOUKAX, B KOTOPHIX 3HAMEHATCNIb 0OPaIaeTca
B Hynb. [[03TOMy OHa HMeeT MOBECPXHOCTb PaapbiBa — ILUIOCKOCTh 2T + 3y —
—24+4=0p>

Haittn nupenensr: .
8.32. lim 2y 8.33. lim Y

250 3—VTYy+9 o0 TY

y—0 y—0
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. sinz ) s
8.34. lim ——2Y 8.35. lim (1 + a2+ y2)l/@+v),
z—0 Y =0
y—0 y—0
8.36. lim (x? 4+ 4?)sin .
00 z2 + y2
y—00
8.37. llowazats, yro mpu « — 0 u y — 0 Qyurnua z = o
y—x

MOKCT CTPCMUTLCA K JHboMy npeneidy. IIpuBecTH mpuMepnI TAKOTO
npubammenua rousu (z, y) & toure (0, 0), mpu woropom limz = 3,
limz =2, limz =1, limz = -2.

-y
He CyIIecTByer
T+y y y

8.38. Ilokazars, uto mia pyusunu f(z, y) =

lim f(z, y), BBIMMCAUB OBTOPHBIE MPCICIILI

z—0
y—0

z—0 y—0 \z—0

lim (hm f(z, y)) lim <hm f(z, y))
z?y?
2?y? + (z — y)?

CYILIECTBYIOT M PABHBI MEAAY €000 MOBTOPHbLIE IPEACILI

lim (hmf( )) = lim (lim /(z, 3)) =0,

8.39. llokasatn, uyro miaa Qyukuuu f(z,y) =

tem He Meree lim  f(z, y) He cyumiecTyer.

z—0
y—0

8.40. Briacuuts, umeer mu Gyuxmua sinln (2! + y?) npenen npu
z—=0, y—07?

z? + ¢t
8.41. BriacuuTn, umeer mu HyHRIUA R Tpenes Ipu T — 00,
T Y
y — oo
8.42*. llorazaTh, 10 QyHKIMA
2
Yy 2,2
——, eccnu z° + 0
fe ) ={ Fr g 7o
0, ectu =9y =20
B Toukc (0, 0) HempepbIBHA BIOAL KAMIOr0 Jyda = = ¢COS,

y = tsina (0 < ¢ < +00), NPOXONAILIETO YEpe3 3Ty TOUKY, T.e€.
}in(l)f(t cosa, tsina) = f(0, 0), onHako 3ra (yHKUUA HE ABIACTCA
—

senpepsisHOi B Touke (0, 0).
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8.43. Ilorasarn, uro B Touke (0, 0) caenmyromue QyHKIMHM Hempe-
PBIBHBI 10 KazkI0il U3 HepEMEHHBIX T U Y, HO Pa3PHIBHLI 110 COBOKYII-
HOCTH NepPeMEeHHBIX:

4 2, .2
a) f(z, y):{(x2+y2>2’ com LAY 70,
0, ecmn =y =0
r-y 2, .2
0) o, 1) = @ryp TV O
0, eciu z=y=0.

Haiitu Touku pa3pbiBa QyHKIUIA ABYX mepeMEHHBIX:

1 1
8.44. z = . 845 2= .
(z-1)2%2+ (y+1)2 sin? 7z + sin 7y
1
8.46. z = ——. 8.47. z = In(1 — z2 — 4?).
sinz siny
2 2
848. 2= —2 U
(z+y)(y* —2)
8.49. z = 1

(22 +y2 - 1) (a2 -2 - 1)

Haittu Toyku pasppiBa PyHKIOUI Tpex NepeMeHHBIX:

1 1
8.50. u = —. 8.51. u = .
TYz (z2/a?) + (y?/6%) + (22/c?) — 1
1 1
8.52. u = 77—, 8.53. u = .
22 + y2 — 22 22 +y2— 22— 1
1
8.54. u = .
z2+y2—-22+1
3. Yacrusie npomssomnsie. lIycts (zy, ..., Tk, ..., Tn) — NPOU3BOIbHAA
(bMKCUPOBAHHAA TOYKA U3 001acTH onpeneneHua GyHkuuu u = f(zy, - .., Tn).
NIpunasaa 3navenunto nepemensoit zx (kK = 1, 2, ..., n) npupawmenue Azy,
PaccMOTpUM Openen -
I flxy, oo sz + Axgy ooy z0) — flZ1, oo 5 Thy -, Tn)
im .
Azp—0 A:I:k

Jdror mpenmesn Ha3bIBAETCA uwacmuol npoussodnot (1-20 nopadxa) nanHOH

u
(GOyHKOUM O IEepeMeHHoH Ty, B Touke (Ty, ..., Tn) U 0003HAYaETCA —— HMIH

Ba;k
f;k(.’l:l, ceey :En).
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YacTHbIC 1pPON3BOIHBIC BBIYUCIAKTCA M0 00bIUHBIM NPAaBHIaM U GOPMY-
aaMm nuddepeHurposadua (IpU 3TOM BCE MEPEMEHHbIE, KDOME If, paccMa-
TPUBAKOTCA KAK MOCTOAHHBIE).

Mpumep 5. Hatitu yacTHbic npon3sogHbie QyHKIMH
)
z = arctg =.
x
<« CunTasa y NoCTOAHHOMN, MOIyIUM

0 . !
5. = Trurer C8) = wh

2
Curras T MOCTOAHHON, MOIyYUM

QE_ 1 1 I
oy T+ yors Pty

Oyusmua u = f(zq, 22, ..., Tp) HA3LIBACTICA 00HOPOOROT (DyHKILEH
CTENEHH 71, eCId JIIA JMboro meicTBuTenbHoro uucna ¢ # 0 cnpasemnauBo
PaBEHCTBO

ftxy, txa, ... ten) =t™ - f(z1, 22, ..., Ty).
Ecan oguoponnan crencHu m ¢yHxoma u = f(xy, T2, ..., Tp) UMEET

YaCTHbIE MPOU3BOOHAIC N0 KAMIOH U3 NMEPEMCHHBIX, TO BBIMOJHACTCA COOT-
HoweHnue (TeopeMa Jitaepa)

xyfy (@, @2, oo, ap) F T2 fr (T, To, oL, T)
vt anfy (x1, 2y oo, wn) =mf(Ty, 22, o, T).
Mpumep 6. Mposeputs Teopemy Jiinepa, eciu
f(z,y) = Az® + 2Bxy + Cy>.
< Umeem
fltz, ty) = A(tz)? + 2B(tz)(ty) + C(tw)* = £ f(z, y).
CrncuaoBatenso, m = 2;
fo(x, y) = 2(Ax + By), f,(r,y) =2(Bx + Cy),
zfy(x, y) +yf,(x, y) = 22(Az + By) + 2y(Be + Cy) = 2f(z, y). >
Tacmueimu npou3coonsimu 2 20 nopadss. yaxuwmiu = f(ry,.co....,2,)

HIA3BIBAKTCT YACTHLE MIDOUNMESHALIE 0T €€ "lCldblX NPOMsBO,UILIX NICP-
2000 noniiKka. HPOH:;BG,"LUI) 2OLTLGN0 GDARNA V0 OBIAYAK CCA CI2A Y IO
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1 -

0bpAzOM:

0 [ Ou 0%u "
- =52 = erzy (L1 T2y ooy Thy oy Tp),
k

axy (’)xk
0 [ Ou Pu ' (oa . . )
07’ d(l?k O.T]\,az[ T\ Ly L2y ooy Ly ooy LLy ooy Tp

171, d.
Anasoruyso OIIPEOCJIATCA U 0003HaYa0TCA YaCTHBIE IIPOU3BOAHEIE ITU-

DA BLIIIE BTOPOLO.
P(3yapTAT MHOIOKPATHOrO OUQ(EpPEeHIUPOBAHNA (DYHKIII TI0 PasInt-

ALIM HCPCMEHHBIM HE 3aBHCHT OT 04epemHOCTH IuddepeHuMpoBaHiia npii
yCJIOBUH, YTO BOSHUKAIOLIME IIPY 3TOM (CMELIAHHbIe» YaCTHBIC NPOU3BOMI-
HLIC HeNpCpbIBHLL.

Mpunmep 7. Haittu yacTHbIC NpOM3BOAHBIE 2-T0 MOPAKA GVHKIMU 2 =
1
= arctg l.
< Mmeem (M. mpumep 5)
0z y 0z z
— = 1§ = .
oz z? +y? Oy 22 +y?

JlupepenunpyeM BTOPUYHO:

Oz_; o9 ( y 2y
0w Oz \ z2+y?) (22 +y2)?’

Pz D (_ Yy )__1-(m2+y2)—2y~y_ y? — 22

Sxdy oy \ z2 492 (22 +y?)? T (22 4 y2)2”
P8 T _l-(@*+y®) -2z y®-x?
dydr Oz \z>+y2) (22 + y2)2 T (22 +y?)?

( o . 8%z 0%z )

MDLI C C, 1 M, 4T = a A

MBI A1CCh %’)L;II/IJII Chb B TOM, 920y = 9y 03

Pz 8 T _ 2y
Oy \2*+y?) (@2 +y?)?
Haiitu yacTHDLIE NIPOU3BONHLIE 1-T0 U 2-T0 MOPALKOB 0T 3aTAHHLIX

Dy RN
8.55. z = 2° + y® — 5233, 8.56. z = zy + Z

8.57. 2 = ——mt . 8.58. z = ze~ V.
Va2 42
2
8.59. z = Y 8.60. » = y°.
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8.61. z = In (22 + y?). 8.62. z = arcsin -——y—~—
V2 +y?
1 z
863 U= —— . 864 u= (Tl) :
Va2 +y? + 22 T

8.65. u = zy’23t" + 3z —dy 4+ 22 —t + L.
8.66. Haitu f;(3,2), f;(3,2), fzz(3,2), fzy(3,2), fy,(3,2),
ceu f(z, y) = 23y + 2y? — 2z + 3y — 1.

8.67. Hatru f1(1,2), f1(1,2), fia(L,2), f4,(1,2), fi,(1,2),

12_'_,”2
ecnut f(z,y) = / e dt.
T
0%z 0%z
8.68. Ilokasarn, uTo = ——, ecau z = zsin (ax + by).
HASATE: 10 oz Jdy Oyox ( v)
0? 0%
8.69. Ilokasats, uro —i = ——z, eCJIu 2z = COS Y arccos E_
0rody Oyoz x z

8.70. Haiirn alrlclvx(oa 1)) g;y(oa l)a ;;,g,/y(()? 1)7 ;%y(oa 1)a ecaun
flz, y) = v,

8.71. Haii Ol ec 1 !
JALo HAWUTH (-~ JU U = In .
dz Dy OE In V(e =672+ (y—n)?
6
8.72. Haittu 5;3;?, ectn u = z°siny + y3sinz.
oPtay,
8.73. Haitru W’ eciu u = (z — x0)P(y — yo)Y.

B sazauax 8.74-8.77 nposeputh Teopemy Jdinepa 06 0OTHOPOTHBIX
HyHKIUAX.

8.74. 2 = 2% + a2y — 13 875 2= —21—.
z=x"+xy—y z $3—y3
8.76. z = arctg Y, 8.77. u = _a:_;l—_y_-|~_z_
X ‘3/x2+y2+z‘2
8.78. Buiuncaunrn
or Jdp 00
9y Oy 9y
or 0p 90|’
or 9y 00

cenu = rcosfcosy, y =rcosfsing, z=rsin.
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2
z 0z
8.79. HOI’(&BaTh, qyT0 (‘—‘) + —4+zx+2z= 0’ ecyIu 2 = 46"21/ +

Oz Jy
+ 2z +4y—3)e ¥V —z — 1.
ou Ou Ou 3
8.80. Iloxazarn, uTO - — 4 — = ———— cam u =
or Oy 0z T+y+z
= In (23 + 93 + 2% — 3zy2).
ou 0 ou Ou T —
8.81. IlonazaTn, qToa—:E-}-b—g 52—4--5Z =0, ectn u = z—zt/ +
t—zx
y—z

8.82. Ilorasats, uto byuruua u = Asin Az cos aAt ynoBierBopser
YpasHenu Koaebanutl cmpyHbl

0%u 9 8%u

— =a"=.
ot? 0x?
1 _(@==z0)?
8.83. Ilokazath, yTo QyHKUUA U = e 4e?t  ymoBiierBO-

2a\/7—r—t

PAET YPABHENUIO MENAONPOSOIHOCTU
a’u 262

=a .

ot 02

1
8.84. TlorkasaTs, uTo QyHKUMA U =

\/ (z—a)?2+(y —b)2 +(z —c)?

yanossersopAcT ypaskenulno Jlanaiaca
@ + 0%u + 0%u
0z2  0y? 022

8.85*. Ilorazarn, yro QyHKINA

Ty 9 . 9
———, ecmn z°+y° #£0,
f(=z, y):{

z2 4+ y?’
0, ectn z =y =0,
uMeer vacTHbIe npomssonnbe fi(z, y) u f,(z, y) B rouse (0, 0), xora
Y pa3pbIBHA B 9TOH TOYKE.
8.86*. IloxazaTn, uTo 41A QyHKIUU

2 2
- 2, .2
TYy——"5, ecau z° 41 0
fla,y) = g v #0,
0, eciu =y =0,

3HAUCHUE BTOPOM CMelaHHoW mpousnomnoit B rouse (0, 0) 3aBucur
or mopamka muddepenmuposanua, a umenxo: fy,(0,0) = —1,
" _

yz(O, 0) = 1.
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4. Tud ¢ epermman GpyHKUMYU U ero IpUMeHeHue. [J0AHbLM NPUPAUCHUCH
dyusuun v = f(xy, z2, ..., T,) B Touse P(z1, T2, ..., L), COOTBCTCTBYIO-
HIMM MPUPALIEHUAM apryMeHToB Az, AZs, ..., ATy, HA3LIBAETCA PA3HOCTh

Au= f(zy + Azy, w9 + Azo, ..., Ty + Azy) = f(T1, T2, ..., Ty).
Oyuruna u = f(P) naseiBaerca duPPepenyupyemot 8 toure (T, T, .. ., Ty,

€CIM BCIOLY B HEKOTOPON OKPEeCTHOCTH 3TOH TOYKM MOJHOE MPHUPAICHUC
(YHKRIMKM MOMKeT OBITL IPEACTABIEHO B BUAC

Au= AjAzy + AyAzy + ...+ AyAz, + o(p),

rie p = \/Az? + Az +...+ Ax2, Ay, Ay, ..., A, — uucaa, He 3aBuca-
mve ot Az, Axo, ..., Azy,.

Augpdepenyuason 1-20 nopadka du ¢pyusunun v = f(zy, T2, ..., Tp)
B TOuKe (Iy, T2, ..., Tn) HA3bIBACTCA [VIABHAA 4aCTh MOJHOTO MPUPAILCHUA

3T0fi (PYHKUMM B PacCMaTPUBAEMON TO4YKe, JIMHEHHAA OTHOCHUTCIBHO Axy,
Aza, ..., Azx,, T.e.

du= A1 Az + AsAzy + ...+ A, Az,

MuddeperHnnans He3aBUCUMEBIX MEPEMEHHBIX 110 OMPENEJIEeHHI0 MPUHHUMA-
FOTCA PaBHBIMHM MX IPUPALLEHMAM:

dzy = Axy, dxy = Axy, ..., dr, = Azx,.
IIna audepennuana ¢yuxuun u = f(zy, T2, ..., ) cupaseminsa Gop-
Myna
Ou ou Ou
du = —dz; + —dza + ... + —— dz,. 1
" O0xy o 0z, 2 0z, n )

DYHKIUM U, U HECKOJbKHUX MEePEMEHHBIX MONYMHAKTCA O0DBIYHBIM Mpa-
BUJIaM IU(QepeHINpOBaHUA:

d(u +v) = du+dv,
d(uv) = vdu +udv,

d (%) _ vduv—zudv.

Mpumep 8. Haittu nonnoe npupamenue u guddepeHnnan GyHKINUH
f(z, y) = 2%y » Toure (z, y).
q flz+ Az, y+ Ay) = (z + Az)?(y + Ay),

Af(z,y) = (z + Az)*(y + Ay) — 2’y =
= 2zyAz +2° Ay + 20820y + yAa® + Az’ Ay,
df(z, y) = 2zyAz + z°Ay. >
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Mpumep 9. Haitru nuddepenmuan GpyHsuun
z
f(xy g ) Z) = —f——
z? + 32
< 1-#t cnoco6. Umeem

of _ T2 of yz of 1

o @+PR Yy @+ 8z et

Ilo popmyse (1) monyuaem

df(:l), Y, Z) ==

4 1
% Y dy + dz =

dr —

@+ T @t YT E g

_(2® +yH)Pdz — z(xde + ydy)
- (x2 +y2)3/2 :

2-1 cmoco6. Ilpumenaa npasuia nudQepeHIupOBaHUA, HMeeM:

Vi +y?dz —z-dyx? +y?

df('lj, Y, Z) = $2 +y2
Vet +ytdz = 2(edr +ydy)/ (V2P +y?)

2?2 +y?
_ (2*+y?)dz — z(zda + y dy)
- (z2 +y2)3/2 )

Ipu nocrarouno Manom p = \/Az? + Az + ... + Az2 muia nuddepen-

uupyemodt byuwuun u = f(z1, T2, ..., Tn) UMEOT MECTO MNPUGIUKEHHDIE
paBeHCTBa
Au = du,
flzy + Axy, 2o + Az, ..., 2y + Azy,) =
~ f(xy, x2, ..., Tpn) +df (21, T2, ..., Tp).

Ipumep 10. Boruncants npubianmeHHO

V(4,05)2 + (3,07)2.

< HUckomoe uncno 6ynem paccMaTpuBaTh Kaik 3HaucHue GyHskuuu f(z, y) =

=z’ +y2npu z = 29 + Az, y = yo + Ay, ecniu zo = 4, yo = 3,
Az = 0,05, Ay = 0,07. Umeem:

f(4,3)=v42+32 =35,
rdxr 4+ ydy
Af(z,y) ~ df(, y) = “t=d,
vVt +y?
4-0,05+3-0,07

Af(4,3) ~ 3

~ 0,08.
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CrnemoBaresibHo,
V(4,05)% + (3,07)2 ~ 5+ 0,08 = 5,08. >
Judfepenyuatom 2-20 nopadxa d*u dynsmuu u = f(x,, T2, ..., Tn)
HasblBaercA muddepennuan or ec nuddepeHuuana 1-ro mopsagka, paccMa-
TPUBAEMOTO Kak QYHRIUMA NEPCMCHHDLIX T1, T2, . .., Ly IPU QUKCUPOBAHHBIX
suavenuax dry, dzo, ..., dz,:
d*u = d(du).
AnanoruuHo onpenenaerca audgepenuyan 3-ro nopamia:
du = d(d*u).
Boobuue,
d™u = d(d™ ).
Iud@epenunan m-ro mopamka Qyusuuu u = f(zy, z2, ..., T,) COE Zg,
29, ..., Tp — HE3aBHCUMbIE NIEPEMEHHbIE, BLIPAAAETCA CUMBOJIMYE CKOM (op-
MYJI0
a 8 a m
d"w=|=—dz; + —dza+ ...+ —dz, | u, (2)
Or xr) 0 8.’1311

KoTopad (OpPMaJbHO PACKPBIBAETCA 0 OMHOMHMAIBLHOMY 3aKOHY.

Hanpumep, B cayvae pynsuuu z = f(x, y) IByX HE3aBUCUMBIX ICpe-
MEHHBIX Z U Yy I0iA AuddEpeHunanoB 2-ro U 3-ro NOPAIKOB CIPARENINBbI
(opmynsl

22 0%z 0%z
d2z=5—-5d932+26x6 d1,'dy-|~(92 y2, (3)
3 _.arg_zd-S 3 9’z dz? dy + 3 &z dmd2+a—3zd1 4)
T e T8 YT o202 W T g3

Mpuwmep 11. Haitru d?z, ecn 2 = €%,
< Nmeem (no mpasuiam mud QpepeHIPOBAHYA)

dz = e*Vd(zy) = ¥ (ydx + z dy).

Tud pepeHurpyeM BTOPUYHO, yIUTHIBadA, yT0 dr u dy He 3ABUCAT OT T U Y
(r.e. cuuraa dz u dy HOCTOAHHBIMMU):

d?z = ™ d(zy) - (ydz + zdy) + ™V d(ydr + zdy) =
= e"(ydx + zdy)® + eV2dzdy = eV ((y dz + z dy)* + 2dx dy). >
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8.87. Haitru nonuoe npupamcHuc u nud epeHnuan GyHKIUU 2 =
=u? — gy + yg, ecau T uadMeHdaercsa or 2 0o 2,1, ay -——or 1 no 1,2.
8.88. Haiitu nonunoe npupamicuue u gud geperuuan GyHRIUUA 2 =

= lg (2% + y?), ecin = mamensacrea or 2 1o 2,1, a y — or 1 no 0,9.

Haittu nud)pepeHnmannt GyHRIUINA:

2
8.89. z=In(y + V22 +y?2). 8.90. z =tg Ly
z

8.91. z = Incos . 8.92. u = (zy)*.
Yy
8.93. f(x1, T2, 3, T4) = 27277 - Inzy.
8.94. Haiiru df (1, 2, 1), ecnu f(z, y, 2) = —22——2
v 4y

Boraucaurs npubiukeHHo:

8.95. (2,01)303, 8.96. \/(1,02)3 + (1,97)3.
8.97. sin 28° - cos 61°.

8.98. unuunpuueckuil cTakaH MMECT BHYTPEHHHE pasMepbl: pa-
nuyc ocHoBanua R = 2,5M, Beicory H = 4M U TONLINHY CTEHOK
[ = 1 oM. Haiitu npubnauxenHo 06LeM Marepuasna, 3aTpaveHHOr0 Ha
HM3TOTOBJICHUC CTAKAHA.

8.99. IIpamoyronbHbIH napasienenune] UMeeT U3MEPCHUA: a =
=2wMm, b=3M, ¢ =6m. Haiitu npubiaumenHo BeIMIUHY U3MEHCHUA
IUIVHBI TUATOHAIY HaPaJLICIeNHIIeNa, CCIHN ¢ YBEJIMIUTCA HA 2 €M, b —
Ha 1cM, a ¢ yMEHBIIUTCA HA 3 CM.

8.100. B yceucHunoM Kouyce pamuycnt ocHoBaHuit R = 20cm, r =
= 10cmM, Boicota h = 30cm. Kar mpubmumenno uameHurcsa o6nem
KOHyca, ecan R yBennuuTh Ha 2MM, 7 — Ha 3MM U h yMEHDLIIUTD
Ha 1 mmM?

Haititu nud dpepennuanst 1-ro 1 2-ro NOPALKOB CAEAYIOMUX (PyHK-
uuit (z, Yy, z -—— HE3aBUCUMBDIE IIEPEMEHHDIE):

8.101. z = 23 + 322y — ¢3. 8.102. z =

8.103. z = /12 + 2zy. 8.104. z = ———.
Vz? 4+ y?
8.105. 2 = (z + y)e™. 8.106. z = z1n 2.
xz

8.107. z = arctg

. 8.108. u = zy + yz + 2z.
Tty
8.109. u = e™V%.
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8.110. Haittu d3z, ecin z = e¥sin z.

8.111. Haitru d®u, ecim u = 23 + 92 + 23 — 3zyz.
8.112. Haiitu d®u, ecin v = In (z + y + 2).
8.113. Haittu d™u, ccmu u = e tbytez,

§ 2. Tud dhepeHnupoBanne CAORHBIX ¥ HEABHBIX (QyHRIMM

1. CromHbIe GyHKIM 0THON M HEeCKOILKUX He3aBUCHUMBIX IIep eMeHHbIX.
Ecnn w = f(zy, z2, ..., Tn) — muddepenunpyemas QyHKIUA TepCMEHHBIX
Ty, X2, ...y Lpn, KOTOPBIC CAMII ABIAICTCA I QEepeHINPYeMBIMU HYyHKINAMU
HE3aBUCUMON NepeMeHHOI] ¢:

1 =901(t)a T2 =<p2(t)1 ey .'L‘n:(pn(t),
TO mpou3BoAHaA caomHOM GyHruun u = f(p1(t), p2(t), ..., Yn(t)) BorUM-
caAeTcd 1o dpopmyrne
du ou dz; Ou dzx» ou dzxy,
v _udn | Gulh 1
dt Oz dt + Oz, dt et Oz, dt (1)

B wuacrHocTi, ecnn t coBmajaer, Hampumep, C NCPECMCHHOM I;, TO «II0J-
Hafg» NPOM3BOAHAA QYHKLMUH U [0 T, PAaBHA

du ou Ou c_l:c_g Ql_t_ %

_—= et — . 2
d.’L'l 8.’1)1 + a.Lz d:l)l + + Oa,n d.’l‘l ( )

du .
Mpumep 1. Haittu R e u = xyz, tme ¢ = t2 + 1, y = Int,
z =tgt.
< Mo dhopmyze (1) umeenm

du 2t + 1+T sec? t
— =yz -2t + 2= + 1Y - Se =
a Y ;T

(2 + 1) tgt

= 2tInttgt + +(t? 4+ 1) Intsec*t. >

0z dz )
Ipumep 2. Haittu 5, 1 oo e 2 =y*, rmey = ().

0z ,
< Nnieem pre y® Iny. o dopmyne (2) moayunm
i

d ; .
:l; =y’ lny+ay* ¢ (2). >
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Iycts v = f(zy, Ty ..., Tn), THC Ty = @1(t1, t2y ooy tm), Tp =
= (P2(t1, tay ooy tm), sy Inp = ‘pn(tly ta, ..oy tm) (tl, t2, ..., tm — He-
3aBucUMbIe nepeMeHHbIe). YacTHbie npousBoaHble GYHKUAU U 10 iy, ta, ...

.., tyn BBIPAKAIOTCA CJIEOYIOLIUM 00pPa30M:

Qu _ Qudzy | Oudzy - Ou Oz,

oty - Oz Oty Oxzy Oty Oz, Ot

Ou _ Oudzy | Oudry  — Oudzn

0t2 N 8:111 8t-3 0.’172 8f2 o 0.’1},; 0t2 ’ (3)
ou _Bi_c?ﬂ glaxg Ou Oz,

ot~ 0z oty T omotn, oz ot

Ilpu stom Beipamenue (1) us § 1 nna muddeperurana 1-ro mopagka coxpa-
HreT cBoit Bun (ceoticmeo unsapuawmuocmu @opmvl nepsozo Juddepen-
YuaLa)

ou Ju Ou

= —dr; + —dr2+ ...+ — dz,.
du 8:1:1 da‘1+a$€2 T2+ +0.’En de

Bripaskenua nna muddQepeHInanoB BBICIINX IOPAIKOB CIOARHON (yHK-
nuu, BooOIIe TOBOPA, OTIMYAKTCA OT BblpameHud Buga (2) us § 1.

Hanpumep, nud depennuan 2-ro nopAnka seIpa;raerca Gpopmyioit

2

d’u = (5%(1331+5§—d.’132+...+£d1'n) u+
1 02 n

ou ou ou
—— ¢ —d? .
+0$1 T + 52y d*zy + + oz,

d*z,. (4)

Hpumep 3. Haiitu dz u d?z, ecnu z = f(u, v), rme u = (2% — y?)/2,
v = zy.
< Nmeem dz = f) du + f,dv, roe du = zd2z — ydy, dv = ydz + zdy.
CaenoBaTenbHO,

dz = fy(zdz — ydy) + fi(ydz + zdy) = (af, +yf,) dz + (zf, — yf) dy.
HuddepenuyipyeM BTOPHYHO:

&z =d(f.) - du+ fl, - d(du) +d(f}) - dv + f,, - d(dv) =
= (fiu du+ fify dv)du+ fi, - dPu+ (1, du + f}), dv) dv + f; - &,
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roe d*u = dz* — dy?, d*v = 2dz dy. CacnobatesnnHo,

d*z = (fil,(xdz —ydy) + fi,(ydz + zdy)) (x dz — y dy) + fi(dz® — dy*) +
+ (fi,(xdz — ydy) + fly(ydz + zdy))(ydz + xdy) + f, - 2dzdy =
= f!' (vdz — ydy)* + f' (ydz + z dy)(x dx — ydy) + fl(dz® — dy?) +
+ f!' (zdx — ydy)(ydz + zdy) + £ (ydz + xdy)® + 2f. dzdy =
= f! (z*dz? — 2zydx dy + yPdy®) + 2f (zy(da® — dy?) +
+ (2% — yD) dzdy) + ! (y* da® + 2zy de dy + % dy®) + fL(d2? — dy?) +
F2fLdedy = (St 2yl R ) 2 S 07O

uv

-y uu+f )d.’Edy‘F(y wu 2.’Eyf1“,+$ f,)dy2 >

u

dz
8.114. Haittu e ccnn z = €227, rpe x = tgt, y =12 —t.

dz .
8.115. Haitru e ecia z = zY, rne x = Int, y = sint.

d
8.116. Haittu —f, ecau z = arctg Q’ ez =e2+1, y=e*—1.
T

8.117. Haittu ii}i, eI u = ¥z
dt T

0z d 1
8.118. Haittu 7 1 dz, ecin z = In (e + €¥), rme y = §$3 +x.

,tmez =el, y=1Int, z=1>—1.

0z dz z+1 ;

8.119. Haittu — u —, ecau z = arctg ,tme y = @+,
Oz T y
0z Bz 1

8.120. Haiitu — I/I ecan z = u? lnw, rme u = i, v =z24y>%

oy’ T

8.121. Haiitu dz, ecan z = u?v—v2u, rie u = z sin Y, U = Y COS T.
dz Oz 2

8.122. Haiitu — u —, eciit z = f(u, v), THe U = J , U=
Jdx Oy z+y

=1z% - 3y.

a 0
8.123. Haiitu 2o —Z, ecmn z = f(u, v), rae u = In (22 — y?),
Jdr Oy
y = zy’. i
8.124. Haittu dz, ecnmu z = f(u, v), roe u = cos (zy), v = z° =Ty.

.z
8.125. Haitru dz, ecmu z = f(u, v), roe u =sin—, v

=
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8.126. Haiitu du, comnu = f(z, y, 2), tne © = s>+t%, y = s2—12,

z = 2st. 9 9
uw U
8.127. Haittu 7~— u —, ecm u = f(ry, Ty, T3, T4), THE T3 =

(3:1‘2
= g(Tla :I"?) T4 = h’('Th T2, ‘T3)
8.128. IlorasaTh, uT0 QyHRUIUA 2 = Y - gp(co‘; (v — y)) YIOBJICTBO-

o 0z + 0z =z
T YyPAaBHEHHUIO —— + —— = —.
paer yp 5 9y =
1 .
8.129. Ilorasarts, uro GpyHKUMA 2 = T f (—‘i) — 22 — y? ynonnerno-
z
0z 0z P
PACT YPABHCHUIO T —— + y— = 2 — x° — y~.
oz dy
8.130. llokasaTn, 4yro byHKuUMA 2 = S YIOBJICTBOPACT
flz? = y?)
. 10z N 10z =z
ABHEHUI0 —— + — — = —.
P zdr  yody y?
1 1
8.131. Mokasars, uT0 PyHRUMA U = ﬁar‘1 - 6’1: 3(y+2)+ 27’ yz +
+ f(y —x, z — =) ynoBIeTBOpAET YPABHEHUIO
Ju N du N du
P p — = TYz.
ox 0y 0z Y
0? 0?2z 0?
8.132. Haiitu gz 9z —z, cemn z = f(u, v), roc u = zy,

0x?’ 9z oy’ Oy?

v=uafy.
2

0°u
8.133. Haittu R 9y’ ecn u = f(z, y, 2), roe z = @(z, y).

8.134. Haiitu Bce yacTHLIE IPOU3BOIHBIC 2-T0 MOPAAKA OT GYHKIIMH
u= f(z, 2y, zyz).
8.135. Iloxasatnb, uro Qpynruua u = z(z + y) + yY(r + y) yno-
0%u 0%u 82u

BIIETBOPAET YPABHCHUN ——5 — + =0.
TICTROPACT YD Ox? oz dy
T
8.136. Iloxaszarn, 1T0 QyHRUUA U = Lp(.?:y )+ <—> yIOBJIETBOPAET
Y
,Pu 0% ou ou
YPaBHEHUN T — Y = +: 0.

oz 7 Oy? Yoz ya_-y -
8.137. Haitru d%u, eciu u = f(t), rne t = 22 + y? + 22.
8.138. Haittu d’u, ccum u = f(azx, by, cz).
8.139. Haittu d%z, ect z = f(u, v), rae u = T siny, v = Yy CoOs T.
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2. HeasHbie QyHKIMM 0THON M HeCKOJILKUX He3aBUCHMBIX IepeMeHHBIX.
Ilycty ypasuenue f(z, y) = 0, rae f — muddepenuupyeman GyHKRIuA nepe-
MEHHBLIX T ¥ Y, onpenenser y kak Qyusuuio x. Ilepsas npoussogHas 3Toi
HeABHOM QynKmuM y = y(T) B TOUKC T BhIpaskaercsA mo (hopmysic

d_y — __f;:(x()a !/0) (5)
dT |y, fi(zo, wo)

mpu yenonn, 510 f (70, y0) # 0, £ yo = y(z0), f(z0, 30) = 0.
[IpousBonubie BLICUIMX MOPAAKOB BBHIYUCIAIOTCA MOCJIEN0BATENbLHLIM
nud depennmpoBanueM Gpopmynst (5).
dy  d?
Ipumep 4. Haittu d—‘/- U E—z, ecnu

1+zy—In(e®¥ +e ") =0.

< OBo3nauum neByw 4acTh NaHHOrO ypasHcHus uepes f(z, y). Torma

(@ 9) ye™ —ye”™ _ 2ye”™

T,Yy)=y— =

A
, ze® — ze™ ™ 2ze” Y

fyle,y) =z - = ~
Yy ety 4 e~y ety + e~ %Y

Tlo dopmyne (5) monyuaem

gg_ 2ye™™ _y

dez =~ 2ze~®v x

IugpdepenurpyemM BTOPUIHO, YIUTLIBAA, YTO Y €CTh QYHKIUA T:

Py _doy w(dy/dx) —y _y—x(-y/z) _ 2y
—-——E = — | —— = - 5 = 3 = —- >
dz dr \ =z z x z?
llycts ypasuenue F'(xy, T2, ..., Ty, u) = 0, ronc F' — nnddepennupye-
Masa (DyHKIMA MePeMEHHBIX T1, T2, - .., Tpn, U, ONPEICIAET U KAK PYHKIMIO
He3aBHCHMBIX HEPCMEHHBIX T{, T2, ..., Tp. YaCTHbIE HPOM3BOLHBIE JTOH
HeABHOM Qynrumu u = u(xy, 29, ..., T,) B Touke MO(2?, 29, ..., 2%) bor-
UMCIANTCA 1O (GOpMyaaM
! 0 0
du F (l‘l,.’Ez,...,.’lTn, u?)
a— = F/ 0 0 (k:1,2,...,n) (6)
Tk M=M?O (xl7 x27 . xni u )
mpu yeaosuu, uro F' (29,29, ...,2%, 4°) # 0, rme u® = w(M°) wu

F(M° %) = 0.
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MomxHO TaKKe HAWTU YACTHLIE NMPOM3BOAHBIE QYHKIHMHM U CICHYIOLIAM

obpazom. Beruncnaem nonubiit nuddepennuan yurnua F(xy, za, ..., 2o, u),
[PUPABHUBAEM €ro HYII0:

oF oF oF oF

—dry+ —do+...+ —dzx,+ —du=0

or, ! Oxo 2 8z, " Bu

1 BBIpakaeM orciona du.

0 0
Dpumep 5. Haitrn gz u —Z, ecan
O Oy

22+ 23 + 28 ~3zyz -2y +3=0.

< 1-#t conoco6. O603HauMM JeByl0 YacTh IAHHOTO YDABHEHHA HUepe3
F(z,y, z). Torna

F!(z,y, 2) = 322 — 3y,
! — 2
Fy(z,y, z) = 6y° — 32z — 2,
Fl(z,y, z) = 32% - 3uy.
Ilo hopmynam (6) monyyaem:
0z _ Fi(z,y,2) 32> -3yz 2’ —yz
0r ~ Fl(z,y,2)  322-3zy wy— 2%’
0z _ Fy(z,y,2) 6y -3z2-2 6y’ —3wz-2
oy~ Fl(z,y,z) 322 -3y  3(zy - 2?)

2-#1 cuocob. Juddepesuypyem naHHOe ypaBHeHHE:
3z%dx + 6y* dy + 322 dz — 3yzdx — 3xzdy — 3zydz — 2dy = 0.
Orcrona BbipaskaeM dz:

3(x? — yz)dx + (6y — 3v2 — 2) dy
dz = - .
3(zy — 22)

0 0
Cpasuunas ¢ Gopmynoit dz = _é_z_ dz + -(;)E dy, noayyaem
z y

9z 2’ —yz 9z _ 6y* —3xz-2
0r  xy—22" Oy  3(xy-— 2?)

d
8.140. Haiitu d—y, ecitn z2e? — %% = (.
T

d
8.141. Hatttu a—q, ecan ysinz — cos (x —y) = 0.
z
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L dy
8.142. Haittu E—-, T2 e

dy d*y
8.143. Haitru E— 3—2, ecu ¢ —y + arctgy = 0.
d%y

dy
8.144. Haittu —
e =1 dz?
y:l y:l =1
+9y? —dr+2y—2=0.

0 0
8.145. Haiitu 55 u ;)_z_ p toure (1, —2, 2), ecin 2% — dzy +
Y

cm T4y =e*Y.

, ecam 22 + 2zy +

+y? —4=0.

8.146. Haittu 9z u— 0z cCau zln(m-{-z)_ﬁl
or 0y’ :
0z 0z

8.147. HanTuana yecmu F(z +y+ 2, 22 + ¢ + 22) = 0.

0 0
8.148. Haiitu il u ,—Z, ectu f(yz, %) = 0.
or Oy

8.149. Haittu dz, ecnu yz = arctg (:rz)

8.150. Haitru dz, ecom 2z — e*/¥ + 2% + ¢3 = 0.

Oz 0z 0%z
8.151. Haittu cean 2 —2y% + 22 -4'E+22 5=0.
oz’ ay Az dy dy’
L 0%z 0%z 0%
8.152. Haittu 22’ 920y Oy S5y €CIM T + Y+ 2 =€
72 y2 22
8.153. Haittu d’z, ecnu =5 + 75 — — =1
b2 2
8.154. Tlowazarn, urO (bymcmm Z, ompencjAeMasi ypaBHEHHEM
o(cx —az, cy — bz) = 0, rme ¢ — npoussoabuHan aud depenuupyemasn
(QyHKUMA IBYX MEPEeMEHHDLIX, YAOBIETBOPAET YPABHCHUIO

=0.

8.155. TlorasaTn, wTo (yHKHUA 2, ONpeNeNseMasd ypPaBHEHHEM

zZ—a
z—acosa)’+(y—asina)? =
y m

YIOBJIETBOPAET yPABHEHHIO

0:\? (Y0 _
Oz oy)

) , TIe a, o, M — IOCTOAHHbIE,
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8.156. IlokasaTn, uro hyHKUMA 2, OnpeneNsAeMasa YPaBHEHUEM Y =
= zp(2z) + 1¥(2), ynosacTBopsaer ypaBHEHUIO

Pz (0:\1 L0200 s @ (02
dx2 \ dy dr Oy 0z dy Oy2 \oz)

3. CvcTeMBI HeABHBIX M MapaMeTpHYecKH 3agaHHbIX ¢yHrmuit. Orpanu-
YUMCA PAaCCMOTpPEHUEM (YHKIUA IBYX HE3aBUCUMBIX nepeMeHHbIX. Ilycrh
cucTeMa OBYX ypaBHEHMIt

F(x) y? u) U) = O)
Gz, y, u,v) = 0 (@)

MMCET PELIeHNe T = Tg, Y = Yo, U = Uy U VU = Vg, OpuueMm pynrmuu F
n G umeroT B oKpecTHOCTH To4kU Po(Zg, Yo, Uo, Vo) HEOPEPHIBHLIE YACTHHIE
[IPOMU3BOAHLIE EPBOrO NOpAJKA U AKOOMAH

or o
D(F, G) ou Ov

D(u, v) oG 0G
Oou Ov
oTIMueH 0T Hysad B Touke Fy. Torma B HexoTopoit okpectHocTu Touku Py cu-

creMa (7) ompemesisieT eIMHCTBEHHYIO apy HempephiBHBIX GyHKmuit u(z, y)

n v(x, y), IMEIOINX HENPEPLIBHBIE YaCTHBIE IPOU3BOIHBIE U YIOBIETBOPAIO-
WUX YCIOBUAM

u(zo, o) = uo, v(To, Yo) = Vo.
Iudpepennnanst 3tux ynsmuit du u dv (a 3HAYUT, U YACTHBIE IPOU3-
BOIHBIC) MOKHO HAWTH U3 CHCTEMBI yPaBHEHHI

OF oF OF oF
55d:c+0—ydy+5u—du+—a;dv—0,

oG oG oG oG

—azdx+5§dy+5—1;du+55dv=0.

Mpumep 6. PyHKUMYU ¥ 1 v HE3ABUCUMBIX NEPEMCHHBIX T U Y 3aJaHBI
HEABHO CHUCTEMOI yPaBHCHUN

u+v=1z, u-—yv=0.

Haittu du, dv, d*u, d*v.
DIF,G) I 1
D(u,v) |1 —y

y # —1. [MuddepeHunpoBaHUCM HAXOOMM [IBA YPABHEHU, CBA3bIBAOLINE
nud GepeHnuaibl BceX 4eThbIpex HepeMeHHBIX:

< flxkobuan cucTeMbI

= —y — 1 oTIMyYeH 0T HyJA IpHU

du+dv=dz, du-ydv—vdy=0.



§ 2. AudepeHunpoBanue CJIOXKHBIX U HCABHBIX (YHKIUH

Pemana 3ty cucreMy orHocurensHo du u dv npu y # —1, noayuum

ydz +vdy

du =
“ 14y

3

Inddepenunpyem NOBTOPHO:

(dz dy + dv dy)(1 + y)

_dzr —vdy
T o1+y

0 —dy(ydz +vdy)
= (1+y)? B
_ (dedy + (dz —vdy)/(1 + y)dy)(1 +y) — dy(y dz + v dy) _
B (1+y)? B
_ (A +y)dedy +dedy —vdy* —ydedy —vdy®  2(dzdy —vdy?)
- (1+y)? o (1?2 7
Jro = —wdy(L +y) - dy(de —vdy) _
(L+y)?
—(dz —vdy)/(1 +y)dy(1+y) —dedy +vdy*
B (1+y)? B
___—d:cdy+vdy2——dxdy+vdy2 2(vdy? — dx dy) - —du b
(1+y)? (1+y)? '

llycts GyHKUMA 2 HE3aBUCUMBIX IEPCMEHHBIX T U Y 3aJaHa IapaMCeTPH-

YeCKU yPABHEHUAMU

z=x(u,v), y=ylu,v), z=z(u,v)
n
O0r Oz
D(z,y) _|du dv
D(u,v) |0y 0y|” "
Ou Ov

B OKpecTHOCTH TOYRM P(ug, Ug).

Torma ouddepennuan dz sToit GyHKIMM

(a 3HAUMT, M ee YACTHBIE NPOU3BOAHLIC) B OKPECTHOCTU TOYKM P MOMHO

HalTH M3 CUCTEMDLI YPAaBHCHUI

or or
dz = 5; du + — 6 d
Oy ay
dy = u du + == 9 dv,
0z 0z
dz = a—udu-r 55(11)
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Dpumep 7. Hanttu 0z u— 0z , ECIH

0r = oy’
r =ucosv, y=usinv, 2z =cv.
< Nmeem
D(z,y) |cosv —usinv
D(u,v) ~ |sinv U COS U =u#0 mn u#0.

Mud pepeHurpoBaHreM HAXOOUM TPU YPABHEHUA, CBA3LIBAIOIINC A1 pepeH-
MaJibl BCEX IATU NEPEeMEeHHDLIX:

dr = cosvdu —usinvdv, dy=sinvdu+ucosvdv, dz=cdv.
U3 nepeeiX OBYX ypaBHeHuH naitnem dv:

dv = cosvdy—sinvda:'

u

HloncraBum HatinesHoe 3HadeHue dv B TPEThe ypaBHEHUe:
c .
dz = —(cosvdy — sinv dz).
u

Orcrona '
0z csinv 0z ccosv
- - , - . D>
oz u u

|

8.157. Oyuruuu y ¥ 2z He3aBUCUMOI1 ICPEMEHHO! 2 3anaHbl CUCTC-
MOl ypaBHEeHUH

T2 +y? =322 = -1, 422+ 24° - 322 =0.

dy dz d2y d*z
Haittu — ,—nn<=1, =-2, z=2.
dz’ dz’ de?’ dg? o Y ‘
8.158. Oynxuuu y U 2z HE3ABUCUMOI TEPEMEHHO T 3aIaHbLI CUCTE-

MOI1 ypaBHEHUH
22 4y?—22=0, 22+2°+322=

Haittu dy, dz, d%y, d*z.
8.159. OysKuMYU v ¥ ¥ HC3ABUCUMBIX NEPEMEHHLIX T U i 3aIaHbI
HEeABHO CUCTEMOI ypaBHeHUA

zu+yv=1 z+y+u+v=0.

Haittu du, dv, d?®u, d?v.

0 0
8.160. Ilorazatn, 4T0 :ré-i—L—i—y au+z? =0, ectu uwv = 3z —2y+=2,

v? =22 +y? + 22
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0z 0z
8.161. Haiitu* 7 " a—,ecnna‘ utv, y=u-—v, z=ul
z 0z .
8.162. Haitru P u W ecid ¢ = acosucho, y = bsinuche.
- dy

z = cshw.
8.163. Haittu dz, eciu = = e* cosv, y = e¥sinw, z = uv.
8.164. Haittut dz, ecin ¢ = u + v, y = w? + 02, z = u® +0°

(u # ).

4. 3ameHa nepeMeHHbIX B T} ¢ epeHIHMaNLHRIX BhIpameHHAX. Yacto B
nud hepeHInaIbHLIX BLIPAKEHUAX BXOAAIIME B HUX HPOU3BOIHBIE 110 OTHUM
HEepPEMEHHBIM HEODXOMMMO BBIPA3UTh uepe3 NPOM3BOIHBIE HO HOBLIM IEpe-
MEHHBIM.

Mpumep 8. Ilpeobpasosarh ypasHenne

d*y dt/

-— 2—_—
(1 m)dﬁ iz =0,

noJjiaraa T = cost.
<1 BeipasuM npousBoOOHBIE OT Y IO T Yepe3 MPOM3BOAHBIE OT Y HO t:

dy dy/dt  dy/dt

dx ~ dr/dt —sint’
d’y _d (@_) _ (d/dt)(dy/dz) _

dz dz \ dz dz/dt
—sint - (d*y/dt?) +cost- (dy/dt) 1 d’y cost dy
B sin’t - (—sint) Cosin?t dt? sin®t dt

MoncrapuM nosyueHHBIE BHIPAKEHUA OPOU3BOAHBIX B JaHHOE YPABHCHUE
1 3aMEeHUM T Ha CoSt:

1 2y cost dy 1 dy
1—cos?t YO T st (—— -2 =0,
(1= cos®t) (Sm2 t dt?  sin®t dt cos sint di

d?y
585071 iy _ 0. >

de2
Mpumep 9. lipeobpazosatsh ypaBHeHue

d*y dy\®
dz? +2y (dz) =0,

IPUHAB T 32 QYHKIMIO, @ Y 32 aPTYMEHT.
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< Beipasum npowusBonHsie OT Yy 10 T Uepe3 NPOU3BOLHLIE OT & 10 y:

dy 1Py _d (1N _d( 1Y dy_
de — dr/dy’ da®  dx \dz/dy) ~ dy \dz/dy) dx
d*z [ dy? 1 B d’z /dy?

(de/dy)? " dojdy ~  (da/dy)*
HOI[CTaBI/JM 9TH BBIPAMCHUA NPOH3BOOHLIX B TAHHOC yPAaBHCHLIE:

d*z | dy? 1 B
ofdy? 2 ey ="

I P
T dzx
— —2y— =0. >
dy? de
Ipumep 10. IepeiiTu K NOAAPHBIM KOOPAMHATAM B BBIPAKEHIH
T +yy'

A=W
Ty —y

< Hmeem

T =TC0SY, Y =r1sing,
dr = cospdr —rsinpdp, dy=sinpdr+ rcospdyp,
OTKyZa
,_ dy _ sinpdr+rcospdp
dx  cospdr —rsinpdp’
Moacrasum soipamennua z, y, y' B A:

. sinpdr + rcospdy
TCOSW +TSINY - -
cospdr —rsinpdp _ dr/de
-'1= i = ——. D>
sinpdr + 1 cospdy

T

T COS — rsin
¥ cospdr —rsinpdy ¥
Mpunep 11. lpeobpasosarsh ypaBHCHIEC
,0%2 5 0%z 0
L= -y — =0,
oz2 Y Oy?

nepetmﬂ K HOBBIM HE€3aBUCHUMBLIM HEPCMEHHBIM ¥4 U U, €CJIU U = TY, VU =

<8

<1 Buipa3uM vacTHBIE OPOU3BOAHBIC OT 2 [0 & M Y Yepe3 YaCTHLIC HPOU3BO
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Ilo popmynam (3) momyunm

0z 0z0u 0z0v 0= 0z

3z 9udz " dvor ou YV
_ 8 0z\ _ _6__ _E)_z Bu + 0 (0z\ Jv _
9z ) Ou \Or v \dr) or

0%z 0%z 1 0%z 0%z 1\ 1
~<8u2‘]+8u0v y) +<(’)u8vy+5-2‘§>.;j=
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=5 * 2w o
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%:Eﬁay Ov Oy = o ay_z’
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ou?  y? Oudv yt o2 yd v
loncrasum HaifloeHHbIE BRIPAKEHMA MPOM3BOIHBIX B JAHHOE yPaBHCHME:
. 0%z 0%z 1 9%z
2 (.2
P 2.____. _—) -
g (y 502 “udn | g2 o
32 22?2 0%z z20% 2x02
A 2T 2 T T e ) T
T B2 y? Oudv  y dv y® Ov

llocne ynpowenuit npu z # 0 u y # 0 mosyunm

0?2z 1 0z 0%z 1 0z 5
— =, WM T = — .
Oudv  2zy Ov Oudv 2udv
z 0z
Mpumep 12. IIpeobpasoBaTs ypaBHeHue Vor Yo, = (y—=x)z, npunns
Y
1 1
3a HOBBIE HE3aBUCHUMEIE MEPCMEHHDbIE BCIMUMHLL u = 72 + Y2, v = — + — 1
Ty

3a HOBYI0 QpyHKmu w = Inz — (z + y).
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<1 BripasuM yacTHbIE NPOM3BOLHBIE OT Z 10 T U Y Yepe3 YaCTHbIE IPOU3BOJI-
Hble 0T w 10 © 1 v. Hana sroro npoaud hepeHnrpyeM NaHHBIE COOTHOLICHU:

du = 2(z dz + y dy),

de dy
dv = — <F+y_2>’
dz
dw = e (dz + dy).

Yuureisana dopmyay (1) §1, umeem

ow ow d
o v == -
5 du + 5 > (dz + dy),
mm 8 0 d d d
w(fdr  ay) _ a4z
au(mda:+ydy) 7 <x2 +y2> > (dz + dy),
OTKyHIa

ow 1 0w ow 1 0w
dz—z(<2xa—ﬁa+l>dx+<2ya y_Q—y+1)dy)'

CsemoBaTenbHO,
0: (0 1dw N 0 (0w 10w
or ou 22 Ov C oy Y ou y? Ov ’

0z Oz
TlopcTaBuM 9TU BBHIPAKEHUA —— U —— B JAHHOE YDABHEHUE:

ox Oy
<2:v?)w ;}5%—”— + 1) —rz (Zygw - y%g—l:]) + 1) = (y — )z,
man 5= = 0.0
8.165. IIpeobpasoBath ypaBHeHUE
Loty

mojtaraa = 1/t.
8.166. Ilpeo6bpasoBath ypaBHEHUe

d%y 2z dy Y
hadi - 29 =0,
d? " 1v a2 de | (L+a2)

nojarad r = tgt.
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8.167. IIpeobpasoBarh ypaBHeHME

o (v _dydy Py (dy)*_
dz? dr dz3  dz? \dz ’

IPUHAB Y 32 apIyMEHT.
8.168. IIpeobpasorars ypaBHEHUE

(zy —y)? = 2zy(1 +4%),
nepena K NoJsApHLBIM KOOPIUHATAM.

0 0
8.169. IlpeobpasosaTs BuIpameHHe W = :18—“ + yau,

nepenna x

NOJIAPHBIM KOODPAMHATAM.
8.170. IIpcobpasoBarL ypaBHeHME

0z 0z
(@ +1)5 ~ (@ —u)5 =0

nepefiid K HOBHIM HE3ABUCUMBIM IIEDEMEHHBIM U ¥ U, €CIU U =

=Iny/z? + y2, v = arctg Y,
T

0%z 9%z .
8.171. IlpeobpasoBaTh ypaBHEHUE ’Ea 5+ y8 dy = 0, mepeiina k
T
HOBLIM HE3aBHCUMBLIM [EPEMEHHBIM U U U, eCIU U = Y, v = y /.
v 0%u

8.172. IlpeobpasoBarh BbIpasReHUE W = nepeina k

_— + R
or?  oy?’
IOJAPHBIM KOOPIMHATAM.

8.173. IlpeobpasoBaTh BbIpameHUe

(92u+ 1 0%u +82u+ 1 0u
or2  r29p? 922 r or’
nepeitia OT MMITMHAPUIECKUX KOOPAUHAT k chepudeckum (1 = psind,

@ =, z=pcosb).
8.174. IlpeobpasoBaTh ypaBHEHUE

w =

0z N
(:Ey+z)%+(1—y)ay—m+yz,

MPUHAB 33 HOBBIE HE3ABUCUMBIE IEPEMEHHBIC U = YZ — T, U = TZ — Y
U 33 HOBYI0 QYHKIMIO W = TY — 2.
8.175. IlpeobpasoBaTh ypaBHEHUE

0z L1 1 32 1

By ' 2 8y ey

.

IPUHAB 3a HOBbIC HE3ABUCHUMBIE NEPEMEHHLIE U = —, U = T U 3a

HOBYI0 QYyHKIMIO W = TZ — Y.
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8.176. Ilpcobpasosars ypasHeHHC
0%z + 0%z + 0z
- — =2z,
0r?  Ozxdy Oz

IIPHUHAB 3a HOBLIEC HC3aBUCUMBIC IICPEMEHHDIC U =

rT+y T—y
, V= ———
2 2

M 3a HOBYIO (pyHEUMIO W = zeY.

§ 3. Ilpuio:ReHNA YACTHBIX IIPOM3BOTHBIX
1. Gopmyna Tettmopa. Eciu dyusmua f(P) onddepernupyema m + 1

pas B Heroropoit onxpectHoctr U(Py) tousu Py(zY, ..., 2%), To nma searoit
tousu P(xy, ..., z,) € U(Pp) copascqimsa popmyana Teftaopa
df(Py, Azy, ..., Az d*f(Py, Az, ..., Ax

f(P):f(P0)+ f( 0 11a| ) n)+ f( 0 21‘7 ) n)+”'

4 d™ f(Py, Az, ..., Azy) N d"H (P, Az, ..., A:zn), (1)
m! (m+1)!
rie Azy =z -3, ..., Az, =z, —72,a P — HeKoTOpaa TouKka yKa3aHHO!
OKPCCTHOCTH.

B cayuac, nanpumep, yarnuu f(z, ) IByX NEPEMCHHBIX & U Y (popMmyia
Teitnopa B pasBepHyTOM BUIE 3aNMCHIBACTCA CIAELYIOLIMM 00pa3oM:

F(, 1) = Fao, yo) + 35 (10, 10)(w = 0) + fy (0, vo) (w = o) +

*%(.f;’z("'?o, Yo)(z — z0)” + Qfa/p'y(flfo, Yo) (T — T0)(y — yo)+
1

) a 8 m
+ fyy (%0, Yo)(y — Y0)®) + ... + o) ((-’E - -’170)5]; +(y - 90)37/) X

1 o m+1
Xf(ﬂﬁo,yo)+m<(f€—$o)-é;+(y*yo)b—y) x
xf(afo-’rﬁl(:l:».ro),yo +92(y——y0)), 0<6y, 6, <1. (2

Mocacance caaraemoc B Gpopuyite (2) (ocmamounvlii uaen) MOKHO KOpOde
3anucaTh B BHIE

o(p™), tme p=+/(z—z0)2 + (y - y0)?

(bopma ITeano).

B uactaom caysae, npu zp = yo = 0, popmyana (2) naspiaerca Gopmy-
aoit MakaopcHa.

Mpumep 1. Oyuxmuo f(z, y) = 2° — 522 —zy + y> + 10z + 5y — 4
pasnomutsb 1o Gpopmyae Teitnopa B oxpecrHoctd Tousu (2, —1).
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< Nmeem f(2, —1) = 2. Borumcann n0ocacaoBaTeIbHO YaCTHBIE NP OM3ROJ-
Hble OAHHON (YHRKNIH ¥ UX 3HAuUeHud B Touke (2, —1):

fi(z, y) =32 - 10z -y +10, f(2, -1) = 3;

fy(@,y) = —x + 2y + 5, 12, -1)=1;
22 (T, y) = 6z — 10, "2, -1)=2;
n(oy) =1, 5,2, 1) = —1;
w(®y) =2 w( -1 =2
rea(®,9) =6, 1.2, 1) = 6.

Bce nocaenyrouwrie npoMa3BOgHbIC TORACCTBEHHO paBHbI Hymo. Ilo dopmyne
(2) nony4aeM MCKOMOC Pa3JIOMmEHIIE

flz,y) =243 -2)+w+1)+(x-2)7 -
~(z——2)(y+l)+(y+l)2+(:z——2)3. >

Mpumep 2. Paznomure nmo ¢opmyre Teitopa B OKPECTHOCTH TOYKH
(1, 1) no uneHOB 2-r0 NOPANKA BRIKYUTEILHO (YHKINIO

flz,y) =y".

< Umeem f(1, 1) = 1. Bpruucaum yacTHbIE N1pOM3BOAHBIE 1-r0 U 2-r0 mo-
pAOKa JaHHOK (YHKIUM U UX 3HaveHus B toure (1, 1):

fo(z, y) =y"Iny, fe(1, 1) = 0;
Ty, y) = ay™ 1, f(L 1) =1;
v (z, y) =y" Iny, w(1,1)=0;
(T y) =y* " Hzlny +1), f (L, 1)=1
vy(T,y) = x(z — y* 2, (1, 1) =0.

Ilo ¢opmyac (2) noayuum
flz.y) =1+ @y -1+ (@ -1y -1) +o(p?),
e p=+/(z -1+ (y - )% >

8.177. Paznomurs f(z + h, y + k) 1m0 umeabiM mOJORUTCILHBIM
creneuam L u k, ccmn f(z, y) = Ty

8.178. Haittu npupamenne, noayuacmoe OyHruume# f(z,y) =
= —x2 + 22y + 3y* — 62 — 2y — 4 npu nepexone or ZHAYCHUHA T = —2,
y =1 x 3naucsuaMm 1 = =2+ h, y1 =1+ k.

8.179. Oyurunio f(z, y) = z° — 2> + 32y pasnomurs n0 hopmyre
Teitnopa B oxpectHocTn Tousu (2, 1).
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8.180. Pasnomurs f(z+h, y+k, 2+1) 10 HeabIM IOIOKUTEILHBIM
cremensm h, k, [, ccnn f(z, y, z) = 22 +2y% + 322 + 2y — 2yz + 3z —
—y—4z+ 1.

8.181. Oyurmmo f(z,y, 2) = 22 + y* + 22 — 2(xy + 22 + y2)
pasnomuth 1o Gopmyae Teitnopa B oxpectHocT: Touru (1, —1, 2).

8.182. Pazmomuts mo gopmysne Mariopena no wieHoB 3-ro mopsimsa
BRJIIOYUTENLbHO QyHruuio f(z, y) = e¥ cos .

8.183. Pasnoxurs no hopmyne Makiopera no wicHOB 4-ro nopAxnka
BRIIOYMTENLHO QyHKIMIO f(z, y) = sinz shy.

8.184. Pazmomurt mo ¢opmyre Teitnopa B OKPECTHOCTH TOUKH
(1, 1) no unenos 3-ro mopaAmka BrIOUMTENbHO (QyHRUMIO f(Z,y) =
=y/z.

8.185. Pazgomuts mo cdopmyne Teitnopa B OKPECTHOCTH TOYKHM
1,1,0) mo wieHos 2-ro nopAnka BRIKYUTENLHO GyHknuio f(z, y, 2) =
In (zy + 22).

8.186. Paznomurh mo ¢opmyre Teittopa B OKPECTHOCTH TOYKHU
(1, 1) mo umeHOB 2-r0 mMOPANKA BRJIIOUUTEILHO HEABHYI0 (DYHKRUIUIO
z(z, y), oupenengeMyl ypaBHEHHEM 2?2 + 3yz — 4z = 0, ecam
z(1,1) =1.

—

2. 9xcrpemym pynrmmm. Oyuruua v = f(P) umeer makcumym (munu-
mym) 6 mouxe Po(x?, ..., 20), ecnu cymectsyer Tarkan OKPECTHOCTH TOYKU
Py, nna scex touex P(zy, ..., Tp) KOTOPOH, OTAMYHBIX OT Touku Py, BbI-
nondaerca HepaseHctBo f(Fo) > f(P) (coorBercrenno f(Fp) < f(P)).
MascuMyM WM MUHUMYM QYHKIMM HA3bIBAETCA €€ IKCTPEMYMOM.

Heo6xonumoe ycaosue sxcrpemyma. Ecau duddepenyupy-
emas Qyusuua f(P) mocruraer sxcrpemMyma B Touke Fp, TO B 3TOH TOUKe

2, (Po) =0 mnascex k=1,2,...,n, (3)

wnn df (P, Az, ...,Azy,) = 0 TORIECTBEHHO OTHOCUTCABHO ATy, . .., AT,

Tousu, B KOTOPBIX BBINOJHAKTCA ycia0BUA (3), HA3BIBAIOTICA CMAYUO-
napubimy TousamMu dyuruun u = f(P). Taxum obpasom, eciu Py — Touka
sicTpemyMa Qynruun u = f(P), to aubo Py — craunonapsasa Touka, au6o
B 3TOI Touke HyHKuMA Henud dhepeHUpyema.

JocrtaTounsle ycaoBua sxcrpemyma. llycrs Po(zd,...,z0) —
cTanuoHapHasa Touka ¢yHkmuu u = f(P), npuduem 3ra QyHKUMA HBazIbI
ou¢ hepeHurpyeMa B HEKOTOPOH OKpPecTHOCTH Touku Fp M BCC €e BTOpbIe
YaCTHbIE NIPOU3BONHbIE HempephBHLI B Touke Py. Torma:

1) ecan Bropott muddepenmman d*u(Py, Az, ..., Az,) Kan dyHK-
uua Az, ..., AT, AMeer NOCTOAHHLIN 3HAK IPH BCEBO3MOAKHBIX Habopax
aHaueHutt Az, ..., AT,, He PaBHbIX ONHOBPEMEHHO HYII0, TO (QYHKUUA
u = f(P) umeer B Touke Py 9KCTpPEMyM, @ MMEHHO — MAKCHUMYyM IIPU

d*u(Py, Azy, ..., Azy) < 0 u munumym npu d?u(lPy, Az, ..., Azy,) > 0;
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2) ecmu d*u(Py, Axy, ..., Az,) ABnAeTCA 3HAKOMCPEMEHHON GyHKIMCIT
Az, ..., ATy, T.€. IPUHMIMaET KAk MOJOKUTEIbHBIC, TAK U OTPUIATENbHDIE
3HA4YEHMA, TO Touka Py He ABaAerca TouKoH 3rcTpemyma GyHrunun u = f(P);

3) eciu d*u(Py, Axy, ..., Azy) > 0 unu d®u(Py, Az, ..., Az,) <0,
IpUYeM CYLIECTBYIOT Takue Habopbl 3HaueHuilt Azy, ..., AT,, He paBHbLIX
OIHOBPEMEHHO HyJII0, IJIA KOTOPbIX 3HAYEHME BTOPOro AuddepeHnuana obpa-
1aeTcA B Hylb, T0 GyHkmuA u = f(P) B Touse Py MoKeT MMeTh 3KCTPeMyM,
HO MOKET ¥ He UMETh ero (B 5TOM CJIy4ae LUIA BbIACHEHUA Bompoca tpedyerca
JOTIOJHUATENbHOE UCCIeI0BAHUE).

B uacTHOM cayuae (QyHKIMH OBYX NEPEMEHHBIX NOCTATOYHBIE YCJIO-
BUA JKCTPEMyMa MOKHO COOPMYJIMPOBAThL CiaemyroumM obpasom. Ilyctn
Py(zo, y(,§ -~ CTAamMOHApHAA TouKa QyHKnuu z = f(z, y), npuyem sTa QpyHK-
uA aBamabl quddepeHnupyeMa B HEKOTOPO OKpecTHOCTH Touku Py u Bce
€€ BTOphIe YaCTHBIE IPOU3BOIHbIEC HEMpepbIBHLI B Touke Py. Beenem o6osHa-
YeHMA:

A= f:::lz(zo’ y0)7 B = f;ly(zoa yO): C= fgilly(an yO)

D = AC - B%.

Torpa:

1) eciu D > 0, to dynruua z = f(z, y) umeer B Toure Fy(zo, Yo)
sKcTpeMyM, a umenHo — makcumyM mpu A < 0 (C < 0) u MuHEMYM OpH
A>0 (C>0)

2) eciu D < 0, To sxcrpemyM B touke FPo(zo, yo) OTCYTCTBYyET;

3) eciu D = 0, o Tpebyerca HONOIHUTEILHOE UCCIENOBAHUE.

Ipumep 3. UccnenoBars Ha 3KCTpeMyM GHYHKIHIO

z =123 +y% - 3zy.

< Haitmem yacTHBIE MPOM3BONHBIE 1-TO MOPAMKA U COCTABUM CHCTEMY yPaB-
HeHuit Buna (3):

0z 2 _ 0z . 4 _
ax—3(x y) =0, 6y—3(y z)=0
HIn
1;2— :O, yz—z=0

Pewraa cucreMy, Haliiem [OBe CTAIMOHADHLIE TOYKM:
P(0,0) u Py(l,1).
Haltmem uacTHBIE ITPOM3BONHbIE 2-T0 MOPAIKA:
Bz _ o Oz . 02
0x? ' Oz dy T oy?

3arem cocraBum auckpumiuHanT D = AC — B? mna kammoit CTanHoHapHOM
TOUKH.
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Ina Tourn Py

A
G P ~ 0z 0y P, v
5?
=221 =0, D=-9<0.
9y* | p,

CrenoBarensHo, sCTpeMyMa B Touke P Her.
Ina tousu Py

2 2

A:?_f =6, B= 072 = -3,
0z? |p, 0z Oy |p,
2

c=2% _6 D=36-9>0, A>0.
oy? | p,

CrnenoBarensHo, B Touke Po» QyHKINA MMeeT MHUHMUMYM, PaBHBIHA

=14+1-3=-L

Zmin = 2|,y
y=1

Ilna Toro 4robbl yCTAHOBUTH THI CTAMOHADHON! TOYKM, HET HEoOXOmMMO-
CTH MCI0Jb30BATL M3JI07KEHHBIH BBIIIC MPHU3HAK, CBA3AHHLIH C ONMpeneseHneM
sHacoB D u A. [loctaTouHo HemoCpencTBEHHO HCC/IENOBAThH 3HAK BTOPOrO
ou¢d depeHnMana KaKk KBagpPaTUIHON Gopmbl dT U dy, UCIOIL3YA METON BbI-
IeJIeHNA IOJHOT0 KBamparta. Tak, Hampumep, AJIA CTalMOHADHOH Touku Po
nMeeM:

2
d?z(Py; dx, dy) = 6dz® — 3dxdy +6dy* =6 (dm - idy) + 4§5 dy?,

OTKYIA Cpasy BMOHO, 4TO NpH dibbix dr u dy, HE PABHBIX ONHOBDEMEHHO
uymo, d’z > 0 u, ciegoBaTensHo, Py — Touka MUHHMYMa. [>

Haitru sxcrpeMymbt QyHKUMI IBYX HEPEMEHHBIX:

8.187. z = 2% + zy + y? — 3z — 6y.

8.188. z =2y (1 —z = y) (z >0, y>0).

8.189. z = 322 — 23 + 3y% + 4y.

50 20

8.190.z=:z:y+—i—+— (x>0, y>0).

8.191. z = 22 +y? — 2Inz — 18Iny (z >0, y > 0).

8.192. z = 23 + 3zy? — 15z — 12.

8.193. z = 223 — zy? + 5% + ¢%.

8.194. z = (222 + y2)e~ V), 8.195. 2 =2 — Y22 + 42
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Haittur sxcrpemyMot yHKIHMH Tpex OCPECMCHHBIX:
8.196. u = 2% +y? + 22 — 4z + 6y — 22.
8.197. u = zy?23(1 —2 -2y —32) (>0, y>0, z>0).
&w&u=m+g+f+3
T Yy z
Haittu sxcrpemMymbr GyHkumit 2, 3alaHHbIX HCABHO:
8.199%. 22 +¢y? + 22 +4dz -2y — 42— 7= 0.
8.200. 222 4+ 212 + 22 + 8yz — 2+ 8 = 0.

3. Yeaoeunit sxcrpemym. Oyurnua v = f(P) = f(xy, ..., ©,) uMeer
yeaosnvili maxcumym (ycaosnovvi munumys) B roune Po(2?, ..., 29), ccan

CyLICCTBYET Takafd OKPECTHOCTh TOUKM Py, miA Bcex Touer [ KOTOpoOI
(P # Py), yIOBIETBOPAIOLIX YPABHEHUAM COA3U

or(P)=pr(z1, ..., 2y) =0 (k=1,2,...,m; m<n),

BoInOHAercA HepaseHeTBo f(Fy) > f(P) (coorsercrsenuo f(Fp) < f(P)).
3amavya HAXOROEHMA YCJIOBHOTO JKCTPEMyMa CBOOUTCA K WCCJICIOOBa-
HUIO Ha 00bIUHBIHA dKCTpemy™ dynxyuy Jaepanoca

m

L@y, oo @y Aty oy Am) = f(@n, o, 20) + ) Mepr(@n, -, 20);
k=1
Ar (k=1,2, ..., m) HaseBatorca muoxcumenamu Jazpanica.

Heobxooumbie ycioBHA YCIOBHOIO 3KCTPEMYMa BBIPAKAIOTCA CHCTEMOMH
n 4+ m ypaBHeHui

OL(P) .
—— =0 (i=1,2,...,n),
(912,' (4)

er(P)=0 (k=1,2,...,m),

M3 KOTOPOI1 MOryT ObITh HaiflnCHBI HEM3BECTHBIE
0 .0 0 0
Tyy voey W, )\1, ceey ’\m’

roe m?, R 1’% —— KOOPAMHATbI TOYKM, B KOTOPOIl BO3MOMKEH YCJIOBHDII 3IC-

TPEMyM.
JloCcTaTOYHBIC YCIOBUA YCJAOBHOTO HKCTPEMYMa CBA3AHLI € M3YUCHIIEM
3Haxa 2-ro nuddepennuana QpyHruuu Jarpanxa

L9, ..., 2% X0, N0 day, ., day)

m?

mA Kamaoit cuctemnl aagvcHnit 23, ..., 2%, AL A0 | nonyuensoit u3 (4)
npu ycnosuu, uto dzy, dTs, ..., dT, YIOBICTBOPAIOT yPABHCHUAM
n
O (2?, ..., x°
-i—(——ll——’——Ld:L"z() (k=1,2,...,m) (5)
J ’
8xj

i=1
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npu dz? + dz2 + ... +dz2 # 0. A umenno, gpyusuna f(P) uMeer ycaos-
HEIH MarcumyM B Touke Po(zY, ..., 20), CCau A/A BCCBO3MOMKHBIX 3HAYEHHI]

dzy, ..., dz,, yIOBIeTBOPAIOWIMX YCI0BUAM (5) U He PABHBIX OXHOBPEMEHHO
HYIIO, BHINOJIHAETCA HePaBEHCTBO

2 0 10
L, ..., 22, X%, .. X0 dxy, ..., d2,) <0
U yCJIOBHBIA MUHHMYM, CCJM IIPU 3THX YCIOBUAX
27 (.0 0 10 0
d°L(zy, ..., xo, A], ooy Apy, A1, .., dzy) > 0.

B cayuae ¢yusumm z = f(z, y) npm ypasHcuun ceasua @(z, y) = 0
¢yuruma Jarpanma umeer Bug

Lz, y, \) = f(z, y) + Xo(z, y).

Cucrema (4) cocTouT U3 Tpex ypaBHEHHIL:

oL oL
— =0, — = : =0.
e 3y 0, ¢(z,y)=0
Mycts Py(zo, Yo), Ao — n060€ U3 pereHuit ST0H CUCTEMBI 1
0 @5 (Fo) ¥y (Po)

A =—lp(Po) Ly (FPo, o) Ly, (Po, Mo)l.
SOQ/(PO) lely(PO, >‘0) LZy(P()’ )‘O)

Ecau A < 0, to yuruua z = f(z, y) umeer B toure Py(xg, yo) yciaon-

HbIH MaxcuMyM; eciad A > 0, — TO yCJIOBHBIH MHUHUMYM.
Ipumep 4. Haiitu ycnoBHbIH 3kCTpeMyM (QYHKNMU 2 = T + 2y mpu
w2 +y? =5.

< CocraBum ¢yurnuio Jarpanma:

L(z,y, \) =z + 2y + Mz + 9% - 5).

Hnecem ?—L— =14 2z, —6—]3

=2+ 2\y.
oz Oy
Cucrema ypaBHeHuii (4) npuHUMaeT BUI
142Xz =0,
24+2\y =0,
z? +y? =5.
1
Cucrema mMeer nBa pemeHua: z; = —1, y3 = =2, A} = 35 T2 = 1,
1 0L ’L
Y2 = 2, )\2=—2 Tar rax 5—5——0 g 5 =2\, 10

d’L = 2X\(dz* + dy?).
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1
Ipu A = 2 d*>L > 0. NlosTomy (yHKIMA MMECT yCJIOBHBIA MUHHMYM B

1
routie Py(—1, =2) u zpin = —5. llpu A = -5 d*L < 0. Toaromy dyHKmuA

HMEET YCJIOBHBIH MakcuMyM B TOUke Ps(1, 2) u 2max = 5.
N nnaue:

(,0(17, y) = xQ + y2 - 5)
90;: = 2$, 90;/ = 23/» 90,1(_1’ —'2) = _27 (P;/(_l, _2) = _47
1
Ly, =1, Ly, =0, Ly, =1 mpu A= >

CJIeJ0BaTeNbHO,
0 -2 -4
A=-|-2 1 0/=20>0,
-4 0 1

T.e. QYHRIVA UMeeT YCIOBHBIH MUHIMYM B Touke P; (—1, —2). Ananornuso
nna Tousn Pa(1, 2)

0 4
A=—12 -1 0|=-20<0,
4 0 -1

r.e. P5(1, 2) — Touxa ycaoBHOro Makcumyma. [
Haiitu ycmoBHBIE BECTPEMYMBI (DYHKIMIL:
8.201. z =z + ¢y’ —ay+z+y—4dmpuz+y+3=0.
1 1
8.202. 2= —+ -—mpuz+y=2.
r oy
r—y—4
8.203. 2 = ———
V2
8.204. z = zy? mpu z + 2y = 1.
8.205. z = 2z + y npu 2° +y* = 1.
8.206. u = 2z +y — 22z npu z° +y* + 22 = 36.
2 T2 2

2 2,2 LY L2
8207 u=2"+y  +z2 np1/116—|~9+4 .

8.208. u = zy?2} wpu z + 2y + 32 =12 (z>0, y >0, 2> 0).
8209. u=zyzupu z+y+ 2z =4, zy+yz + zx = 5.
8.210*. JloxasaTtb HEPABEHCTBO
? +y3 + 22 9;+y+z>3
2 )
3 3
ecimz 20, y>0, 220.

npu 22 + ¢% = 1.
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4. Hau6 osmb1re e ¥ HanMeHbIIee 3HaYeHUA QyHKIMH. Eciu dyuknna f(P)
nud gepeHnMpycMa B OrpaHUUYCHHON 3aMKHYTOH 00;1acTH, TO OHA HOCTHIACT
cBoero HauboIbIIero (HaMMEHbILCI0) 3HAYEHUA WIN B CTANMOHAPHON TOYIiC,
MJIM B TPAHUYHON TOYKe obnacTu.

Ipumep 5. Haitru maubonpiuce N HaUMCHDILCE 3HAUCHUA (YHKIMH
z =3 +y® — 32y B obnactu

0<z<?2, -1<y<2

< Jaunaa 061acTh — MPAMOYLOIBHUE.

1) Haiinem craunonapssie touku (cm. mpumep 3): (0, 0) n Py(1, 1).
3HaueHUAa QYHKOUM B 3TUX TouKax: 2; = 0, 2 = —1.

2) Uccnenyem (yHRUMIO HAa rpaHANAX 00JaCTH.

a) lpu z = 0 umeem z = y3. ITa QyHKIUA MOHOTOHHO BO3PACTAET U HA
KOHIaX orpeaka [—1, 2] npuHUMaer 3HaueHUA: z|y=_; = —1, 2|y=2 = 8.

6) llpn = = 2 umcem z = 8 4 y* — 6y. Hattnem 3Hauenua sroit dynrmun
B CTAaNMOHAPHOH TOUKe M Ha KoHmax orpeswa [—1, 2]. Umeem 2’ = 3y? — 6;
2 = 0 npn y? = 2, win, B maHHOH obmacty, mpH y = V2 ZLJ:\/E =
=8+ 2v2-6v2=8-4V2; z|y=_1 = 13; 2|y=—s = 4.

B) lpn y = —1 umeem z = 23 — 1+ 3z u 2’ = 32° + 3 > 0. Oyuruua
MOHOTOHHO BO3PaCTaer 0T 2|y=p = —1 00 2|g=2 = 13.

r) Opu y = 2 umeem 2z = 2% +8—6z; 2/ =32° —6; 2’ = 0npu z = V2;
2|pes =8~ 4V/2; Zle=0 = 8; 2|e=2 = 6.

3) CpaBuuBas BcC HaWICHHbIE 3HAUEHUA (YHKIMM, 3aKJIIO93€M, UTO

Zuaus = 13 B Toure (2, —1); zyaun = —1 B Tourax (1, 1) u (0, —1). >

Ipumep 6. Ilpu rarux pasMepax OTKPBITAA NPAMOYLOJbHAA BaHHA
IaHHOI BMecTuMoCTH V' MMeeT HauMEeHBIIIYIO III0LIanb noBepxHoctu. Haiitu
9Ty TJIOIIAIb.
< Banna umeer gopMmy npaMoyroanHOro napajenenunena. IycTs ero uame-

V
peHuA paBHbI T, Y, 2. Tak kak obbem V = zyz 3amaH, to z = —. Ilnomans

zy
NOBEPXHOCTU BAHHBbI PaBHa

v 1 1
S = S(z, y) =2(xz+yz)+zy=2(:z:+y);§ +zy =2V (§+;) + zy.

3anaua CBOIMTCA K HAXOMOEHMI0O MUHUMYMa ¢yHrnum S(z, y), mpuuem mo
cmbicay 3agaun £ > 0, y > 0.
Pewraa cucremy ypaBHEHHA

2V
S:,E(Z:a y) = —.'L'_2 +y=0,

2V
Sgl/(xa y) = _EJ—Q" +z =0,
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HAXOIMM CTALMOHAPHYIO TOUKY To = yo = V2V. IlpoBepum BhmosHeHie
JOCTATOYHLIX YCJIOBUH MUHUMYMa:

4V , 4V
Seel(,y) = 73 ‘sgy(”:v y) =1, Slllly(mv Y) = —

CnenoBaTesbHO,
— S// 3/2‘/7 ‘3/2‘/ =2, B= S;’U(\E/ 2V, \3/ 2‘/) =1,
Sn \1/_‘/ V)=2 D:AC—B2=4~—1>O, A>0.

Wrar, Qyusmua S(z, y) MMeer MUHIMYM mpH £ = y = 2V; Torma z =
v 2
Jav: 2

Soin = 2V + Vave = 3V4V2. >
(35 7)

8.211. Haittu maubonbuice 3HaueHUC PYyHRIUUA z = £ — 2y + 5 B
06J1aum>('

a)r>20,y=>0 z+y<1;

)zgo, y=20,y—z<1.

8.212. Hatitu nauboabiilee M HaUMEHbNICE 3HAYEHHUA (YHRIUU
z=224+y?—zy—z—ysobmactmz >0, y >0, z+y < 3.

8.213. Haitru naubosipilice ¥ HauMeHbIIEe 3HATEHUA (VYHRIIMU
z = zy B obmacty 22 + y? < 1.

8.214. Haittru mHamboapiiee ¥ HauMeHbUIee 3HAYeHUA (YHRINHM
z = xy? B obmactu 22 + 9% < 1.

8.215. IIpencraBuTh MOJOEUTCILHCE YMCIO @ B BHUIAE IIPOH3BCIE-
HUA YETHIPCX HOJOKUTEILHLIX COMHOMKHUTENCH Tak, YTOOLI CyMMa HX
00paTHBIX BCJIMYMH OLIIA HAMMEHbILEH. '

8.216. M3 Bcex mpAMOYrodbLbHBLIX IAPaJIENENUICHOB, WMEIOIINX
IAHHYH cyMMYy HauH pebep 12a, HallTy mapannenenunern ¢ HanboOIb-
muM 065LeMOM.

8.217. Haiitu mpAMOYroiLHBIA NapaNNCIenunen ¢ ITHHOM Iuaro-
HaIu d, AMEIOIINN HAUDOO0ILIIHA 00heM.

8. 218 BuyTpu yerbipexyroabHUKa HAUTH TOYKY, CYMMa KBAaIpaTOB
pacCToAHUM KOTOPOM 0T BepminH 6hina 0b1 HaMMeEHLLIeH.

8.219. B nonymap pamnyca R snucath OpAMOYrONbLHLIH HapaJiie-
nenunen Hauboabmiero obbeMa.

8.220. B opamoit kpyroBo#i KOHVC C pamHMycoM OCHOBaHHA R u
BbIcoTolt H Brnucarh ipAMOYTUJIBHBINA NapaLieNeninen Hauboiniero
obbema.

8.221. VI3 scex TPeYLOrLHUKOB € OCHOBAHLEM ¢ M yIJdoM (x IIPH
BEepPIUKUC HANTH TPEYTOILHLK € HaKDOILIICH MI0IAABIO.
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8.222*. Ha sanmmce z2 + 9y? = 9 maiiti Tousy, HauboICe U Hau-
MeHee yoajgeHHbie ot npamoii 4z + 9y = 16.

8.223*. Ha smmunce z2 + 4y? = 4 namst mse rousu A(—v/3, 0,5)
n B(1, v3/2). Ha Tom me smiunce HaitTh Takyo TpeTbio Toury (.
1ro6n1 Tpeyronsauk ABC uMen HaubOMLIIYIO IIOMIAND.

8.224. OupenenutTh HApYKHBIE Pa3Mephbl 3aKPLITOTO AMIUKA C 3a-
NAHHOH TOJLIMHON CTEHOK 0 U eMKOCTbI0 (BHyTpeHHeit) V' rak, urobit
HA €r0 M3rOTOBJICHHUE ObLI0 3aTPAYEHO HAMMEHBLIIEC KOJIMYECTBO MATC-
puana.

8.225. Ha nmockocTu madnl n MaTepuanabHbix Touck Pj(zy, y)),
y(x9, y2), ..., Po(Tn, yn) ¢ MaccaMu, COOTBETCTBEHHO PABHBIMHU 172,
M2, ..., My. pu raxom nonomennu Tousu P(z, y) MOMEHT WHEpLMU
CHCTCMBI OTHOCUTENBHO TOukKM P 6yner HauMeHbIInM !

8.226*. Touxu A u B pacnonoxeHs! B pa3iMYHBIX ONTHYCCKUX
cpemax, OTIENEHHBIX ONHA OT IPYroi mmockoctbio AjBy (puc. 27).
CopocTh pacmpocTpaHeHWsA CBeTa B NEPBOil Cpeac paBHa v, BO
BTOpPOii — wv9. Ilonb3ysach npuHuunoMm (Depma, COMIACHO KOTOPOMY
CBETOBOM JIy4 PacupocTpaHAeTcA BHOAb Toi auuuu AM B, nnsa npoxo-

JRIEHUA KOTOpPOH TpebyercAd MMHUMYM BPEMEHH, BBIBECTH 3aKOH IIpC-
JOMJIEHUST CBETOBOLO JIy4a.

A
, .
al g |
|4 M By
N
< — i
B 1
|
| C
'B
Puc. 27 ’ Puc. 28

8.227. Nlonwsysach npunmuinom OepMa, BLIBECTH 3aKOH O0TPAKCHUA
¢BCTOBOTO JIyya OT IUIOCKOCTU B OMHOPONHOH cpene (puc. 28).

8.228*. Ecau B anexTpHueCcKoO Lenu, UMemIeil conporusiaeHue K,
reaer TOK I, TO KOJIMYECTBO TEIIa, BLIIENANIEr0CA B €IMHUIY Bpe-

MCHH, TpPOnopuuoHaibo 12 R. Oupemeants, Kax CIeLyeT pa3BeTBHTH

rox I va Toxu Iy, I, ..., I, Ipu mOMOIIM N IPOBOXOB, CONPOTUBIIE-
HuA xoropeix Ry, Ra, ..., R,, urobbl BbineneHue temia ObIIO HAH-
MCHBIIIVM.

5. FeomeTpuye ckue MpUI0KEHHA YaCTHHIX IPoU3BoaHbIX. Kacameavnot
nA0CKOCTbI0 K TOBEPXHOCTH B ee Touke My (mouka xacanus) Ha3bIBaeTCH
IZIOCKOCTh, cofepskauiasd B cebe Bce KAacaTeNbHbIE K KPUBBIM, IIPOBEIEHHBLIM
{13 TIOBEPXHOCTH uepe3 3Ty TO4KY.
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Hopmaavio K moBepxXHOCTU HA3BIBAETCA NMpPAMAd, NMEPIEHOUKYIAPHAA K
KacaTeJIbHON INIOCKOCTU M MPOXOIALIAsA Yepe3 TOUKy KaCaHud.
Ecnn ypaBHecHME mOBepxHOCTH MMEET BUL

F(z,y,2) =0,
TO YPaBHCHUE KacaTeJbHOH miockoctu B Touke Mo(zo, Yo, 20) €CTh
Fy (w0, yo, 20)(z — z0) + Fy(zo, Yo, 20)(y — yo) +
+ F.(zo, Yo, 20)(2 = 20) = 0. (6)

YpaBHeHUA HOpMAaJIM:

T —To _ Y—Y% — Z— 20 (7)

Fl(xo, yo, 20)  Fy(zo, Yo, 20)  Fi(zo, Yo, 20)

B ciyuae 3agamuA moBepXHOCTH B ABHOH (opme
z= f(z,y)
ypaBHCHME KacaTCJILHOM MmIoCKoCTU B Touke Mo(To, Yo, 20) MMeeT BUL
z =20 = fo(%o, yo)(x — z0) + f, (%0, ¥0)(¥ — vo),
a YpaBHCHHUA HOPMAJIU —

T — T Y—=% _z2—%2

fi(zo, y0) — fy(zo,90) -1

Mpumep 7. Haittu ypaBHeHMA KacaTeJbHON MJIOCKOCTH M HOPMAJIM K
nosepxuoctu x> + 2y — 322 + 2y + yz — 222 4+ 16 = 0 B Toure M(1, 2, 3).
< O603uaunB uepes F(z, y, z) JeByi0 4acTh ypaBHEHHA [MOBEPXHOCTH, Hali-
IEM YaCTHBIE MPOU3BOOHBIE U UX 3HAUEHUA B Touke M:

Fl(z,y,2)=2zx+y—2z, F.(1,2,3)=-2
Fy(z,y,2) =4y +z + z, Fy(1,2,3) =12
Fl(z,y,2)=—-6z24+y—2z, F.(1,2,3)=-18.
Ilo popmynam (6) u (7) nmeem
-2z-1)+12(y—-2)-18(2—3)=0, wm z-6y+92—16=0
—— ypaBHEHME KacaTeJbHON IJIOCKOCTH,

z—1 y—-2 2-3 - z—1 y—-2 2-3
-2 12 0 -18” 1~ -6 9

~— ypaBHCHMA HOpMaJu. [>
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Ocoboti moukoti mnnockodt wpusoit f(z,y) = 0 HaspIBaeTCcA TOTKA
M (zq, yo), KOOPOUHATHI KOTOPOI yLOBIETBOPAIOT CUCTEME TPEX yPaBHEHMUIL:

f(zo, yO) = 0’ f:;($0> 3/0) = 0> f;(an yO) =0. (8)

HyCTb BBLINIOJTHEHLI YCJIOBUA (8), YUCJIa
A= f;lg;(an yO)a B = f;;/y(l'()) y0)7 C= f;ly(:EO) yo)

He nee panubl Hymo u A = AC — B2, Torna:

a) ecit A > 0, 10 M -- usoauposannar mouna (puc. 29);

6) ecin A < 0, 10 M — ysea (dsotinas mouka) (puc. 30);

B) eciu A = 0, 10 M — aubo mouka 6o3epama 1-20 poda (puc. 31)
unu 2-20 poda (puc. 32), 1ub60 u304uUPOBaAKHNAA MOUKE, THO0 TMOUKA CAMO-
npukockosenua (puc. 33).

Puc. 29 Puc. 30 Puc. 31

Yrnoso#t wos3dduunedt k = y' KacaTensHOH K KPUBOH B 0C000I TOUKE
HAXOOUTCA U3 yPaBHEHHA

A+2Bk+Ck* =0.

B cnyuae n30i1MpOBaHHOM TOUKYW KacaTEbHON HET, B y3J€ — JIBE Pa3JndyHLIe
KacaTeJbHbIE; B TOYKE BO3BPATa U TOYKE CAMONPUKOCHOBEHUA — OIHA 06111aa
KacaTelbHas K IBYM BETBfIM KPUBOI.

\M 5
/\

Puc. 32 Puc. 33

Ecau A = 0. 10 144 pelueHUA BOIPOCa 0 TUIe 0c000i TOUKH HY/KHO H3y-
YUTh PACHONMKEHNE TOYEK KPUBOH B HEKOTOPO OKPCCTHOCTH 0CODGIT TOURK.

B caywae rpaHcueHi1eHTHON KPHUBOIT MOTYT ObITH R MHLIC THIBI 0COOBIX
TOYEK: Y2406ble MOUKU., MOUKY NPERPAUWEHUA U T. L.
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IIpumep 8. UccnenoaTsh 0cobble TOYKM KOHXOUILI
@ +y) @ -a)?-’22=0 (a>0, b>0).

<1 0603HauMB J1EBYI0 YACTh ypaBHeHuA depesd f(x, y), HalIeM JacTHBIE IPO-
M3BOMIHBIE ¥ NDMPABHAEM UX HYIIO:

fo(z, y) = 2z(z — a)? + 2(z — a)(2® + y?) = 2b%z = 0,
fy(z, y) =2y(z - a)® = 0.

Cucrema ypaBHeHMIt MMeeT eIMHCTBEHHOE DEIleHne To = Yo = 0, T.e. Kpu-
BaA nMeeT oxHy ocobyio Touxy O(0, 0).
Haitnem BTOpbIe npOM3BOOHLIE:

vz (T, y) =2((x — a)? + 2z(z — a) + 22 + y? + 2z(z — a) — b?),
;’y(q;’ y) = 4:‘/(33 - a)>
w(@ y) =2(z - a)®.
Brruuicnus nx suauenua B Toure O, nonyuaem
A=2@*-1), B=0, C=2a®
A = AC - B? = 4a®(a® - b?).
Ecan a > b, o A > 0, u Tousa O — usonuposannasa (puc. 34). Ecan
a <b 10 A <0, nrousa O — ysen (puc. 35). Ecam a = b, 10 A = 0.

yh ¥ RZ

=y

Q]

—_——————

a+b x O a 2a
Puc. 34 Puc. 35 Puc. 36
Hatimem yraosoit ko3¢ dUUMEHT KacaTeabHOIH:
b — a?
2(a® = b%) +2°k* =0, k=-———=0,

T.e. KacaTeabHaA coBmagaer c ocelo Ox.
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Z —
M3 ypapsenus kpusoit nomyuaes (opu a = b) y = £———v/2ar — 22,
T—a

U, CAGIOBATCILHO, KPUBAj CUMMeTpHuHa otHocuTeanHo oct Oz (0 < ¢ < «;
a < z < 2a). Hostomy nmpu a« = b O — rousa Bo3spata l-ro poma
(pue. 36). >

Oeubpioweti cemelicmea NAOCKUL KpuBhLr HABLIBACTCA IMHIA (WK CO-
BOKYIHOCTDL HCCKOALKUX JUHIN), ROTOpas KaCacTCA BCEX KPHUBLIX HAHHOLO
CCMCICTBa, IPIYCM KaKAAA CC TOUKA ABIACTCA TOYKOH KacaHMus.

Ecmu opHomapaMerpuiuccroc ceneiictBo rpusbix f(x, y, &) = 0 mnmeer
oruharoUIyo, TO CC YPABHCHIIE MOKRHO HOJYIHTL U3 CHCTCMbL ypasHeHui

flr,y,a) =0, fi(z,y, a)=0. (9)

Hermouan us cucremol (9) mapaMerp v, NodyuuM ypasHenue nuna D(z, y) =
= 0. Kpusaa, onpemciaeHnas 5TUM VDaBHCHUCM, HA3LIBAETCA JuUCKpUMIL-
HaumMol wpusoi. [HCKPIMIHAHTIAA LPUBan COCTOUT H3 OrNbAIOIICH 11
MHOCCTBA 0COOLIX TOYCK TAHHOIO CCMCHCTBA.

IIpumep 9. YpaBHCHME TPAEKTOPUN IBMKEHNST CHADAIA, BBINYIICHHOTO
u3 Tourt O ¢ HAYAIBLHOM CKOPOCTLIO ¥ HOX yIVIOM (v I8 TOPU30HTY (6e3 yuera
CONPOTHUBJICHUA BO3AYXa), CTh

t g2°
y=rztga — —5—-.
202 cos? a

llpnauMan yrom a 3a mapamerp, HaliTh Oru0aOMIYIO BCEX TPACKTOpHUHl CHa-
pAna, pacmnoyIOKCHHBIX B OAHOH U TOH A€ BCPTHRAJIBLHONH NIOCKOCTH.
< Umeenm

2
9
T, Y, Q) =rtga — ——— — 7,
fzy. ) b 208 cos? «v y

b
T gr-sina T qx

' ( _ . _ .

T, Y, )= - — = - l—=tga).
fa(@, y, @) cos?a  vicosPa  costa ( :

vg
CocraBum cuctemy Buza (9)
5 , .
gr* x gx
y=ztga - ——5—, 5 I —=tga) =0.
2ugcosta cos?a Ok
\2 1
1/0 9
U3 proporo ypaBneHums noavamM: tgo = — U €OS" (¢ = ———— =
gr 1+tg”a

2,2
s .

——5 - HoactaBaaa B nepsoc ypasHeHHC, HAfigeM ypaBHCHHC OrH-

g=T< + vy

Garorueii (napabona 6esonacuocmu):

B gt

—  IIH
) g 2’1;‘59 ’
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8.229. Haittut ypaBHCHMA KACATEJILHOH INIOCKOCTH M HOPMAIH It
CJICAYIONIUM I0BEPXHOCTAM B ynaaam{mx TOMKAX:

) . T 1
a) z =sinxcosy B TOUKE | —
4 4’2

, 1
6) z = " Y B Toune <1, T, — |
e

8.230. Hatitu paccroanuc or Hawana KOOPAMHAT JI0 KACATCILHON

x Ta
IIIOCKOCTH 1§ HOBCPXHOCTU 2 = Y L — B TOUKC ( , @, a).
a 4’
8.231. Haitru yrawl, xoropnie o0pasyer HOPMAIL K MOBCPXHOCTH

x T
z = arclg — B TOUKC (1, 1, Z) ¢ 0CAMU KOOPIUHAT.
Y
8.232. Jlaa mosepxHocTH z = 42 — 2y + y? HAHTH yPABHCHUC Ka-
CaTEILHOM INIOCKOCTH, NapaslieabHol mnockoetd 4z +vy 42249 = 0.
8.233. Haiitu ypaBHCHMA KacaTeJLHONM INIOCKOCTH X HOPMAIUA I
CHICHAYIOUTMM HOBEPXHOCTAM B YKA3AHHBIX TOUKAX:

a) z(y + 2)(zy — z) + 8 = 0 B Toure (2, 1, 3);
6) 2%/% 4 29/% = 8 B roune (2, 2, 1);
B) 22 + 4z + 2% = 0 B Tousax mepecetchnsa ¢ ocnio Oz.
8.234. Ilna nosepxuocru 22 — 2% — 22 + 6y = 4 naiiTu ypaBHenua
z+2 y z+1
N :§ T4
8.235. Ha mopepxuoctu 22 + 2y? + 322 + 22y + 222 + dyz = 8

HalTu TOUYKM, B KOTOPLIX KACATENLHLIC INIOCKOCTU IapaJllCJbHLI KO-
OPINHATHLIM TLJIOCKOCTAM.

8.236. Tlokasarn, YTO KACATCALHLIC IUIOCKOCTH K IOBEPXHOCTH
w23 4 25 4 223 = 213 oreewaror HA 0CAX KOOPAMHAT OTPE3KH,
CYMMa KBAIPATOB KOTOPBIX NMOCTOAHHA U PaBHA a’.

8.237. Hailitu ypaBHCHHA KACATEALHOW MNOCKOCTH U HOPMANU I
CJIELYIONIUM HOBEPXHOCTAM, 3aOAHHLIM NApAMETPUUECKH, B yKasaH-
HBIX TOUKAX:

a) . =rcosp, y=rsinp, z=rctga s rouse (rg, py);

6) T =ucosv, y =usinv, z = av B rousc (ug, vp).

HOpMAJIH, IMapaIeabHOHR IPAMOi

8.238*. Ilox KaKUM yrioM mepeceraiorcsa WamaHip 2 4+ y2 = o’ u
runepbonuveckuit napabonoun bz = zy B obwei Touxe (xg, Yo, 20)7

8.239*. Ilokasarn, ITO CACKYIOILME TOBEPXHOCTII IIOTAPHO OPTOrO-
HaJILHLIL:

a) 22 + 9% + 2% = 20z w2 4+ % + 22 = 2by;

6) zyz = a® u 222 = 2% + y* + f(z? - y?);

B) zy = az?, 2% +y? + 2% = bu 22 4 2% = (2% + 2¢?).
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UccnenosaTh 0c0ObIC TOYKU KPUBBIX:
8.240. 2?2 + y? = 21 4+ yL.
8.241. 12 (a? + 2?) = 2%(a® — 2?). 8.242. 2% +y! = 2",

8.243. 1% = (z — 1)3. 8.244. (y — 222)% = a°.
8.245. 4y? = 2% + 5z, 8.246. % = az? + 23,
8.247. y2 =1 — ™%, 8.248. 12 =1—¢ ",
8.249%. y = Iﬁ/? 8.250%. y = 7.

8.251. Hajitu oru6aromyio ceMeicTsa IpAMBIX ¥ = az + a’.

8.252. Haittu orubatoinyio ceMeiicTBa IPAMBIX Z COS a+ysina = p
(p = const, p > 0).

8.253. Haittu orubaromtyro cemeitcTsa oxpymuocreit 22+ (y—C)?% =
= R? (R = const).

8.254. Haitru orubaromyio cemeiictsa napaborn y?> = 2pz + p2.

8.255. Haitru orubaromtyio cemeiicrsa mapa6orn y = 3a’+2ax —1°.
2
8.256. Haittu orubaroiyro cemeicTBa 3JUIMICOB — + . A 1
a? (Il —a)?

| = const).
( 8.257. )Haﬁm orubaroLIy0 CEMEHCTBA OKPY/KHOCTEH, IPOXOIAIIIUX
yepes HAYamo0 KOOPAMHAT U MMEIOIIUX LeHTp Ha napabone y? = 4az.
8.258. UccnenoBaTs xapakTep TUCKPUMUHAHTHBIX KPUBLIX CeMeH-
crBa caenyomux guduii (C — nepemeHHbIN napamerp):
a) nybuueckux napabon y — 1 = (z — C)3;
6) moayky6uueckux mapabon (y — C)% = (z — C)3;
8) mapa6ox Heita (y — 1)% = (z — €)%
r) crpodoun (a — z)(y — C)? = z%(a + z).

§ 4. IpubaumeHHbIe Yncaa U AeHCTBUA HAH HUMHU

1. AGcomoTHaa ¥ oTHOCUTEIbHAA NOrpelIHocTH. llycTh uMciao a ecrhb
npubausncenue uncaa A. Hampumep, A = V3ua=1,7. llpua > A aucio a
Has3bLIBACTCA npubauxcenuem no uzbwmxy, npu a < A — no nedocmamxy.
Tax, umncmo 1,73 ectr npubau:xeHue V3 1o HelocTarKy, a uucino 1,74 —
10 u3beITKy. Abcoaromuas noepewnocms npubanxKeHUA (IpUOIUKCHHOrO
qMcsia) @ OmpelesAeTCA PAaBeHCTBOM

A =|a- A
Mocrombky TOUHOE 4MCa0 A BO MHOTMX CIAy4aAX HEM3BECTHO, TO HEM3-

BECTHA W a0COMIOTHAA IOrPCLIHOCTL A, OIHAKO IPU ITOM MOMKET OBITH yKa-
3aHa BepXHAA rpaHn abcomoTHON morpemHocTy. HanMennliaa u3 BEpXHUX
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rpadeit A, aGCco/OTHON NOrpenIHOCTH HA3bIBAETCA npedeabnoti abcoarom-
#oti nozpewsnocmyro. Ha mparrure wacto 3a npeneianbHyw abconOTHYIO
norpeurHocts A, IPMHAMAIOT OJHY U3 BCPXHUX rpaHeii. Mmeer mecto Brmo-
YyeHue

Aefa— Ay a+ A,

KOTOpOe OpUHATO 3amuceiBath B Bumge A = a £ A,. Hampuwmep, V3 =
=1,7321 4 0,0001.

Omunocumeavras NoZpecwHrHoCb 4HUCIa ¢ ONpeaesACTCA PAaBEHCTBOM

A(l
b0 = —.
a
Hanmpumep, nma A = V3 u a = 1,7321 umeen 8, = %%%% = 0,00000.

B necartuunoit 3amucu uucaa snauawed yudpoti nau 3HAKOM HA3bLIBa-
etca moban nqudpa, orananan ot Hyasd. Hyan cunraerca 3Havaweit nudpoit B
TOM CIy4yac, KOr4a OH PACIONOKEH MCKIY 3HAMAIIMMH HHUGPaMU UIH CTOUT
npaBee BCOX 3HAYALIMX LUOP.

Oxpyeaenuem 41CIa HA3LIBAETCA 3aMCHA €r0 UCIOM C MEHBIIMM KO-
nr4yecTBOM 3Hayammx uugp. IIpu oxpyriacHuu cobarONArOTCA CACYOUINC
npaBuiIa:

1) ecau nepsasa u3 orbpachiBaeMbIx UN(pP MeHbIIE 5, TO COXPaHAEMbIE
3HAKI OCTABIAOT 63 H3MEHCHIIA;

2) ecau neppaa u3 ordpacnisaeMbix uudp 6oapwie 5, TO mocacaHU K3
COXPAHACMBIX 3HAKOB YBCJIHMUIBANIOT Ha 1;

3) ecan nepsas 13 0TOPAchIBaEMbIX MDD PABHA 5, @ CPENU CIACLYIOLIAX
3a Heit uudp CCTh OTIHYIHLIE OT HYJIA, TO NOCJEIHUI U3 COXPAHAEMDIX 3HAKOB
YB&JIUUIUBAIOT HA 1;

4) ecau nepeasa u3 ordpackbiBacMbIX MH(P PaBHA 5, a Bce CJICHYIOMIE 3a
HCH ABNAOTCA HYJFIME, TO HOCJEIHUI M3 COXPAHAEMBIX ICCATHYHLIX 3HAKOB
YBCIMUMBAIOT HA 1, KOrHa OH HEYCTHBIN, I COXPAHAKT HEM3MEHHBIM, KOria
OH YeTHBIMN.

Ecan abcoatornasa norpeurHocTs npubIvKeHHOT0 YHCIa @ He MPCBBILIACT
eIUHHNIBL Pa3pALd, BbIPARAEMOro n-# 3Havamed nudpoit B NecATUYHOH 3a-
HHCH 3TOr0 YMCIIA, TO @ HA3BIBACTCA UUCAOM, UMENOULUM T 6EPHLIT 3HAKOS
8 wupoxom cmvicae. Ecau e adcomroTHas NOCPCIUHOCTL HE MPEBBILIAET
HOJIOBMHBI EIMHUIBI YKA3aHHOI0 BhILIE pa3paAna, To NpubianmeHHOe 4IICIo0 a
Ha3bIBACTCA UUCAOM, UMEIOUUM T 8EPHLIT 3HAK06 6 y3Kom cmbicae. Ilpu
5TOM IJIf1 OPEeNeJbHON OTHOCUTCALHON HOrpeIHOCTH 0, COPABEMLINBLI HEpa-

BEHCTBA
1 1 n—1 1 1 n—1
a < T\ A 6(1 < oL V' IA
ba < (10) " ok (10)



232 T'n. 8. AuggpepcHu. ucaucaeHue QyHKQUHU HCCKOJIbKUX HEPEMCHHBIX

COOTBETCTBCHHO B IEPBOM M BO BTOPOM CJy4adAX; B 06oux HepaBeHcTBax k
03HAYACT NEpBYI0 sHauamlyo mudpy uucna a. 06patHo, ecnd mpeneibHaA
OTHOCUTEJbHAA NOTPCIIHOCTD YAOBJICTBOPACT HEPABCHCTBY

et 1
* 2k +1) 10mV

TO COOTBEICTBYIOLICE OPHOMIKEHHOE UHCI0 @ C IePBoii 3Havaueil uudpoi k
HMEEeT 71 BePHBIX 3HAKOB B Y3KOM CMBICIIE.

8.259. Haiitu upegennHy1o abCoMOTHY IO U OTHOCHTEALHY O TIOT PELI-
HOCTH CJICAYIOIIUX TPUOJIMKCHHBIX YHCEJN, MOJYYEHHBIX IIPU U3Mepe-
uun: a) 23,015 kr; 6) 84,5¢cm; B) 25°15'.

8.260. [Ipn u3MepCHUHN IJIMHBI NYTH NOJIYyYeH pe3yabrar 25,2 KM
€ TOYHOCTLIO 0 2M, a NP M3MEpeHHH miIomamy (aspodorocnemra)
nosyucH peayabrat 1500 M2 ¢ TounocTsio 10 30 M2, Borumeauts mpe-
ICJIbHYI0 abCONIOTHYI0O M NMPENeNbHYH OTHOCHUTEIHHYIO IMOTDCLIHOCTH
000MX PC3YILTATOR.

8.261. Ilpu uamepenun mivnHbl yyactka mytu B 10 KM momyureHa
omnbka B 10 M, a mpu u3MepeHUN quaMerpa raiisu B 4 cM KOmyLIeHa
omwubxa B 1 Mm. Kaxoe u3 arux gByx uamepcuuit 6oiee TouHOE?

8.262. KaxoBn!l mpencianHbIe a0 COTIOTHAA 1 OTHOCUTCIILHAS IO Pel-
HOCTH NPHUOJIM/KEHHBIX YUCEN, TIOJIYYeHHBIX MPU OKpyrieHuu: a) 36,1;
6) 0,08. :

8.263. Oxpyrmurs umcaa 29,15 u 3,25 1o mepBoro mIeCATHYHOTO
3HAKa M0CIC 3aIATOMH.

8.264. Owpyruuts umeno 5,3726 1m0 THICAYHBIX, O COTHIX U IO
necATbIx poneii. Haifiti abCOMIOTHYIO U OTHOCUTENILHYIO MOTPeIITHO CTH
KaIOro U3 3TUX TPEX OKPYIJICHUIA.

8.265. OxpyrsiuTb @0 TpexX 3HAUAINMX UWU(DP CIEAYIOIIUE THCIA:
0,02025, 1876672, 599983.

8.266. OnpenenuTs 4KCI0 BEPHBIX 3HAKOB B y3KOM CMBICJIC U HATh
COOTBETCTBYIOLIYIO 3aMUCh NPUONMACHHBIX THCCI:

a) 413287,51, ecnu npenenbHaA OTHOCUTCIbHAA IOCPEIIHOCTL He
npespimacr 1%;

6) 0,0794, ecau npepenbHAA OTHOCUTEIbHAA TOTPEITHOCTh HE Mpe-
soiraer 2%.

8.267. Co CKONBLKMMIE 3HAKAMH HYAHO B3ATH YHCIO /21, 4T0GBI
IpeneibHAA OTHOCUTENbHAA NOTPeIIHOCTL He mpesbimana 1%7?

8.268. Co cxoumpKMMU 3HAKAMU HY/KHO B3ATH yucia In40 u arctg 2,

4TOOBI UX npeaedabHasda OTHOCUTCJILHAA MOrPEIIHOCTh HE IIPEBLILIAJA
0,1%?

2. JleficruA Han npubmmennsivu yncaamvu. lyctes u = f(zq, 9, ...

..., Tn) — oudepenuupyeMan B paccMaTpuBaeMoit obaactu Gpyunxuua. To-
roa npemensHad abcoMIOTHAA MOrpPeIHOCTh A, 3HaYeHMA QYHKIUU ompene-
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JIAE€TCA COOTHOLIEHUEM

Ay, (1)

rae Az, —— OpeneabHbIc abCOMIOTHBIE NOMPCUIHOCTH 3HAYCHU T COOTBETCTBYI0-
LIUX apryMeHToB. [aA npemciabHOM OTHOCHTENLHOM MOTPELHOCTH MMECT
MECTO PaBCHCTBO

Ay, (2)

Mpumep 1. Haiitu npemcasnple abCOMIOTHYI0 U OTHOCUTCALHYIO TO-

rpeurHocTy 00beMa KOHyca pamuyca T U BBICOTHL f, ecau 7 = 15 £ 0,02 e,
h=191+£0,05cm u 7 = 3,14.

1
< HUmeem v = 57rr2h 44981 cn®. * Yuutinisag, uyro 1 = 15, h = 19,1,

1
m = 3,14, A, = 0,02, A, = 0,05 u A; = 0,0016, naiinem gq = §r2h =
i
2 .
= 1432,5, g—: = 57rrh = 599,74 u g_f-z = %wrl = 235,5. lpumenaa dop-
myay (1), mosyyaeMm mpenenbHy:0 abCOMOTHYIO0 MOrPeUIHOCT
v v v
A, = |— , =2
v 07‘_A o A+|8hlAl 6,06 cn®.

[IpenenbHan oTHOCHUTENLHAA NOTPEUIHOCTb MOKCT OLITH OmpenesncHa U3 pa-
BEHCTBA
_ 26,1

v = 2498
Taxum 06paszom, v = 4498 + 26,1 cm®. >

= 0,006.

JJoxazaTh ClENYIONIUE YTBCP/KIEHUA:

8.269*. [IpcaeanHan adCOMIOTHAA MOTPEITHOCTL CYMMBI PABHA CYyM-
Me€ NPEeneTbHLIX abCOMTHBIX IMOPEUIHOCTCH CJIaraeMbIX.

8.270*. IlpenennHasa OTHOCUTEJLHAA IOrPEITHOCTL NMPOU3BEICHUA
PaBHA CyMMe MpPeIeabHbIX OTHOCUTENBHBIX IOTPELIHOCTCH COMHOMKU-
TeJeH.

8.271*. IlpemennHasn OTHOCHUTENIBHAA NOTPELIHOCTD 71-1 CTENCHU B
7 pa3 00JIbINe MPEeNebHON OTHOCUTEILHOM MOrPEUIHOCTY OCHOBAHUA.

8.272*. llpenenbHasA OTHOCUTENLHAA MOIPCIIHOCTH YACTHOIO PaBHA
CyMME NPCIETbHBIX OTHOCUTCABHLIX IOIPEITHOCTE! IeIMMOr0 U Heu-
TEJA.

8.273*. llpenensHaa abcomOTHAA MOTPeMIHOCTH Ay, IpOU3BEmIe-
HUA UV YOOBIETBOPAET COOTHOWIECHUIO Ay = Ayv + Ayu
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HpOI/IBBCCTI/I yKa3aHHbIe ﬂeﬁCTBHﬂ Hall III)I/I6HI/I7IQ€HHLIMI/I YHUcJjaa-
MH, B KOTOPBIX BCC HeCsITUYHLIC 3HAKU ABJAIOTCSA BCPDHLIMHA B Y3KOM
CMBICJC:

8.274. 130,6 + 0,255 + 1,15224 + 41,84 + 11,8216.

8.275. 17,83 4+ 1,07 4+ 1,1 - 10%. 8.276. 153,21 — 81,329.
8.277. 61,32 — 61,31. 8.278. 35,2 - 1,748.
8.279. 65,3 - 78,5. 8.280. 7,6:2,314.
8.281. 170:5.  8.282. 40,5%.  8.283. /54,71.

8.284. IIpn mamcHeHUM paauyca kpyra ¢ ToaHoctnio 1o 0,5 cM mo-
ayumiiocs yucito 12cm. Haditu abcomiotHyio M OTHOCHTCILHYIO TMO-
IPEIIHOCTH IJIOIALU Kpyra.

8.285. Onpenenuts abCOMIOTHYIO NOTPCLIHOCTh A€ CATHYHOrO JIOra-
pudMa HOJORUTEILHOr0 HPUOIMIKCHHOIO YMCIA T, BBIYUCICHHOLO C
OTHOCHTENBHOM MOrPELIHOCTLIO 0.

8.286. C maxoit nperesabHON abCOMOTHON OTPCIIHOCTHIO CJELYCT
U3MEPUTH CTOPOHLI IPAMOYTOJMLHUEA ¢ = 4M U b = 5M, 4T00LI €ro
IIOIAgbL S MOKHO 6BHLIO BLIYHCIUTL ¢ TOYHOCTDLIO 10 0,1 M2?

< Pmeem S = abu AS = 0,1. llpennonaras paBHLIMU cIaraeMble B (QOpMyIe
(1), noayunm

ou Ay, Ay

— 1A, = —, orkyma A, = —

oxz;| ™  n’ ’ 7 n|ou/0xy)
(npuHuuD paBHBIX BAuAHU). [03TOMY, BLIUHCJAAA YACTHLIC TIPOU3-
BOIHbBIE b=5n os a = 4, naitgev 0

pie — = b =1 —_—=qa = eM, UT
da Ob ’
0,1 0,1
Aa - 2.5 = 0,01, Ai, == ﬂ = 0,0125

Pacnpeaenas yncao 0,1 B popmyne qaa Ag MeRIY OBYMA CIAraeMbIMU He [O-
Y

POBHY, a Kak-HuOyIh MHAYE, NOXYyYMM APyrue 3HadeHun mia A, 1 Ay, obec-

NEYMBAOLINC, OIHAKO, BCE TY JKe HPCACALHYIO a0COJHTHYO OTPCLIHOCTD. [>

8.287. C raxoit a0COMIOTHOMN MOTPCUIHOCTLIO CIELYET U3MCPUTL CTO-
POHY T KBaxpaTa, uTO0LI ONPEICIUTL IIOLIALs 3TOr0 KBAPATA C TOU-
Hoctsio 10 0,001 M2, e 2M < z < 3M?

8.288. BorumcauTh MIIOTHOCTL ANIOMUHWA, €CJIH AJIOMUHHUCBLIA
UUIMHAD AMaMerpoM 2cM u BuicoToit 11 cM mmeer macey 93,4r. Ot-
HOCUTEJILHAA TOTPEHIHOCTL u3MepeHuA miauH pasHa 0,01, a orHocu-
TEJNLHAA NMOTPEIIHOCTL onpeneiaeHua Macceonl pasua 0,001.

8.289. C xakoi TOYHOCTLIO CJICAYET ONPCHCIXTL PALUYC OCHOBA-
nua R u Buicory H nmiimHIpudccko# 6aHKH, 4TOObLI €€ BMECTUMOCTD
MOKHO OBLLIO ONPCOETUTHh € TOYHOCTBIO 10 1%7
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8.290. C xaxoil TOYHOCTLIO CJIEAYCT B3ATH INPUOIM/KCHHOC 3HAUCHUC
yrma @ & 25°, 4Tobbl HAfUTU 3HAUEHUE SINT C YETHIPbMA BEPHLIMU
3HAKAMU B Y3KOM CMBICIE?

8.291. C xarxuM 4KMCIOM BEPHBIX 3HAKOB B IIUPOKOM CMBICIE CJIe-
Iyer B3fATh 3HAYEHUC AapryMeHTa T = 2, IT00BI HOJIYYUTH IHAUCHUE
tdyusuuu y = € ¢ Tounoctnio xo 0,0017

8.292. ( KaxuM UYMCJIOM BCPHLIX 3HAKOB JOJIKEH OLITL U3BECTCH
cBOGOIHDIN wieH ypaBHeHUA 2 — 22 +1g 2 = 0, wT06BI MOTYIUTL KOPHU
9TOr0 YPABHEHUA € YETHIPHMA BCPHBIMH 3HAKAMU B Y3KOM CMBICIE?

8.293. Tpcbyerca uameputs ¢ TOYHOCTLIO B 1% minowans 60K0Boi
HOBEPXHOCTU YCEYEHHOr0 KOHYCa, PATUYChl 0CHOBAHUM KOTOPOTO & 2 M
u = 1M, a obpasyroman ~ 5M. ( Karo#t TOYHOCTHIO HYKHO IUIA 9TOTO
U3MEPUTh PATUYChl U 00Pa3YIOLIYI0 U CO CKOJILKUMU 3HAKAMU HYIKHO
B3AITH YUCIO 77



['maBa 9
KPATHBIE MHTET'PAJEI

§ 1. JIsotino#t muTerpa

1. CpoftcTBa IBOMHOr0 MHTErpaa U €ro BHIYMCJIEHHE B IEKAPTOBBIX NpA-
MOYTroAbHBIX Koopmumatax. llycto ¢ymwrums f(z,y) = f(P) ompecnenena
U HCHpepLIBHA HAa 3aMEHYTOH orpanuteHHoft obmactn G maockoct Ozy,
o = {Aoy, Aoy, ..., Aoy} -—— Heworopoe pasbuenne obaact G Ha 3I€MCH-
TapHbIe MOH0bAacTH Aoy, MJIOWANAN KOTOPLIX Takxe 00o3HaunM ueped Aoy,
a auamerpel -— uepes dy. 3aduncupyem tousu P € Aoy, kK =1,...,n.
Borpaskenie

Sn = f(Ps) Aoy
k=1

HA3bIBACTCH HHTErpadLHoil cymmoit maa ¢yarnuu f(P) mo obmactu G.
Eciu cymecTsyetr Iperes mocIenoBaTeIbHOCTH UHTCTPAIBHBIX CYMM Sy, IPH

I(Il,‘ag( dk - 0 (npn 9TOM 1L — OO) 1 ecCJiil 3TOT Upeacy HE 3aBUCHT HU
1<k<n

ot cnocoba pasbuenusa obnacty G Ha sneMmeHTapHble nomobaact Aoy, HU
oT BLIGOpa Todek P, € Aoy, TO OH HA3BIBAETCA (GOUHLIM UHMESPALOM OT

¢yusunu f(x, y) no obaactn G 1 o6o3HauaeTcs uepes // f(z, y)dzdy.
G

Taxum odpasom,

/ / f(z, y)dzdy = mayﬂ%k;f(onk.
¢ e

Isia 1BOMHOrO MHTErpaja CupaBemsIHBbI CBOMCTBA JINHEHHOCTH H aAIHTUBHO-
cri (cn. 3amauy 9.1).

Boruncaeaue qBofHOrO MHTICTPAIA CBOIUTCA K BBHIMHCICHHIO TTOBTOPHBIX
UHTErpaaoBs caenyromumM cuocoboM. Ilyers obiaacts G (pre. 37) orpanuyena
spuseiMu Y = ¢1(z), ¥y = p2(r), T = a, * = b, upudem Bcrony Ha [a, b]
Qynxnuu ¢ (z) 1 @y () nenpepsiBabt U @ (1) < @2(z). Torna

J[ fa@ wdeay = j da m/(l)f(m, y) dy, (1)
(€]

a p1(r)
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MPUYICM CHAYAJIA BLINMCIACTCA BHYTPeHHUHA MHTCT PaJT 0 HepeMeHHoit y (- -
IapaMerp), a HOAYUEHHLIT PeRYILTAT UHTCTPHPYCTCA [0 L. SaMCTHUM HPH

3 ¥=pp)
y
db- ==
G
x=y(y) x=1,(y)
|
| .
! ! . 0 ’ ’ X
0} a \_/ b x PO
y=p(x)
Puc. 37 Puc. 38

3TOM, UTO ecau npusan ¢, (z) (man xpusasa @, (1)) B npoMemyTie a L ¢ < b
3amacTCsA PA3HBLIMII AHATHTHUCCKIIMH BBLIDAREHUAMI, HAPHIMCP,

(1)(1,) mpu a<z<ec,

( ) )
e ) =
( )(1) I[pl[ C<J“<b,

TO MHTCrPAJ CpaBa $allIChIBACTCA B BUIOC CYMMDI ABYX HMHTEI'DaJiOB

b w2(x) c wpa(a) wa(r)
/dv / fiz, y (]J—/d’l} / f(r, y)dy+/d1 / flx, y)dy.
2 pur) T () “ P

Anasornyno, ecnn obnacto G orpaniueHa kpupbiMu z = 1 (y), T =
= (y), y = ¢, y = d, npiucs Berony Ha [, d] Qyrsman ¢y (y) 1 ¥a(y)
HenpepsiBHBL U 1 (y) < 2(y) (puc. 38). 1o

//f dzdy_/dy /y)f (2, y) da. @
Uy (y)

I Boiinoit unTerpas, upencrasiaeHussii B Buge (1) win (2), nasviBacrea
TAIUKC TOBTOPHLIM MHTET PATIOM.

IIpumep 1. PaccraButh npement nmcrpnponamm ABYMA cHecobamu

1 BBLIYIICJIHTL ABOHON nurterpan I = // — dx dy, ecar obmacTh IHTErPU-

(€]

1
POBudus (G OTPAHITYCHA JUHUAMU Y = &, Y = —, T = 2.
T
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< Mopma obnactu G. (puc. 39) nossosnaer npumenuTs Gopmyny (1) mpu

1
(pl(‘l:) = —a 902('1;) =z, a= 15 b=2:

2

1
=2-.
4

2
T 4 2
)d$:/x2<$—l>d$:<—x ——£)
Yli/a / T 4 2

Ecau me nna Bubluucienya JaHHOTO HHTErpana NpUMeHUTh Gopmyty (2), To
CJIeIyeT TOJI0RUTh

1

Yi(y) = npH sk Ya(y) = 2,
<2

L@ | =
[l NN T

<Y
<y

pu ,

c=l, d = 2. Torna

2
2 2
I—//—ddy—/ /2d /—%/aﬂdx
/2 1)y 1 y

QueBunHO, 4TO MEPBHIA CIO0COO BLIYUCIEHUA B JTAHHOM IpUMEpe [eyecoodbpas-
Hee BTOporo. >

" "
I 3
S
Q N
IRV
| | y=1L
12p A~ ——> x
| |
n 1 .
0 1 2 X
Puc. 39 Puc. 40

Mpumep 2. W3MenuTsh NOPANOK MHTETPHUPOBAHUA B NOBTOPHOM HHTeE-
rpaie

1 1-y
[ [ 1@y
0 _ /157

< Crpoum obsnacts uHTErpupoBanua (G 10 OpegelaM HHTErPUPOBAHUA:

—1-y% ¥a(y).=1-y, y =0, y = 1 (puc. 40). Csepxy
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obnacts G orpaHuUueHa KPUBOR

Vi—z2 opu -1<z<0,

-z wmpu 0O0<z<l,

pa(z) = {
a cuudy — npamoit y = 0. Iosromy umeem

11—z
/dy / flz, y)dy = /d:c / f(z, y)dy-l—b/da: 0/ flz, y)dy. >

—y/1-y?

9.1. llonbayack onpenencHUEM MBOMHOTO HHTErPANa, T0KA3AThH CJIC-
nymnme €ro CBOHCTBA:
JMHENHOCTE:

// f(z, y) gz, y) dmdy*//fa:ydxdy:l:// (z, y) dz dy

"
é/xf(x, y)d:cdyzA/G/f(a:, y)drdy (X € R);

) aIIUTUBHOCTL: €CIn G= G1UGo, To

//fxyd:cdy—//jz dedy+//f(x y) dz dy.

(12
BoruncanTs nOBTOPHBIE UHTETPAJBI:
1. 2 2 T\/ ;
) Tay
9.2, dx o dy. 9.3. dx .
/ a/(T Ty / /x2+y2
0 0 0 T
3 5 /2 a(14-cos )
94. [ d . 9.5. d dr.
o] i os [ae [ ow
1 2 0 acosy

w2 2c0s ¢

9.6. /d(p / 3 dr.
-—7I’/2 0
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H.T[ﬂ JAaHHLIX INOBTOPHLIX HMHTErpa/ioB HanuCaTh YPABHCHUF KPHU-

BBLIX, OTPAHUYMBAIOIIUX 00J1aCTU MHTErPUPOBAHUA, U IOCTPOUTH 3TH
obsaacTu:

2 z+43 1 2—x2
9.7. /daz / f(z, y)dy. 9.8. /d:c f(z, y) dy.
1 z -1 72
2 4-y? 1 V2=z?
9.9. /dy f(z, y)dz. 9.10. /da: / f(z, y) dy.
0 27y 0 Nz

1A yxazanubix Hizke obiacreit G 3amucath IBONHONM WHTETpaJ

J[ 1@ vyazay
G

B BHIC IIOBTOPHBIX, B3ATBHIX B PA3JIUYHBIX NMOpAOKaX:

9.11. G — unpamoyronsaur ¢ BepmmHamu A(l, 2), B(5, 2),
C(5,4), D(1, 4).

9.12. G — mapa/resiorpaMM, OTPAHMYEHHBIM NPAMBIMUA § = I,
y=z—-3, y=2, y=4.

9.13. G — obaacTs, orpaHHYeHHAA KpUBLIME z2 + 3% = 202, 22 =
=ay (a >0, y>0).

9.14. G — obmacrs, OrpaHUYeHHAA KPUBLIME Y2 = az, 2 +y? =
=2az, y=0 (a >0, y>0).

9.15. G — obaacTs, orpaHMYeHHasa kpuseiMK T2 + % = ax, 2 +
+y?=2azx, y=0 (@a>0, y>0).

9.16. Ilo xaxoit mepeMeHHOM B3AT BHELIHNUN UHTCTPAN B TOBTOPHOM
HHTErpaJe

2z

/ / f(z, y)dydz
1 -Va

U KaKoBa 06/1aCTh MHTETPUPOBAHUA !

Nsamenutn IIOpAJNOK MHTETrPUPOBAHUA B CJHEHYIOIIMUX IOBTOPHBIX
HHTCrpajlax:

6 —3+V12+4z—z?
9.17. / dz / flz, y)dy.
-2 _3_yT2¥dz—22
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1 1—y? 4 V16—12?
9.18. /dy / f(z, y)dz. 9.19. /dx / f(z, v)dy.
Sy 0 Vap—az
1 y 3 1
9,20./dy / f(z, y)d:z:-l—/dy / f(z, y)dx
0 y2/9 1 2/9
2 (x+2)/ 10/3 (z+2)/2
9.21/dm / fxydy—}—/da: / f(z, y)d
-2
m
9.22. /d:c / (z, y) dy.
0 V2az—z?
V2o Y2
9.23. / dy / f(z, y) dz.
-v2  yr-l
7 3 9 10—z
4/d"s/f ,ydy+/d/ y) dy.
3 9/z 7 9/z
a z a

9.25. Ilokasats, ‘ITO/dl‘/fZE ydy—/dy/f z, y)dz, u,

0 0
M0JIL3YACH 9TOH (opmMyoi, noxaaa*rb bopmyny JI upuxie

jdxjf(y)dy=j(t—y)f(y)dy-
0 0 0

BoruncauTe caenyroiie UHTETPAbL:

9.26. //(12 + %) dz dy, tme obmacts G OrpaHMYCHA KPUBBIME

G
y=z, z+y=2a, z=0.

9.27. / Vzy —y?dzdy, tne G — Tpamenusa c BepIIMHAMHI

A(L, 1), B(5, 1), C(10,2), D(2, 2).
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9.28. / / 2y dx dy, vie obnacts G orpaHMYeHA KPUBBIMU T4y = 2,

¢]
22 4y? =2y (z>0).
9.29. //ydw dy, rne G — rtpeyroapuuk ¢ sepwunamu O(0, 0),

G
A(1, 1), B(0, 1).
9.30. //(x + 2y) dzdy, rme obmacts G orpaHMUCHA KPUBBLIMU
G

y=a2>uy=1

9.31. //(4 y ) dz: dy, roe ofnacts, G OrpaHMYEHA KPUBBIME T2 =

—1y,y<—1 z=0 (z>0).
dz dy
9.32. / / Lo j , rie obsracth G OrpaHMYCHA KPUBLIMU Y =T tg T,

Y =z, J‘—'7T/8 (. 7/8).

9.33. / / v a? + z? dx dy, roe obnacts G orpaHUYEHA KPHBBLIMA
v
Y —z?2=a? t=a, 2=0,y=0 (y>0, a>0).

9.34. // ¢ 1Y dx dy, ric o6nacts G orpaHMUCHA KPUBBIMHI Y = €7,

G
=0, y=2.

9.35". / / 22y dz dy, tne obracts G ICAHT B UCDBOH ueTBepTH,
G
OrpaHHYCHA OCAMH KOOPJIMHAT W AYyroii smiMmnca ¢ = acost, y =
= bsint (0 <t < 71/2).

9.36. // & dz dy. rae obnacte G orpanmveHa oceio Or M aproii

mukgonant ¢ = a(t —sint), y = a(l —cost) (0 <t < 27).

%31 / / ydz dy, rae obnacts, G OrpaHMUYCHA 0CAMU KOOPAUHAT U

Ayroit acTpomant T = acos®t. y = asindt (0 <t < 7/2).
9.38*. Haitru cpernec suaucuue hyuxmnn f(xz, y) = cos? z cos?y
B otmacu - (. p)0 < or < /2,0 <y < /2.
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9.39*. OueHuTH BEJMYMHY UHTCIPAJIA

I // dx dy
o 9 +sin?z +sin? (z +y)

lz|+]y|<3

9.40. Haittu cpeasce suauctne gynniunt f(o, y) = 3z + 2y B
rpeyroasuuke ¢ Bepmmuamu O(0, 0), A(1, 0), B(0, 1).

2. 3ameHa nepeMeHHbIX B [BoOMHOM HHTerpaie. Ilycts GyHKuuu

z=p(u,v) n y=19(u, ) 3)

OCYLLIECTBIAIOT B3aMMHO OHO3HAYHOE HEIPEphIBHO A1 (hepeHIpPyeMoe 0To-
6pamenue obnactu I' maockoct O'uv Ha obaacts G miockoctu Ozy. 3ITo
03HAYAeT, 4T0 CymICCTBYeT 06paTHOE HEmpephiBHO AU(CpeHnrupyeMoe 0To-
6pamenne u = n(z, y) u v = x(z, y) obnactu G Ha obmacts I' u B obmacTu
I' otnuuen ot Hyna AxobuaH npeobpasoBaHud, T.e.

% 0
I(u, v) = g;; g;,; £0, (u,v)€l. (4)
3 v

Benuuunber u 1 v MOEHO pacCMaTpuBaTh Kak MPAMOYTOJbLHBLIE KOOPIMHATHI
A Toder obsmactu I' ¥ B TO e BpeMA Kak KPUBOJMHEHHBIC KOODPIH-
HaTbI ToYCK obmactu G.

Ecau B nBotiHoM unTerpane

[[ s vy
G

IpPOM3BECTH 3aMCHY NepeMeHHbIX 1o (opMmynaM (3), To 001acTbI0 MHTErpH-
pOBaHMA NOJIYYEHHOTO MHTerpasa Oynet yxe obaacts I', koTopas npu Hamme-

BareM Buibope dyHruuit o(u, v) 1 Y(u, v) MOKET 0KA3ATHCA 3HAYUTECILHO
npoute obnactu G, U UMeeT MecTo (hopMyIa

/ / f(z, y)dedy = / / £, ), bl )| I(w, o) dudv. (5
el r

s Beruuciaenua uHTerpana mo obnactu [ mMpUMEHANOTCA M3JI0KeHHbIe
B 1. 1 MeToxbI CBeIeHUA OBOIHOI0 MHTETpPaa K MOBTOPHBIM.

Mpumep 3. Boruucauts // Vzy dz dy, ecan obnacte G orpanuyeHa
G

wpusbiMu y2 = az, y? =br, zy =p, 2y =q (0<a < b, 0 < p < q).
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<1 TepeitneM 11 HOBDLIM NCPCMCHHBIM % M ¥ 110 (DOPMYJIaM y? =ux, Ty = 0.
Torna
v = ,“’—1/3,02/.;7 y = “1/31}1/3,

oz 1 . or 2 ,
52 = 323, _8_5 = Sy 3y=1/3,
dy 1 _, oy 1 .. _.
oy _ 1o—eoay3 YY1 oays, 23
Ju 3“ v dv 3" v ’
“lu_.;/svzm 2 —1/3,-1/3] .
I(u, v) = 1 31 = ~—§‘>
Sum2BYN/3 2y 1/3y2/3 u
1
1I(u, v)| = 3, oo > 0.
u

YpaBHCHUA JUHIH TPUHUMAIOT BUI
u=a, u=b, v=p, v=q.

O6nacts G nuockoctu Ozy upeobpasyerca B IpAMOYToiLHyH0 obaacto I

q

Puc. 41

mnococtu OQ'uv (puc. 41). Caepoparennno, npuMenssa dopumyay (5), nmo-
JaydaeM

b q
" _1[' ldud'v_l ﬂlﬂ " _
.//\/.Lyda:dy— gj/ﬁ = 3/ ” /ﬂdv =
G r a P

1

T 9
:§lnu

=2 -

b
2 .
2302

3

a P

Haub6onee yHOTpCGHTCﬂbeIMM 113 KPHEOJIMHEITHBIX KOOpIITHAT fAIB/IFIKTCA
TIOJISIPHBLIC KOOPIMHATLI

T =T1C0Syp, Y=rsiny,
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U1 KOTOPBIX
cosyp —rsing

L. ) = sing  rcosyp -

u Qopmyna (5) 3amKUCHIBAETCA B BHIE

//f (z,y (l:Ldy—/ f(rcose, rsing)rdrde. (6)

Mpumep 4. lepeitna K n0AAPHEIM KOOPAUHATAM, BLIYMCAUTEL ABOMHOMN
HHTCrpaa
2 2
[[@+)ia,
ke

rac obmacts, G orpaHmveHa OKpYRHOCTBIO 2 + 2 = 2az.
<1 HonomnM T =71cosy, y = rsing u npumennm dopmyay (6). Tax rak

z? +y =72, 10
//($2+y2)dxdy=// 3 dr dy.
G r

Ypasucnue onpymuocti 2 + y? = 2ax npeobpasyerca k Buay r = 2a CoS .
lloaromy obnacteio ' aBasercs vbaacTh, orpaHUdYCHHAs CHU3Y ockio 7 = 0,
CBEPXY KOCHHYyCOMOOH r = 2a cosy, npuueM ¢ € [—m/2, 7/2].

CaenoBaTeanHo,
/2 2acos m/2 T’l 24 cos o
//rg(lrdcpz / dy / r3dr = / (—4- )dcp:
r —7/2 0 —7/2 0
/2 w/2
3 1 3
= 4at / cos* pdyp = 8a* / cost pdp = 8at - 13 g— = §7ra4. >
—-7/2 0

IlepeiiTi K MOMAPHLIM KOOPAUHATAM M PACCTABUTH MPENCILI MHTE-
IPUPOBAHUA 10 HOBLIM NEPCMCHHBIM B CJIEAYIOLUINX WHTCrPAIaXx:

3a/4 ar—12

9.41. / dz / F(V/72 +y2) dy.

0 av/3/2—\/3a2/4—2?
a a+vaZ—r? VY

1
9.42. /dw / f(z, y)dy. 9.43. /dy / f(z, y) dz.
0 Jaz [ -
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9.44. / f(z% +y?) dz dy, rne obmacts G orpaHdueHA JMHUAMY

z? 4y \/_f (22 +94%)?=9(z —9?), y=0 (y 2 0, 2 < V6).

Hepeiina ¥ mMOAAPHLIM KOOPAMHATAM, BLIYHCIUTL MHTETPAJIDL:

a va
9.45. / / etV dy.
0 0
/a2 —y2

9.46. / / a2—z2——y dz.

0 ay—y?
9.47. / Vz2+y? —9dzdy, roe obmacts G — KOJLIO MemIy

mByma oxpymuocramu 22 + y? = 9 n 22 4 32 = 25,

9.48. / Va? — 2?2 —y2dzdy, roe obmact, G — wacThb Kpyra
G

pamuyca a ¢ nenrpom B toure O(0, 0), nemamas B NEPBOH YETBEPTH.

9.49. / / (2% + y?) dz dy, rne obmacte G OrpaHMUCHA KPUBLIME

G
w? +y? = az, 22+ 9% =24z, y=0 (y > 0).

9.50. / dr dy, rme obmacts G OorpaHMueHA KPUBLIMH T2 = ay,

G
2?2492 =2d% y=0 (x>0, a>0).
9.51. // v/ 22 + y? dx dy, vae obnacts G orpaHUYEHA JENECTHOM
nemuucratot (22 +y%)? = a®(z? — y?) (z > 0).

Hepeiiti K HOBBIM MEPEMCHHLIM U M ¥ M PACCTABUTL NMPEACILI UH-
TCIPHUPOBAHUA B CJACAYIOIIUX MHTEIPAJax:

9.52. / f(x, y) dz dy, roc obnacts G onpenenena HepaBeHCTBAMEU

=0, J>O T+ vy < a. llogomurs v =2 4+ vy, ay = uv.
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9.53. / f(z, y) dz dy, rne obmacts G orpaHMUeHa KPUBLIME T2 =

=ay, 22 =by, > =pz, > =qz (0<a<b, 0 <p < q). Hoxomurs
z? = uy, y* = vz,

3 3-z
9.54. /dm / f(z, y)dy. Honomurs u=z+y, v=1—1y.
b l-x
9.55. //f(a:, y)dzrdy, rae obmacts G orpaHudYeHA KPUBLIMU
G

Ty =p, Ty =¢q, y=az, y=br (0<p<gq 0<a<hb).
Tonomurs v = zy, y = vz.

Brruucnuts cienyomue IBORHLIC HHTErPAJILL:

9.56. // \/ 2 _ d/CCdy (y/b)2 (¢ > 1), rae obmacts G orpa-
& ’L‘ a Y

y?
HUYUCHA ammncom — + = =1 (mepedtTi K& 0606UEHHBLM NOAAPHBIM

b2
Koopdunamam T 1 <p 1o opMmysaM = ar cos , y = brsing).

9.57. // T +0)” gy dy, tne obmacts (G 3amaHa HepaBEeHCTBAMU

G
20, y>20 z+y <1 (upoussectu 3aMeHy NEPEMEHHBIX T =
=u(l —v), y = uv).
3

9.58. zy dz dy, rme obiaacts G orpaHUYEHA JUHUAMUA Y = az°,

G
y=>bx3, y* =pzx, 2 =qz 0 <a<b 0<p<q) (oibpars
HAIJIeKAIyI0 3aMeHy NepPEeMeHHDIX).

3. llpuiomenna NBOMHBIX MHTErpajdoB. [ eoMeTpUUYECKUE HPHJO-
menuna. ITsowads S nnockoit obmactu G BeIpakKaeTCA, B 3aBUCUMOCTU OT
paccMaTpuBaeMoil CUCTEMbI KOOPAUHAT, CJAEAYIOLIMMU UHTErPAIaMu:

S=//d:cdy (7
G

B J€KApPTOBBIX NPAMOYTOJIBHBIX KOOpDAWHATAX,

Sz//llldudv (8)
r
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B KPHUBOJMHENHBIX KOOPOMHATAX. 3necn npeanojiaraercA, 4To

¥y or Oz
r=a(l + cosy) -

I = ou Ov
o Qg
Oou Ov

B wacTHOCTH, B MOJIAPHBIX KOOPOMHATAX
T =TCOSy, y = rsinyp nMeeM

S= //7‘drdgo. 9
r

IMpumep 5. Hatttu nnomwans Gpurypsr,
orpaHnueHHON KpuBbiMU T = a(l + cosp) nur =acosy (a > 0).
< B mnocroctu Ozy durypa norasana Ha puc. 42. BeraucauM mo gopmysne
(9) nnourans BepxHeH YacTH U yOBOMM:

#0 Bobnactu I'.

Puc. 42

w/2 a(1+cos ) n a(l+4cos )

—2//rdrd<p—2/d<p / rdr+2/d<p / rdr =

acos ¢ w/2 0

m
(14cos p)
5|0 ¢ )dsa+ / (1,2
acos ¢
w/2
w/2 T
=a? /(1 + 2cos ) dp + a* /(1 +2cos + cos® @) dp =
0 w/2

a(l4-cos p)
)o-

™

1 5
= a*( +a? <%‘£+2sin<p+ Zsin290) = Jma’. >

w/2

Ecau rnagkas nOBEpXHOCTh uMeeT ypasHenue z = f(z, y), T0 niowado
4acTH 3TOH noseprrocmu, TpoexTupyoweiica B obnacrs G mnockoctu Oy,

paBHa
Qzé/\/1+<g§>2+<g—z>2dxdy. (10)

Mlpumep 6. Haittn miomans wactu nosepxHoctn mapabonouna y2 +

+ 2% = 2az, 3aKIIOYEHHOMN MERLY UMIMHIPOM Y2 = aT U IIOCKOCTBIO T = a
(a>0).
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< BepxHaa nonosuHa 3amaHHOTO IapabooOMaa ONMCHLIBAETCA YPaBHEHUEM

z = y/2az — y?. Umeem:

0z a 0z Y

oz V2az — 32’ dy 2az — y?’
02\’ 0z > a®+y?  2azr+a?
1+ +(=) =1+ —L = :
or Oy 2ar —y? 2az — y?
Tak Kak pacCMaTpPUBaeMas NOBEPXHOCTh CUMMETPUYHA U OTHOCUTEJBLHO ILJ10C-

rocty Oz z, TO UCKOMArA IJIOMIANb BHIYMCIAETCA KAK YYeTBEPCHHAA III0ILAAb
4acTH HTON MOBEPXHOCTH, JICKAILEN B IICPBOM OKTAHTE:

[2 2 i
Q=4// ﬁdxdy=4/\/2ax+a2dx

var
—4/\/2a:c+a2( arcsin

:o\
l\3
Q
l

\/275
(2az+a)3/2| = 3\/_a -ad) = ; (3\/5—1). >

) x--4/\/2a31:—l—a2 dz =

0

= 3a

O6vem V yuaundpa, OrpaHMYEHHOIO CBEPXY HENPEPHIBHON IOBEPXHO-
ctei0 2z = f(x, y), cHudy mI0cKOCTBI0 2 = 0 M ¢ GOKOB HPAMON MUIMHIPU-

sap——
Rad

0

Puc. 43

4ecKOll MOBEPXHOCTBIO, BhIpeaarowelt Ha mockoctn Ozy obnacte G, BbIpa-
AACTCST UHTEIPAJIOM

V= //f(:l:, y) dz dy. (11)
G

Ilpumep 7. Haittu o6bem Tena, OrpaHUYEHHONO NOBEPXHOCTAMU Y =
=T, y=2y7, z+2=4, 2=0.
< dannoe Teno ABNAETCA UMIMHAPOMIOM, OTPAHMYEHHBIM CBEPXY INIOCKO-
CTBIO T + 2 = 4, cHU3Y WI0CKOCThI0 z = 0 ¥ ¢ HOKOB NPAMBIMU IHJIMHIPAMU
= /T ny=24/z (puc. 43a). O61acTs NHTErPUPOBAHUA NOKA3AHA HA PHC. 436.
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Umeem: z =4 — z,

4

V=é/(4~x)dmdy=O/d:cj/:;:@—x)dy:j(4—x)(2\/_—\/5)dz=

Y1928

o 15

3 5

\%

4
:0/(4—:c)\/5d:c= (4

2$3/2 215/2)

9.59. Hatitu maowmans ¢urypsl, OrpaHUYEHHON KPUBLIMU y2 =
=4dar+4a’> uz+y =2a (a>0).

9.60. Haittu nmiowans GUrypsl, OrpaHUYEHHON KPUBLIMU Ty = 4
nzr+y=>5.

9.61. Haittu muomans GUrypsl, OrPAHHUYEHHOM KPUBLIMU Y =
_ 8a®
T 22 4 402’

9.62*. Hafitu muomiags (QUrypobl, OTPAHUTICHHON KPUBBLIMU T
+y?=2az, 2 +y? =2bz, y=2, y=0 (0 <a <b).

9.63. Haittu miomans (urypsl, OrpaHUYEHHOM KPUBLIMU T =
= a(l — cosp) u r = a (BHE KAPIMOMILI).

9.64*. Haittu mromans Gurypsl, OrpaHUYEHHOM KPUBLIMU

z=2y, =0 (a>0).
Z 4

(22 + %) = 2% (22 —9?) u 2% +y? = 2azx.

9.65*. Haittu mimomann (urypbl, OrpaHUYeHHON meTieil KpUBOM
(z 4+ y)* = az?y, remameit B neproit versepru (a > 0).
9.66*. Haittu miomans Gurypni, orpaHUYeHHON KPUBOM

2?2 2 2
(;;; * 'b—z) =
9.67*. Haittu miomans (UIyphl, OrpaHUYEHHOM KPUBLIMU 2 =
=az, Y’ =bz, my’? =23, ny? =23 (0<a<b, 0<m<n).
9.68*. Haiitu miomans (GUIypsl, OrPAaHUYEHHOA KPUBLIMM Y2 =
=pz, Y =qz, y=az, y=bx (0<p<gq, 0<a<b).
9.69. HaitTu miomans 4yacTu IWIOCKOCTH I+ Y+ 2 = a, BLIpe3aeMoit
IMIMHIPOM Y2 = T ¥ IIOCKOCTHIO T = a.
9.70. Haity miomans 4acTv MOBEPXHOCTH NHMAMHADA 22+ 22 = a
BLIpe3aeMolt mwwuHApoM Y2 = ala — 7).
9.71. Haiitu miomans YacTu MOBEPXHOCTH KoHyca T2 + 22 = y2,
BLIpe3aeMolt wuuHApoM y2 = 2pz (p > 0).

2

k)
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9.72. Haitty nonHyr moBCpPXHOCTDL TEJIA, OTPAHUUCHHOTO IHJIMHII-
pamu z2 = ay, 22 = ay u mocxocteio y = 2a (a > 0).

9.73. Haitru miomans 4acTé mOBEPXHOCTH KoHyca z2 + 22 = 2,
BBIpe3acMoit wiockoctamMu = = 0, z +y = 2a, y = 0.

9.74. Haittu muioniams 4acTH MOBEPXHOCTH IWIMHApa o2 + y° =
= 2ax, BRIpE3acMoit wuwiHHIpOM 22 = 2a(2a — ).

9.75. Hastrut monans actu cepst 72412 + 22 = 242, 3axmoucs-
Holt BHyTpHU KoHyca z2 + y? = 22,

9.76. HaitTu muomans 4acTH MOBCPXHOCTH apaboionia z = 2 —
— 42, 3aKIOuCHHON Memay mapabomoumami z = 3z2 +y2 —2u z =
=3z +y% — 4.

9.77. Haittn niomwans uact cepnl z2+g/2+z2 = a2, BLIpe3aeMoM
MIVIMHAPOM € 00pasylouuMu, napamieabHoiMu ocu )z, HanpaiIsio-
IIel KOTOPOro CJAYKUT TPCXJICIECTKOBAA Po3a T = g sin 3.

., ., Y
9.78. Haittu nnomans 1acTi BUHTOBOM MOBEPXHOCTH 2 = a arctg =,
x

BLIpE3aeMOM IUJIUHIDPOM z? + y2 = a2

9.79. Haitru miomans wactu chepnr z2 + y2 + 22 = 1, pacnouo-
Y P

3
/REHHOI MCARAY TLIOCKOCTAMHU 2 = Ty nz=y (220, y>0).

9.80. Haittn mirormann 4acTH MOBEPXHOCTU KOHYyCA z? + y2 =22

BBIp€3aeMOY UIIMHIPOM ¢ 00pasyrIiuMy, napauieasbHbiMu ocu Oz,
HaNpaBIAIIE KOTOporo ciaymRuT sapauouna r = a(l + cos ¢).

9.81. Haitru mromans vactu chepst 2 4y2 422 = a2, suipesaemoi
u3 uee mumuaapom (12 + y2)? = a?(2? — y?).

Haitru 061,eMbI T€JI, OTPAHUYCHHBIX MOBEPXHOCTAMU:
2 2 2 2
zc ozt ozt oyt
9.82. -a—2+-6§—1, 5‘2'-}-2)—)’—1 (a > 0).
9.83%. 22 — 22 =a? 22—y =d? z=aV2 (a>0).
984. y=22 z=vy, 2+y=2.

9.85. 22 — y% = 2az, 22+ y?> = a®, z = 0 (BHyTpH UWIKHApA;
a > 0).
9.86. 22 + 12 — 222 = —a?, 2(z® +4?) - 22 =a® (a > 0).
2

- 5 5 2
9.87. z = ce~(&*/a®+y?/b%) %— +2 (@>0, b>0, ¢c>0).
a b2

9.88. 22 + y% = 2%, 22 + 92 — 222 = —a? (a > 0).
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2 2 2 2 2

z
9.89. ~x + L +5 =1, =+
a

b2
b>0, c>0)
9.90*. z =zy, xy =1, 2y =2, y* =z, y* = 3.

991*. z =22 +y%, zy=1, 2y =2, y=2z, y =2z, 2 = 0
(x>0, y>0).

[

z
=3 (BHyTpU KoOHyCa; a > 0,

<

l

S
N

Mexanuuecrue npuaokenuda. Ecau niacTuHka 3aHHMact 00-
nacte G miaockoctu Ozy ¥ UMeeT NCPEMEHHYI0 NOBEPXHOCTHYH IIIOTHOCTL
v = v(z, y), T0 Macca M nnactuHkM u ee cmamuueckue momenmot M, u

M, orrocurensHo oceit Oz u Oy BBIPAKAOTCA IBOHHLIMI HHTErPAIaMH

M =//7(z, y)dzdy, M, = //m(:ﬂ, y) dz dy,
G G
M, = //z'y(a:, y) dz dy.
G

Koopouuarnt yenmpa Mace T 1 Y ninacTUHRY ONpP €HEIAOTCA CIELY FOLIUM
obpazom:

(12)

[f zv(=z, y) dz dy M ff y7(z, y) dr dy
G — Mz

_ M,
éf’)’(ﬂ?, y)dzdy’ v ff")’(l‘ y)dzdy

= —= =

(13)

Momenmor unepyuy nnacTuaku orHocuTeabHo oceit Oz u Oy COOTBCT-
CTBEHHO PABHBI

= //y27(w, y) dr dy,
G

= //fczv(w, y) dz dy,
G

a MOMEHT MHEPLHH IIIACTUHKYM OTHOCHTEIBHO
Hayala KOOPAUHAT (N04APHbIY MOMEHT HHEp-
IMK) paBeH

(14)

Io—//x +v)v(z, y)dedy = I, +1,.
(15)

Ecnu miactvHka 0qHOPOIHA I INIOTHOCTL €C HE YKa3aHa, yCI0BUMCH CIH-
Tatb Y(z, y) = 1.

IIpumep 8. Haiitn KOOpAMHATHI LEHTPA MAcC OOHOPOIHOMN NIACTHHKH,
OrPaHHYEHHON KpUBBIMH QY = :cz, z+y=2a (a>0).

Puc. 44
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< Jluann nepeceratorea B rousax M, (—2a, 4a), Msy(a, a) (puc. 44). Ilo-
3TOMY MOKHO 3QIMCATD:

a 2a—x a
S=//dzdy= /da: / dy = / (2{1—:{:—5:)(11:
a
G 20 ¢%/a ~2a

a

— (2(“; ﬁ .z_;_) — 90;‘
2 3a)|,, 2
a 2a—.t a
" " 1 9 4
AL = ydrdy = dx ydy = 5 (2a —z)° — — | de =
J o . -
G —2a z2/a —2a
1 ( (20 — ) T’ ) ¢ 36 5
= — — — — = —-a%;
2 3 5a* J|_y, O
a 20—z a
. .772
My://a:da'dy: /;L‘d:t / dy:/w(?a—x~;)dm=
G —"2(! Jj2/|L -~2u
3 4\ |@
, T T ) 9,
=lar® - — - — = --a’.
( 3 da/|_,, 4

Moxncrasaas naitacnusie 3Havenua s Gopamyast (13), nmeem

M, 1 _ M, 8
S -—2(1, y= 5 = 5(1. >

9.92. Haiiru Mmaccy wpyrioft mrmactuHku paguyca R, ecau mior-
HOCTDL €€ NPONOPIHUOHAJLHA KBALPATY PACCTOMHUS TOYKH OT HCHTPA U
paBHA § HA KPAK IJIACTUHKM.

9.93. Haiitu cratuueckue MoMenThi oTHOCUTCALHO occit Oz u Oy
ONHOPOXHON (UrYPHI, OTpAHUYCHHON wrapauounoit 7 = a(l + cos ),
0 < ¢ < 7, ¥ HOIAPHOHN OCBIO.

9.94. Haiitu xoopauHaThl HEHTPA MACC OMHOPOAHOI (DUTYpPDLI, Orpa-
HUUCHHON KPUBLIMU y° = az, y = .

9.95. Haittu Maccy miaacTUHKKU, UMCIOUICH (JOPMY IPAMOYTOIBHOTO
Tpeyroabauka ¢ kareraMu OB = a u OA = b, ccay mIOTHOCTSH ec B
m000% TOYKE paBHA PACCTOAHHIO TOUKM 0T Katera OA.

9.96. HaiiTu craTmicciiie MOMCHTDLI OTHOCHTEIBHO ocedt O.x u Oy
OXHOPOOHON (HUryphl, OTPAHUUCHHOI CHUHYCOMION Y = Sinx U mpd-
moit O A, npoxoxsiict uepes HawaiIo kooparHaT u BepiunHy A(7/2, 1)
cunycounnt (z = 0).

9.97. Haiitn xoopouHATLI HICHTPA MACC OMHOPOXHOM (DUTYPBI, Orpa-
HUYCHHOM KpuBbIMU Ty = a2, Y% = 8ax, = 2a (a > 0).

T =
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9.98. HaitTi MOMCIITLI MHCPIIMM OXHOPOTHOIO TPCYTOILHUKA, Orpa-
HUYEHHOr0 NpAMbIMHA 2 + y = |, 2 + 2y = 2, y = 0, OTHOCUTEIBHO
oceit Oz u Oy.

9.99. Haittu oopauHaTh! neHTpa Macc 0XHOPOIHOI PUTYPBI, Orpa-
HUYEHHON MeTJICH KPUBOU 1 = a Sil 2¢, nekaineil B mepBoil YeTBEPTH.

9.100. HaiiT MOMEHTLI MHCPLUMHU OTHOPORHONU (DUIYpBI, OrpaHu-
wyenHO# wapauonnoit 7 = a(l + cos @), orHocuTensHo oceit Oz, Oy u
OTHOCHTCJBHO IIOJIOCA.

9.101. Haittu MOMCHTHI MHCDLUH OXHODPOXHOM (GUTYpBI, OrpaHU-

72 2

YeHHOM BJIIUICOM — + b_2 = 1, oraocurcinho oceit Oz, Oy u OTHO-
a

CUTEJIHHO Havajla KOOpOUHAT.

9.102. Haiit MOMEHTHI MHCPIMU OXHOPORHOM (QUryphI, OrpaHU-
qeHHol xpuBbIMu 2 = az, y = a, T = 0:

a) OTHOCHTEJILHO Hauaja KOOPAMHAT,

6)* OTHOCHTCIBLHO IPAMOMK T = —a.

9.103. Haiitu MOoMeHTHI MHEPUMH TPEYrOJLHUKA, OrDAHUYEHHOI0
OpAMBIMM £ + Y = a, T = a, Y = a, orHocuTesnsHo oceit Oz, Oy u
OTHOCHTEJHHO HAYaJIa KOOPAUHAT, €CJIU IIOTHOCTL IPOMOPIUOHAILHA
OpIMHATE TOYKHU.

9.104. Haiiti MOMEHT MHEPIHUU OTHOPOMHON (PUTYpPLI, OrPAHUUEH-
HOIl IeMHHUCKaTOi 72 = a® cos 2¢, OTHOCUTCJILHO IMOJIIOCA.

9.105. Haitt MOMEHTHI MHEPIMH OLHOPOXHOIO KPYTOBOTO CEKTOpA
pamuyca a ¢ yriioM (v Ipu BeplunHe (COBIAaTaIel ¢ Ha4alI0M KOOpAU-
HaT) oTHOCUTENLHO ocelt Oz u Oy, eciy CCKTOpP PACIOJIOZAKEH B MEPBOH
YeTBEPTU U OJHON M3 CBOMX CTOPOH JieskuT Ha ocu Ox.

9.106*. Tonraa miaacTuHKAa uMmeer (HOPMy KPYrOBOrO KOJbLA C Pa-
auycamu Ry u Ry (R; < Rp). YmeilbHasa TeIOEMKOCTh ILIACTUHKU
MEHAETCA [0 3aKOHY ¢ = |Ty|, IIOTHOCTH MOCTOAHHA W paBHA 7.
Haittu konmuuecTso TemiIoThl (), MOJNYYEHHOHN IJIACTUHKOM IIPU ee Ha-
IPEBAHUU OT TEMIEPaTypLl ¢} 0 TCMIEPaTYpPhI ta.

9.107*. Ha Tonroii miacTiHke, UMeIIeit HopMy mapaboniecKoro
cerMeHTa, OrpaHudenHoro ocvio Oz u mapabomoit az? + h?y = h3,
pacIpeneICH BJICKTPUUeCKUH 3apA ¢ MOBEPXHOCTHOMR ILIOTHOCTBIO 0 =
= 2z + y. Haiitu monuei#t 3apaAn F miacTUHKH.

§ 2. Tpoiinoit uuTerpax

1. TpottHoit MHTErpax 1 ero BEIYMCICHHE B JeKAPTOBBIX IMPAMOYT0JIHHBIX
KoopmuHaTax. Tpotinbim unmezpaiom OT HenpepsIBHOH GyHsuuu f(x, y, 2)
[0 OrPAaHMYEHHOM 3aMKHYTOM NpocTpaHCTBeHHON obnact T Ha3bIBaeTcCHA
Openen MOCIAEeNOBATCAbLHOCTH COOTBCTCTBYIOLIMX MHTETPANBHBIX CYMM IIpH
CTPEMJICHMM K HY/II0 HauOONbILIEro U3 OUAaMeTPOB dj BIeMEHTAapHBIX 00ia-
creit Avy, eCiiv 3TOT npenes He 3aBUCKUT HU 0T crocoba pasbuenns obnactu T
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Ha 3JICMCHTapHLIE noxobaacTu A’Uk, HU OT BI)IGOI)?! NPOMERYTOIHBIX TOUEK!:

// flz,y, z2)dedydz= lim Zf(:nk, Yr- 2k)Avg, (1)
T

max dg —0
k=1

rae (T, Yi, 2k) € Avg. Yepes Avy, 0603HaUaeTCA KAk BIeMeHTapHas 00:1acTh,
tak u ee 00beM. (BOIiCTBA TPOMHBIX MHTErPaNOB AHAJIOTHYHLI CHONHCTBAM
IBOMHBIX MHTErpaJos.

Brryucienue TpoitHOr0 MHTErpalia B ACKAPTOBLIX KOOPANHATAX CBOAUTCA
K II0CJICAOBATCALHOMY BLIYMCIICHUIO OMHOTO OQHOKPATHOIO U OIHOI0 ABOMHOIO
HHTErPANoB K 1§ EBUIMCICHIK) TPeX OIHOKDATHHIX MHTerpanoB. Ecuu,
Hanpuxep, cbaact,, MHTerpupoBHHLl 1 OrpaHiteHa CHH3Y HOBCPXHOCTLIO
z = pi(x, y), ceepxy mosepxnocThIO 2 = ¥a(Z, ¥) (pi(z, y) < w2(z, y))
1 ¢ OOKOB HNPAMBIM LMJIMHAPOM, CCYCHHEM KOTOPOr0 IJIOCKOCTbIO, Hapal-
aenpHoM mockoctu Ozy, Asnaerca obaacts G, To TpoiHoi mHTerpas (1)
BBIUMCJIACTCA 10 Hopmyae

walz,y)

///fT y, z)dedydz = //d“h/ / flz,y,2)dz. (2)

wi(z.y)

JamuceiBasa ABOIHON WHTerpad 1o ubaact G uepes 0auH W3 IIOBTOPHLIX,
TIOJTYYaeNt

y2(x)  p2lz,y)

// flz, y, 2)dedydz = /d:c/ dy / flz,y, 2)dz=

yi(z)  ~lzyy)

d  z2y)  ¢2(1,9)
:/dy / dz / flz,u, z)dz. (3)

c r(y)  wilz,y)
Ipumep 1. Buyucaurs /// zdr dydz, ecau obaacrs T orpanuvucHa

maockocTu £ +y+z2=1, z2=0, y=0. 2 =0.

- < Umeem:
. 1 —T I—x-y 1 ,.. z2 l—c—y
///zda:dyd /(‘T /dy / zdz-/d:c / (—— dy =
o y \ 2 2=0 /
T 0
1 l—r 1
1 , 1 1—a—y)3|'"
;/(’L /(1»—3‘—— Wit dy = E/(—L——-};——/)— )d:r:
"0 0 o . y=1
1
1 L (=gt ) 1
oy ] - "\d — (_“ My = . .
"3 /( de = T Tl



256 I'n.9. KpatHele nHTErpaIBl

PaccraButh npemensl MHTETPUPOBAHHA B TPOWHOM HMHTETpaJC

/ / f(z, y, z) dx dy dz nna yrazanueix obaacreit T':

9.108. O6aacts T — Terpasap, OrpaHUIEHHBIH IJI0OCKOCTAMY 22 +
+3y+4z2=12, 2=0, y=0, z =0.

22 2 22
9.109. O6aacts T — BHYTPEHHOCTH annuncouna 5+ b2 + =1
9.110. O6nacte T orpaHudYeHa MOBEPXHOCTAMH y + 22 = 4z,

z = 2.
9.111. O6aacts T orpanuyena mosepxuoctaMu z2+y% = 22, z =1.

Beruucaurs uHTErpannI:

Va2+y? 3 VTY

2z
dy / zdz.  9.113. /d:c/dy / zdz.
0 0 0
ydy /

//(m + y + 2) dz dy dz, rne obnacts T — rerpasap, orpa-

T
HUYEHHBIN WIocKocTAMU T + Yy +2 =a, =0, y=0, 2 =0.

9.116. / / / zyz dx dy dz, rne obmacts T orpaHMYEHA IOBEPXHO-

9.112. | dz

s

9.114. | dz

S O
o\ﬂ' e

9.115.

-

T
cramu y = 22, z =y%, z =y, z=0.

9.117. ///(m2 + yz) dx dy dz, rne obaacts T orpaHndYeHa MOBEPX-

)

2

HocraMu 2z = y? — 22, z2=0, y = 1.

2. 3aMeHa IlepeMeHHBIX B TPOHHOM HHTerpame. Eciu B TpOitHOM MHTe-
rpaje
// flz,y, z)dzdydz
T

NPOM3BOAMTCA 3aMCHA MEpeMeHHbIX mo QopMmyaam z = z(u, v, w), y =
= y(u, v, w), z = z(u, v, w), npudem Qyuruuu z(u, v, w), y(u, v, w),
z(u, v, w) OCYILIECTBIAIOT B3aMMHO OHO3HAa4HOE orofpaenue obmactu T’
npocrpadctBa Ozxyz Ha obmacts 1) mpocrpancrBa O uvw U AKoOHAH
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npeobpazosanua He ofpamiaercA B Hynb B obaactu 17:

ou Ov Ow

0y Oy Oy
I=|1=2 = Z1+4£0

Ou Ov Ow #0,

ou Ov Ow

T0 crnpasenauna Gopmyna

/!/f(”” Yy, 2)dzdydz =
i /:r[/f(z(u, v, w), y(u, v, w), z(u, v, w))| I|dudvdw. (4)

Haubonee ynorpeburenbHBIMA M3 KPUBOIMHEMHBIX KOOPIMHAT ABJIAITCA
yuaundpuueckue KOOpOUHATHI T, @, z (puc. 45): T = rcosyp, y = rsinp,
z = z, axobuan xoropeix I = 7, u cPepuneckue r (1aMHA pamEUyC-BEKTOpA),

Z‘ z

M(r, ¢ 2) M(r, ¢, 6)
Z
0 - 0 0 -
y y

I r

¢ P
X X

Puc. 45 Puc. 46 Puc. 47

¢ (mosrora), 6 (wmpora) (puc. 46): = = rcospcosf, y = rsinpcosé,

z = rsinf, axobuan woropwix I = r2cosf. Qopmyna (4) npuHUMaeT cooT-
BETCTBEHHO BUJ

/!/f(%hz)dmdde:/T[ f(reosy, rsing, 2)rdrdpdz  (5)
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um
///f(x, Yy, z)dz dydz =
T

= // f(rcospcosf, rsingcosd, rsinf)r? cosfdrdpdf. (6)
T

Ipumep 2. Ilepeitna K UUIMHAPUYICCKHM KOOPIIIHATAM, BLIYMCIUTD
/// 2/ x? + y? dz dy dz, roe obnacts T 3amana mepasenctBamu 0 < z £ 2,
b

0<y<vV2z—22% 0< 2z<a(puc. 47).
< Tak kak ypaBaenue y = v/ 2¢ — 12 B IUIMHIPUYECKON CUCTeMe KOOPIUHAT
npurumaer Bun r = 2cosp (0 < ¢ < 7/2), To mo dhopmyue (5)

/// vV +ylzdzdydz = ///rzzdrdgodz =
T Ty

7/2  2cosy a , ™2 2cose
=/dg0 / rgdr/zdzz%/dgo / r2dr =
0 0 0 0 0
w/2

4a® 8
=%/cos3cpdap:§a2. >
0

Ipumep 3. llepefina K chepuuecKUM KOOPOAMHATAM, BBHIYMCIUTH

/ / / (z? + y?) dr dy dz, eciu obmacts T ecTh moyIap, 3agaHHBIA Hepa-
T

percteamu z2 + y2 + 22 < R?, z > 0.
< Ina obmactu Ty mpenesnsl M3MeHeHHA CEPUYECKMX KOODIMHAT CYTh:
0Lp<g2m 00 7/2, 0<r < R. Uveem no dopmyae (6):

///(w2 +yH)dedydz = /// r2cos? @ -r2cosfdrdpdf =
T T

2r 7r/2

R
4
=/d<p/cos30d9/r'ldr=—1—57rR5. >
0

0 0
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Berumenurth uHTErpadbl, mepednd X IUMIMHAPUYECKHAM KOOPIU-
HATaM:

9.118. / / ly| dz dy dz, rne obmacts T orpanuveHa mOBEpPXHO-

cmMu:c2+y2.=a2, z2=0, z=h.
9.119. /// zdz dy dz, rie obnacts T' orpanuyeHa MoOBEPXHOCTAMHU
T
?+y? =22 z=a.
Vi Vise?  VieP-y?
9.120. /dm / / dz.
0 (22+432)/3
a/V2 a®-y?  (z?-y?)/a
9.121. / dy / dz / z2 +y? dz.
Y 0
VaZ—2? h
9.122.

V2 +y?d.

.\ao

dz
0 _a?-2? h(x2+y2)/a2
2 4—z2 2

9.123. /d:l: / dy / (22 + %) dz.

“2 —Vi—2?  (z?+y?)/2

Beruncauts uHTErpansl, nepeiind k chepuyecKkuM KOOPIMHATAM:
9.124. /// Vz? + y? + 22 dz dy dz, rac obnacts T — BHyTpEH-

HOCTb LIAPOBOrO CEKTOPA C LIEHTPOM B Hayaje KOOPAMHAT, PAIHyCOM a
u yriom npu Bepumse 2o (0 < o < ), eciau 0Ch CUMMETPUH CEKTOpa
OpUHATHL 3a och Oz.

9.125. ///:cyz2 dz dy dz, rae obnacts T’ orpanndena 9actoio che-

pui 22 + 4% + 22 = 1 u woopauHaTHEIME MIOCKOCTAME (2 > 0, 3y > 0,
z > 0).

dzdyd
9.126. /// ——L, rae obmacts 1" — chepuyeckunii cioit

V2 +y?+ 22

Mem Iy moBepxHocTAME T2 + y? + 22 = a2, 2% +y? + 2% = 4a?.
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R/V2 \/R2/2—-m2 \/Ez——:c"-’—y2 '

9.127. / dz / dy / dz.

0 0 /2 Ty?
/CLE—.’L‘? A /(12—‘1'2—:112

a
9.128. /dm / dy / zdz.
0 0 0
R VE- JR-zi-y?
9.129. /dm / dy / Vzdz
-R  _JR =2 0

3. llpunomenuna rpolunix umrerpasos. O6vem V mpocrpaHcTBeHHOH
obmactu T pasen
V= / / dzdydz.
T

Macca M tena ¢ nmepemeHHoH miotHOCTBIO Y(Z, Y, 2), 3aHUMAIOLIETO

obaacts T
M = ///'y(w, Y, z) dz dy dz.
T
Cmaemuueckue MOMENNBL Tea OTHOCUTEIbHO KOOPIMHATHBIX ILIOCKO-
creii:
My, = /// zy(z, y, z) dz dy dz,
T

M, = ///y’)'(xv Y, Z) dzdydz,
T

My = /// z2y(z, y, z) dz dy dz.
T

M, _ M, _ Mgy
Koopdunamot yenmpa macc rena: T = 7= TR
Momenmbr unepyuu Teaa 0OTHOCUTEJNLHO OCel KOOPIUHAT:

I = / / / (v + 2)v(z, y, 2) de dy dz,
T

I, = ///(z2 + 22)y(z, y, 2) dz dy dz,
T

I, = // (= +y*)y(z, y, 2) dz dy dz.
T
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Mlpumep 4. Haiiu xoopnuHaTh nesTpa Mace noiaymapa 2 +y2 +22 <

< R?, z > 0, ecu IIOTHOCTb B Ka/KIOH TOYKE NMPONOPLUMOHAILHA PACCTOA-
HHUI0 0T TOYKU [0 ueHTpa

< Umeem y(z, y, z) = kv/z? + y? + 22 u, BCACOCTBUE CUMMETPUH, T = Y =
=0. Bmtmcnenun IIpOB(’JICM B chepHYeCKUX KOOPIHHATAX:

Mgy =k///zx/z2 +y? +22drdydz = k///r4 sinf cosdrdpdf =
T Ty

27 w2 R
:k/dgo / sinecosede/r“ dr = élmRs,
0 0 0

Mzk/// \/3:2+y2+z2dxdydz=k///r3cos6drdcpd9:
T T

2n m/2 R
3 1 4
:k/d(p/cosﬁdﬁ/r d1'=§k7rR;
0 0 0
- My, 2
2= —SR.

Taxum obpasom, C' (0, 0, §R> >

9.130. Haiitu obvem Tena, OrpaHHYEHHOI'0 MOBEPXHOCTAMHU 2 =
=22 +y?, 2=2(2"+9?), y=13, 4’ =

9.131*. [Ipu xarkoM 3HavYeHuH @ 06BEM TeIa, OrPAHUYEHHOIO MO-
BepxHOCTAME T2 + y° = az, 2 4+ y% = ar, z = 0, pascH naHHOMY
qucay V7

9.132*. Haittu 06beM Tesa, OrpaHUYCHHOTO 3aMKHYTOM MOBEPXHO-
crvio (22 4 42 + 2%)? = 2azyz (a > 0).

9.133*. Haiitu obbem Tena orpa}mqexmoro 3aMKHYTOH TOBEPXHO-

2 oy 22 2 y2

CTBIO ( +b—2+ ) ——+§

9.134*. Haiitu o61em Tena, orpaHndeHHoro chpepoit z2+y% + 22 =
= 4a? u napa6onounom 2 + y? = 3az (BHyrpu mapabomouza).

9.135*. Haittu o6bem Tena OrpaHHYEHHOr'0 3AMKHYTOH ITOBEPXHO-
ctoio (22 + 9% + 22)? = a2 (a>0)

9.136. Haittu Maccy u CpeRHIOI INIOTHOCTH TEJA, OTPAHUYEHHOr0

nosepxaoctamu 2 4+ y% — 22 = a?, 2 =0, z = a > 0, ecu WIOTHOCTS
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B Ka/KIOM TOUKC NPOIOPIMOHAIbLHA ANMIMKATE 2 U B INIOCKOCTH Z = @
paBHa 7.

9.137. Haittu maccy ¢ CpeIHIO0 [JIOTHOCTh KPYroBOr0 KOHYCA C pa-
IuycoM ocHosauws I u Boicoroit H, cciiv mIIOTHOCTL B KOO TOUKC
IPONOPIHMOHAILHA KBAAPATY PACCTOAHMA OT TOUKY JI0 IJIOCKOCTH, IIPO-
XOIALIeH Yepe3 BeplLIMHY KOHYCa NapajuiesIbHO JI0CKOCTH O0CHOBAHUA,
Y B IICHTPE OCHOBAHHUA paBHa 7Yp.

9.138. Haittu maccy u cpenmoro IITIOTHOCTB TeNna, OrPaHUYCHHOrO0
nosepxuocramu 22—y = az, £24y% = a?, 2 = 0 (z > 0), ecan mior-
HOCTD B Ka/KJ0H TOYKE IPONOPIHOHAILHA aMIIMKATE Z, a HauboJbinee
3HAUEHHE IJIOTHOCTH 7Yp.

9.139. Haifti mMaccy v CpemHIO IIOTHOCTL C(EPUIECKOr0 CJ0A
MeH Iy INOBEPXHOCTAMHU z? + y2 + 22 =a®u 2 + y2 + 22 = 4a2,
€CJIH MJIOTHOCTDL B KAKIO0H TOMKE NPOMOPUUOHAJILHA KBAIpPaTy PaccTo-
AHMA 0T TOYKH IO HayajJa KOOPIMHAT, a HAaUOOJbIICe 3HATEHUE ILIOT-
HOCTH 7p.

9.140. Haiitu Maccy u cpeqHIO0 IJIOTHOCTL CerMeHTa napabosaounna
BpAILlEHUA C PALUyCOM OCHOBaHUA R U BbIcoToit H, eciim mIOTHOCTDL B
KasKkI0i TOYKE MPONOPHMOHAILHA KOPHIO KBAJPATHOMY U3 PACCTOAHUA
0T TOYKH IO IJIOCKOCTH OCHOBAHUA CETMCHTA U B BEPIIMHE CCIMEHTA
paBHa Y.

9.141. Haiit maccy u CpCOHIOI INIOTHOCTL Iapa pamuyca IR,
CCJIM IJIOTHOCTh B KAaMKION TOUKC MPOMNOPHMOHAILHA PACCTOAHUIO OT
TOMKM 10 OZHOTO M3 AMAMETPOB IIapa M HA OKPYKHOCTH 0O0JALIIOro
KpYyTa, JICJRAIIero B MIOCKOCTH, HEPICHIMKYJIAPHON K 9TOMYy mHaMc-

TPy, paBHa 7p.
9.142. Haiitu KoopauHATLI HEHTPA MAacC OMHOPOMIHOIO TENa, Orpa-

!
HHUEHHOro mosepxHocTamu 2z = —(y2 —22), 2 =0, y=a, y =0

a2
(>0, h>0).
9.143. Haiitu koopauHATBI HCHTPA MAacC OXHOPOMIHOrO TeJja, Orpa-

)
HHUYEHHOr0 mosepxHocraMu y = —12, z=—(b—y), 2=0 (a > 0,
a

2 b
b>0, h>0).
9. 144 Haittu KoopnuHaThI HEHTPA MACC OMHOPOLHOTO TCJA, orpa-

R2 (’L‘ + y )? H‘
9.145. Haittu xoopauHaThl ICHTPA Macc OQHOPOXHOrO TEJa, Orpa-

HHUYEHHOr0 II0BEPXHOCTAMU 2 =

H
HUYEHHOr0 MOBEPXHOCTAMH Z = 7 z2+y2, z=H (H >0,
R >0).
9.146. HaiiTi KoOpaAMHATLI LeHTpa Mace noaymapa 2 4 y2 4 22

< R?, z > 0, ecIu IIOTHOCTh B KA/KHOH TOUKE IPOMOPUHOHAIBHA
PACCTOAHUIO OT TOUKH JI0 HAvajia 1KOOPAMHAT.
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9.147. Haittu mMoMcHT mMHepuuu OoTHOCHMTENsHO oc Oz OXHOpPOI-

HOro TeéJjia IVIOTHOCTHA 7Y, OrPAaHHYEHHOr0 MOBCPXHOCTAMHU Y = —21132,
a

h
z =0, z=3(b——y) (>0, b>0, h>0).

9.148. HaiiT MOMCHT MHEPUMM OXHOPOLHOrO cerMenTa mapabosio-
MIa BPANICHUA IJIOTHOCTH 7y C pamuycoMm ocHoBaHuA R u Beicoroit H
OTHOCHTEJILHO €ro 0CH BPAILIEHUA.

9.149. Haittu MomMeHT mHepuuu Iumapa paguyca IR OTHOCHTENLHO
€ro IUaMerpa, ecyy IJIOTHOCTh B Ka/RI0H TOYKe IpONOpIHOHANbLHA pac-
CTOAHMIO OT TOYKHM JO IEHTPA Iapa, a Ha IOBEPXHOCTH I11apa paBHa 7g.

9.150**. Haiitu HproTOHOB noreHuuag U on@HOPOZHOro Teja IJIOT-
22 4y 22
HOCTH Y, OTPAHMYEHHOT0 JIUICOMIOM BPAILIEHUA 7 + i 1,
B ero neHTpe (b > a).

9.151**. Haiitu cuily mpUTAMEHHd, 0Ka3bIBAEMOr0 OXHOPOIHBIM
KOHYCOM IUIOTHOCTH 7, BbicOTBI H 1 pammyca ocHoBanua R Ha Ma-
TEPHAIBHYI0 TOYKY, PACHOJOEHHYIO B €r0 BEPIIMHE U COLEPRAIILYI0
eIUHUIy MACCBHL

9.152. HaiiTu MOMEHT MHEPUMH OTHOCHUTEILHO ocu Oz OmHOPOI-

HOTO TeJa INIOTHOCTH 7Y, OFPAHMYEHHOTO NMOBCPXHOCTAMM 2 = — X
a
x(y? —z?), 2=0, y = +a.
9.153. Haiitu mMOMeHT MHepuu{ OXHOPOIHOI0 KPYyroBOrO0 KOHYycCa
IJIOTHOCTH 7Y C paguycoM OcHoBaHuA R u BeicoToit H OTHOCHUTENILHO
€ro OCH.

§ 3. HecobcTBeHHbIE KPATHBIE MHTErPaIbI

1. Hurerpan mo Gecxoneuwnoit obnactu. Ecau dynxuun f(z, y) mempe-
pbiBHA B GeckoHeuHOH obaactu G, TO, O ONpCHENeHUIO,

J[ t@ ey = tim [[ 1@ ) dsay, (1)
D

G

roe D — roneunan obnacrts, nennkoM aexamian B obnactu G, npuuem D — G
03Hauaer, 4to obaacTs D paciuupAercda Npou3BOILHBIM 06pa3oM TaK, yTO0bI
B Hee BOLIJIA U 0CTaJach B Heit jrobaa Touwa obnactu G (ucuepnvigarouee
pacwupenue). Ecau cymectsyer xoHeunslit npenmen (1), He 3aBucAmuil ot
Boifopa momobsacti D u cmocoba pacmmpenua D — G, 1o necobecmaen-

HbU unmMezpad / / f(z, y) dr dy HasbiBaerca czodAUUMCA, B TIPOTUBHOM

G
Cy4ae — PACTOJAUUMCA.
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Ananoruuno onpepennerca TpoitHo# MHTErpasa no 6eckoHeuHoit obaacTy.
Ecan f(z,y) > 0, To mia cxooMMOCTH HECOGCTBEHHOTO HHTETPAIa
HeobXomMMo M JocTatodHo, urober mpemea (1) cy-
IECTBOBAJ XOTA OBLI [/ OOHOTO KCYEPIBIBAIOILETO
paciupenus obaact G.

Mpumep 1. Beruncaurs HecoGCTBEHHBIN HHTE-

rpai
// dedy -
.'134 +y2’
G

roe G — obuacts, ompemeaAeMas HEPABCHCTBAMMU
1, y>a?

< Tomo6aacts D (puc. 48) 3amamnM HepaBeHCTBAMH
1<z<a, 22 <y<b rmea— +00, b= +oo. Torna:

/ drdy . drdy
Ay poc)) Ty
D

a
d 1
= lim dzx / 'T—y_E = lim (—5 arctg %
a—+00 Tt +y a—+00 T T

b—o+oco 1 z2 b—+o0 1

= i L im (arctg2—T))de =T & _
- a—:r—fl-loo 2 b—iToo ' g:L‘2 4 = 4 a—ir—}—loo z2
1

Beruncaurs HecobCTBEHHBIE MHTETPAJIBI:

drd
9.154. / / xs :33/ , tne G — obaacTs, onpeneiaseMan HEPaBEHCTBA-
. 7y

mMuz 2 1, x1>1

dz d
9.155. // —(—2};%?, rne G — obnacTs, onpeneaaeMan HEPaBeH-
e Ty

cTBOM T2 + y? (BHELIHOCTB KpyTa).
dzdyd ‘
9.156. / / / > xy21/+zz2)2’ rae T — obnacTs, OmpenciAeMad

HepaBeHCTBOM z2 +y? + 22 > 1 (BHemmHOCTH 1IAPA).
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+00 +o00 +00
9.157. / dz / dy / e~ (#Hy+2) g,
0 0 0

I/ICCJICII,OBaTI) CXOIHUMOCTL HECODCTBEHHbBIX HUHTCrPaJIOB:

9.158. // sin (22 4+ y?) dz dy, tie G — obmacts, ompeaciaAeMan

HepaBeHCTBaMH z20,y2>20.

d n’
9.159. / / AL A— , tie G — obJacTh, onpeneadeMas He-
L+ +42)°

paBEHCTBOM 2?2 + y? > 1 (pHemrHOCTH KpyTa).

2. Wurerpan or paspemHoil ¢ysxmum. Ilycrs dyununa f(z, y) Henpe-
PbIBHA B OIpaHMYEHHON 3aMKHyTo# obsactu G Bciomy, 3a HCKJIKOYEHUEM

tousn Po(zg, yo) (wan auuum L). Ecau cywmecrsyer KoHE4HLIH mpenen

llm/ f(z, y)dz dy,

roe G, — obaacTs, noayyaeMas ua G myTeM ynaleHus IpOoN3BOILHON OKpecT-
HocTH! Touku Pp € muaMeTpoM, MEHbLUNM € (COOTBETCTBEHHO NPOM3BOJILHOMN
OKPCCTHOCTH JuHMM L ¢ «uMpHHO», MeHbILel £), TO 3TOT Npenel HAa3bIBa-
erca necobecmeennbim unmezpaiom om gywkyuu f(z, y) no obaacmu G u

obo3navaerca uepes // flz, y)dzdy, T.e.

[[ s@ v azay =i [[ 160, vy dz @
G G.

Wurerpan (2) B 3ToM ciyyae HaspIBaeTcA crodawumca. Ecan  me

hm // f(z, y)dxdy He cyuiecTByer mam paBeH 00, TO / flz, y)dzdy

5
Ha3bIBACTCA PACTOOAUUMCA.
AnanornuHo onpependerca TPOWHON MHTErpal 0T PA3PBIBHOM (yHKIMM.

Ipumep 2. Uccnenosath cxoqyMocTh HECODCTBEHHOrO MHTErpaJa

// (x2dj_? a>0, rme G —xpyr 22 +9? < 1.
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<! Hawyano noopmumar sBaserca Toukoit paspuiBa ¢ymmmum 1/(z? + y?)°.
Ynanum u3 G £-0KPECTHOCTL Hayajla KOOpAMHAT (MONLIHTErpaibHad QyH:-
uA N0J0KUTeNbHA). Torna obnacts Ge €CTh KOJIbLIO MEMAY OKPYAHOCTAMU
pamuycos £ u 1. Ilepeitnem 1 nonsapaeiM koopauHatam ([T — nomaApHbIl

obpas obaactu G):
/ /‘ dx dy / / rdr dcp

Ilpn a # 1 umeem

27 1
T'de‘P_ . 1-2a ST 1-2a _
[ 2882 < g [ s, -
r e 0 €

2(1—(1)

=7 lm —— =<¢ 1 -«
=40 1-a +o00 mpum a > 1.

=B i a),

1 - g2(1-a) { T npu a <1,

IIpn o = 1 umeem:

27 1

1
// drrdcp = lim [ dp dr =27 lim Inr

e—=+0 T e—+0 €
3

= +00.

Hrak, npu a < 1 urrerpan cxonurca u pased /(1 — a). >

Borucanrs HecobecrBenHbIe HUHTEerpaJbl:

dz dy
9.160. // JE 1,1‘110G—1manpaT0<:1:<1, 0<y<l

dz d
9.161. // ————x—y———, rme G — wpyr 22 + 3% < 1.

Y1 —a2 =y
1
9.162. // In ———=dz dy, rne G — xpyr 2% + 3% < 1.
I Va2 +y?

I/ICCJIC,IIOBaTL CXOMMMOCTh HECOOCTBEHHBIX VHTErpAJIOB:

dz d
9.163*. //———g—c-—y——(;, rne G — rtpeyroasHuk 0 < z < 1,

dz dy dz 9 9 o
9.164. /// 2+y2+22)a,rneT—mapx +y 4+ 21
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§ 4. BerunciieHre MHTErpaioB, 3aBUCALLIMX 0T NApaMeTpa

1. Co6cTBeHHbIe HHTErpaIbl, 3aBUCALLME 0T apaMerpa. Ecau QyHruua
f(z, y) onpepencHa ¥ HenpepsIBHA B npaAMoyroabHuke a < ¢ < 0, A <y <
< B, 1o unTerpan

b
ﬂmz/fmyMz (1)

HA3BLIBACTCA UNIMCZPAA0M, 3ABUCAUUM O NAPAMENPA, W ABJIACTCA HEmpe-
pBIBHON B npoMemyTie (A, B] dyHKruue.
Hurerpan Gonee obuiero suga

¥(y)
o) = [ S ) ds @
e(y)
TaK/Ke HA3LIBACTCA MHTCTPAJIOM, 3aBUCAILMM OT IapaMmerpa, U ABIACTCA
HENnpeppIBHON (yHKIMeN aprymeHTta y B npomemytie [A, B], ccan f(z, y)
HenpepbiBHA B npaMoyrompHuke a < ¢ < b, A <y < B, ¢(y) u ¢¥(y) He-
npepbisHbL 0pu y € [A, B] 1 ux 3HaYeHHA CONCPRATCA B npoMemyTke [a, b].
Mpumep 1. Boruncauts npenen
1+y
I dz
im —_—
y—0 1422+ y2
—(1+y)
< PaccmorpuM cnenyrommit MHTErpasl, 3aBUCAILMEA 0T mapamerpa y:

1+y
dx

Fly) = T+22+y2
—(1+y)

Tax kax mpemne/ibl UHTEPUPOBAHMA, a TAKKe MONLIHTErpajibHAA (YHKIUA
HCNPCPBIBHLL IIPU JI00bIX 3HAYCHHAX CBOUX aprymMeHTos, 10 F'(y) -— Hempe-
poiBHasA ¢yHkoudA. Illopromy

14y
dx

1
;IH}) / nglj&)ﬂy):F(O):/
21

=(1+y)

dz arct 1 U >
= ¢ ,‘a',' = —.
1422 6 -1 2

Ecmu f(z,y) u f,(z, y) HenpepsisHLI B npAMOyrombHuKke a < T < b,
A <y £ B, 1o nna unrerpana (1) cupasemnusa dopmyaa duddepenyupo-
sanua nod anaxom unmezpasa (popmyna Jeiibuuna):

b b
) = 4 [t = [ fwyan 3)
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Ecnu B (2) npu tex e ycnopunx Ha f u f, npenennt uaterpuposanus ¢ (y)
u ¢¥(y) nauddepennupyemut npu y € (A, B), T0 BepHa Gpopmyaa:

¥(v)
/ f(z, y)
w(y
¥(y)
= @), v)¥'(y) - flel), v)¢'(Y) + /f;(w, y)dz. (4)
e(y)

MMpumep 2. Hatitu F'(y), ecim
cosy
2
F(y) = /ey =% 4.
siny
< Tak Kak nombiHTErpadbHas GyHkmua e¥V! 2" menpepniBHa B obaac-

TH ONpeHeJCHUA BMeCTe CO CBOCH YacTHOH NPOU3BOAHOII 10 Yy, paBHOH

G 1 —72
V1 — 12e¥V1=2% 3 npenennl HHTErPUPOBAHUA ABJIAKOTCA Takxke nubdepen-
UMPYeMBIMH GYHKIMAMHU, TO MOKHO BOCHOIL30BAThCA GopMyoit (4):

cosy
"(y) = —eV V17 Uginy — VISV o5y 4 / V1— 22?1 dp =
siny
cosy
= —(e¥lsin¥lginy 4 eVl ¥l cosy) + / V1- 22" dg. >
siny
Ecan f(z, y) Henpepuisna B mpaMoyroasiukea < < b, A <y < B, 10
Y pep

s uHTerpana (1) copasenyisa Gpopmyia unmeepupoaanuﬂ no napanwmpy
Y N0o0d 3HAKOM UNINESPALq:

B b b B

A/ Fly)dy = A/ dy ] fa)da = [ do A] f@wdy. ()

a

1
Npumep 3. Boruucauts uHTErpan / da: (b>a>0).
0

< 3ameTum, uTO
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Torna uckoMbidt MHTErPal MPUHUMAET BUX
b

1 1

/ /dm/m” dy.
lnx

0

a

TonbiHTerpanbHan (pymumn f(z, y) = zY HenpepbIBHA B NPAMOYLOJLHUKE
0< <1, a<y <b, 103T0My MOKHO BOCNOIbL30BAaTLCA (GOpMyIoi (5)

1 b b 1 b . b1
+
d Ydy= | d Vde = | ——dy =1
/z/wdy /y/:cda: /y+1y n—
0 a a 0 a

Beruncauts caenyomme mpeneis:
2

9.165. lim 23 cos Ty dz. 9.166. hm/ zt + y2 dzx.

9.167. hm h/ T + h) — f(z)) dz, ecain f(z) HenpeprisHa Ha

orpesxe [a, b] ( a<0<:co<b)nf(0)=

[Iponuddepenumposats HyHruUAM:
y+1

Yy
InA+2y) 10 9169, F(y) = /

9.168. F(y) = /

sin zy dz

xz
y—1

0
y? y

9.170. F(y /e ve* gz 9.171. F(y =/:c— ) sinzy dz.
y 0

zy
9.172. Haitu Fy, ccmn F(z, y) = /(x —yt)f(t)dt, rme f(t) —

z/y
Iud pepenunpyemMana QyHKIHUA.
9.173. lycts f(x) — mBamusl nud pepenunpyeman u F(x) — and-
tdepenuupyeman Gyuruun. [Joxazars, uyro GyHKRIMA

T+at
u(z, t) = %(f(.l, — at) +f(:1:+at)) + 2—1&- / F(y)dy
i T—at

0%u 9 9%u
— =a°—.
ot? Ox?

YIOBIIETBOPAET yPABHEHUIO KOJI€OAHUA CTPYHBI
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9.174*. Haiitu npou3BOmHbIE OT MOJHBLIX IIUNTUYECKUX HHTE-
rpaJos

w/2
2/\/1—kgsin2<pdcp,
2/2 0<k<1)
dy
F(k):/I—k%in?cp

0
u BbIpasuTs ux uepes Gyuxuum E(k) u F(k).

lIpumensaa unTErpHpoBaHUe moOI 3HAKOM MHTErPAa, BbIYUCIUTDH
MHTErpajsl:

9.175. [ sin (ln l) —gj——(:v2 —1)dz.
z)Inz

1\ =z
COSs (ln ;) i_l’—l—.’;(w - 1) dz.

9.177. loxasath GopmyisL:

9.176.

o\‘— O\H

F(z)zdz = E(k) — (1 — K*)F(k),

E(z xdac——g((1+k2) (k) — (1 - k*)F(k)),

iy
SO\??‘ O\»

roc F
9.174).

2. HecobcTBeHnble HHTErpabl, 3aBucAlMe oT mapaMmerpa. Hecobcreen-
HBII MHTErpaj, 3aBUCALIUI 0T mapamMerpa y, T. €.

n F(k) — nonnsie snnunTuveckue uaTerpaisl (CM. 3amady

Fly) = / f(z, y) dr, (©)

rne gyunuus f(r, y) nenpepsiBHa B obmacty @ < T < +00, ¥y < ¥ <
< Y2, HaA3BIBAGTCA PABHOMEDPHO CXONAIIMMCA B NPOMERYTKE [y1, y2], ecam
ana noboro € > 0 cywecrsyer takoe B = B(e), 1o npu Beaxom b > B(e)

+o00
/ f(z, y)dz| <
b

npu mobom y € [y1, y2)-
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Ecau nnrerpan (6) cxomurcsa paBHOMEPHO B NPOMERYTKE (Y1, Y2], TO OH
npeacTasnser coboft HenpepbIBHYK (QYHKIMIO apryMeHTa Yy B 3TOM IIpOMe-
MYTKE.
AHaNOrMYHO ONMpEIeseTcA PABHOMEPHAA CXOIMMOCTH HECOGCTBCHHOLO
MHTErpaja 0T HeOrpaHMYeHHON QYHKUMH, 3aBUCAILET0 OT IapaMerpa.
Ilpu uccaemoBaHMM PaBHOMEPHON CXOZMMOCTHM HHTErpajioBs, 3aBUCALIMX
0T IapaMmeTpa, YacTo HCIOJb3YCeTCA CJACAYIOIIee yTBepHAIeHMe:

Kputepuit Beitepuirpacca. Jaa pasnomepnoti crodumocmu un-
mezpaaa (6) docmamouno, umobvl cywecmaosara maxas Pywxyua F(z),
He 3ABUCAWAA 0T NAPAMEMPA Y, WMO:

a) |f(z, y)| € F(z), ecana <z < +o0,

+oc

6) / F(z)dr < +o0.

a
Oyuruuna F(z) nasviBaerca maxcopanmoti nan f(z, y).

Ipumep 4. llorasaTh paBHOMEPHYIO CXOIMMOCTL CACIYIOIIEro HHTe-
rpaaa:
+o0

y? — 2
/md.’r, -0 <y < +00.
1

/ ik de = —=
J @22 T a2

1
Ilycts € > 0 — npoussonbHoe wicao. lomaran B(e) = —, maxomum (wia
€

moboro b > B):

) 4 y? — 22 A
l/ 3‘2+y 7 47 Ai‘,‘i‘m/m“ b)
lim b A b b 1 1

= — < <
ah e 2+  Bty?| P42 b B
YTO M JIOKA3bIBAET, COIVIACHO OIIpEeNeJCHHMIO0, PABHOMCPHYIO CXOOMMOCTb YKa-
3aHHOI'0 MHTErpaJia 1o napamMerpy y Ha Bceltl ocu. >
H pumMmep 5. yCTaHOBHT}) PaBHOMECPDHYIO CXOOMMOCTH MHTErpaJa
+o0

< 3ameTumM, YTO

lim z
i -
Astoo\ 12 + 2

/e‘“"ycos:rdm, 0<yo Ly < +oo.
0

< Moxamem, uro pysxuuo F(x) = ¢ *¥0 MOKHO B3ATb B Ka4€CTBE Ma0-
pauTbl. JleficTBUTENBHO, CIH Y > Yo, TO

le™*¥ cosx| < e L e,
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Kpowme Toro,
V. 1 T
/ e Vody = ——e "V = —.
Yo 0 - Yo
0

CnenoparensHo, Ha OCHOBaHUM KpuTepua BefepmiTpacca ykasaHHbIH HHTe-
rpajl paBHOMEpPHO CXOOHUTCA. >

Ils1s1 Hecob CTBEHHBIX UHTErPATIOB ¢ 6ECKOHETHBIM TPEIENIOM, 3aBUCAIINX
OT Iapamerpa, IPY BBINOJIHEHHH CIENYIOIIUX YCAOBUMA:

a) pyurunsa f(z, y) HenmpepbiBHA BMeCTE Co CBOEil Mpoussommoit f, (z, y)
B 0biacti a < = < +00, Y1 <y < ¥2,

+00
6) / f(z, y) dz cxonuzea npu awbom y € [y1, y2),
a

+00

B) / fy(z, y) dz cxomuTea passOMepHO B NpOMERYTKE [y1, Y2, CpaBen-

a
ausa gopmyaa Juddepenyuposanus no napamempy (bopmyna Jetr6-
HHUIA):

+00

+00
= [t ni= [ fepd, Y

a

aHAJIOrMYHAA COOTHOLIEHMUO (3).

Ilpu BLINOAHEHUH COOTBETCTBYIOIIUX YCIOBHUi (opmyna Jeitbuuna ocra-
ercd BePHON M IUIA MHTErpaja OT PaspbIBHOM (YHKIHH, 3aBUCALIET0 OT
napamerpa.

Mpumep 6. Boruncants unTerpan

e—ar _ e—ﬁa:

. cosmzdr (a>2a9>0, 8>206>0, meZ).

o\-é—

< Ilycts

—az __ ,—fBz
¢ S cosmzdr = F(a, B).

o\-é—

+ 00
3ameTuM, YTO HMHTerpai / e~ *® cosmx dr pPaBHOMEPHO CXOOUTCA TpU
0

a > o 1 pPaBeH (nposepbre!). HexonHbiit mHTErpai CXo0quTCA NpH

a? +m?
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:00BIX @ 2> ap u 3 = By, a NOObIHTErpajibHaA GYHKIUA HENPepLIBHA BMECTe
€O CBOEl YaCTHOM 1P OU3BOIHOI 110 @, paBHO —e ™~ “* cosmz. Ciemosarennno,
yciaosua a), 6), B) BBINOJHEHBI, W MOKHO BOCHOIb30BATLCA COOTHOLLE-
aueM (7). Torna

o
a? +m?

?—M = - / e *“Tcosmzdr = —

Oa

0

Ozcrona )
F(a, B) = -5 In (a? + m?) + C(B).

s naxomnenua C(f) nonaraem B mocienseM paseHctse a = (3. Hmeem
1
0= -5 In (8% + m?) + C(B). Orcrona

C(B) = 3In (8 +m?)

1. B2+ m?
=—-ln——.
2 a?+4+m?

F(a, B) = = (In (8% + m?) — In (a® + m?))

[NR ]

9.178. Ha asbike «&-0» cHOpMyIMpPOBATL YTBEPKICHUE: MHTETPal
fo0
" F(y) = / f(z, y) dz cxonnTca HepaBHOMEPHO HA OTpeske [y, Ya.
a

HccaenoBarh Ha PaBHOMEPHYIO CXOOMMOCTL B YKA3aHHBLIX TPOMeE-
AYTKAX CJHeIYIOINe WHTEeTPaJbl:

400
9.179. / e coszdr (0< o< a<+00).

0
+o00

dz
9.180. / e (I <a<+400).

0
+0o0

a
9.181. / 7T e (0<a<).

1
+00
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+
dx
9.183. / (:c——(—:?"—l (0 < a < +oo).

2
1
9.184. / o (104 < —).
V(x—1)(z —2)2 2
0
9.185. /smld— 0<a<?2).
. T T
0

1
9.186. | —2T 40 (0<o < 1),
Ve —al

9.187. Jlokazath, uTo QyHKRUIUA

+o00
cf(t)

— 00
ymosJjersopaer ypasHennto Jlamiaca
0%y 4 0%u 0
oz?  Oy? ’
llpumenas nud epeHmpoOBaHUe IO NAapaMeTPy, BLIYMCIHUTD

AYHOLIViE MHTErpPaJIbI:
+00

e——aaz e Bz?
9.188. / —————dz (a>0, f>0).

0
too

e~ aT _ e——ﬂz
9.189. / — sinmzdzr (a>0, §>0, m#0).
) .
+00
Lsinfz

9.190. /e —-—;—LLL‘ (a2 ap > 0).
0
.{_w

l1—e
9.191. / — —~(’zt (a>—1).

re

0
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+0o
9.192*. / e cos §z dz (v >0).
0
1
9.193. / B OT 1 (—o0 < a < +00).

V1 — 2

0



I'masa 10
IAOOEPEHIMAILHLIE YPABHEHUA

§ 1. YpaBHeHuAa 1-ro mopAnka

1. OcHoBubIe moHATHA. OyHKINOHAIBLHOE YPAaBHEHUE

F(z,y,y')=0 (1)

W

v = f(z, ), (2)

CBA3BIBAIOIIEE MEARLY COOO0H HE3aBUCUMYIO IEPEMEHHYI0, HCKOMYIO (DyHKIMIO
y(x) u ee npoussonuyo y' (), HassiBaerca duddepenyuats Hbim YpasHenuem
1-20 nopadxka.

Pewenuem (wacmuoim pewenuem) ypasHenus (1) unu (2) Ha unHTEp-
Baste (a, b) HaseiBaerca mwobasa Qyuknua y = @(x), Kotopasa, byayuu mom-
CTaBJIEHa B 3TO yPaBHEHME BMECTE CO CBOeH mpousBomHOH ' (x), obpamaer
€ro B TOKEECTBO OTHOCUTENBLHO & € (a, b). Ypasuenme ®(z, y) = 0, ompe-
IEJIFIOILEE 3TO PELICHUE KAK HEABHYIO (DYHKIMIO, HA3bIBACTCA UHINEZDALOM
(vacmubim unmeepasom) ouddepeHunansHoro ypasHenua. Ha miockoctu
¢ (pMKCHUPOBAHHOI HEKAPTOBOM MPAMOYTOJBHOM CHCTEMOH KOOpPOWHAT ypaB-
Henue ®(z, y) = 0 ompemensAer HEKOTOPYI KPUBYIO, KOTOPAA HA3bIBAETCA
unmezpaabroli Kpueol nud@epeHnruansLHOr0 ypaBHEHUA.

Oyusmua y = ¢(z, C) HaseiBaeTca obuum pewenuem ypaBHeHusa (1)
unu (2), ecau npu Jiro60M HOMyCTUMOM 3Hadenuu napamerpa C oHa ABAeTCA
YaCTHBIM pELUIEHHEM 3TOT0 YPaBHEHHA U, KpOMe TOro, Jjioboe ero 4acTHoe
peleHue MoeT ObITh mpencrasieHo B Bume y = (x, Cp) IPU HEKOTOPOM
snauennu Cp mapamerpa C. Ypasuenue ®(z, y, C) = 0, onpenensrouiee
obluee pelreHyre Kak HEABHYIO (HYHKIMIO, HA3BIBAETCA 00U UM UHNEZPAAOM
nuddepeHnanbHOr0 ypaBHEHHA.

sinz
Ipumep 1. IIpoBeputs mopcTaHOBKOM, YTO0 QyHKIKMA —— €CTh pelIc-
x

Hue nuddepeHnraIbHOr0 ypasHeHua ¢y’ + y = cosz.

sint , cosz sinz ,
dUmeem y = ——, y' = —— — ——. YMHOKUB Y U Y’ COOTBETCTBEHHO
z x x

Ha 1 U T U CJIOMUB IOJYYEHHBIE BBIPAZEHUA, MOMyuuM Ty’ + y = cosz. D>

Dpumep 2. lloxazats, uro dynkmua y = Cz3, C € R, apaaerca
pewenrem nuddepernuansHoro ypasHenua ry' — 3y = 0. Haittu vactHoe
pewenue, ynosnersopaowee ycaosuwo y(1) = 1. (Hafitu unrerpansHyio
KPUBY10, NpPoXonAuyto ueped toury Mo(1, 1).)
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< Haitna y' = 3Cx? u noncraus Buipamenua y u y' B audpepcHIMAIBHOC
ypasHenue, npu sro6om suavenuu C noayunm tomaectso 3Cz° —3Cx3 =

JT0 03HAYACT, YT0 QYHKLUUA y = Cz?® asnacrea peuicHueM IHuQQepeHuu-
anpHoOro ypasHenus. [lomomue x = 1, y = 1, Haitnem 3HavucHIE napameTpa

C = 1 n, TakuM o6pasoM, NMOIYIUM HCKOMOC YACTHOE DeLIeHHC Y =
Nuaue ropopA, MHTErpaiLHON KPUBOI, IpoxoaAmeit yepes Touky Mo(1, 1)

ABIIACTCA Kybuueckan napabona y = 2. >
llycre 3anano ypasHeHue

®(z, y, C) =0,

OIpeneNAIIEee HA MI0CKOCTH HEKOTOPOE CCMECTBO KPUBBIX, 3aBUCAILLUX OT
aHaucHuit napamerpa C. Eciau cocraButh cucreMy AByX ypaBHEHMI

!
®(z,y, C) =0, &(z,y,C)=0,
TO, UCKJII0YaA U3 9T0M cucteMsl napaMerp C, noayuuM, Boobuie rosopa, qud-
(hepeHINanLHOE YPABHEHUCE 3a0aHHOI0 CEeMeHCTBA KPUBBIX.
Mpumep 3. Haittu auddepeHunansHoe ypaBHEHUE CeMEHCTBA OKPYHK-

nocreit 2 + y? = 2az.
< Nmeem cucreny ypaBHeHU

7% +y? = 2ax,

2z + 2yy' = 2a.

Hcxmouaem mapamerp a. U3 Broporo ypaBHeHusa Haxomum a = T + yy'
U, TOACTAaBJAA 3TO BHIPA/KCHME B MEPBOE ypaBHEHMe, moaydaeM T2 + y? =

=2z(z +yy'), r.e. y> — 22 = 2zyy’. 1o u ectb ucKOMOe AU epeHIHuab-
HOe ypaBHEHUe. [>

lloxazaTn, uro npu a060M IEHCTBUTENLHOM 3HAYEHUM TapaMerpa
C 3amaHHBIE BBHIPAKCHUA ONPCHEIAIOT PELIEHUA COOTBETCTBYIOUIMX
nud GepeHnnaIbHLIX YPABHEHUIL:

10.1. y = z(C — In|z]), (z —y)dz+zdy =0.
T
"1

10.2. y-—-:v(/ ;exdx+0), zy' —y = ze®.

0

10.3. 224y —1=Ce?®, (2x+y+1)dz— (4 +2y—3)dy = 0.

B 3aganHOM ceMeiCTBE BLIACAUTL YPABHEHUE KPUBOM, yIOBIETBO-
pAIIEll MPUBEICHHOMY HAUAJLHOMY YCJIOBHIO.

104, y(Injz? - 1|+ C) =1, y(0) =1.

10.5. y(1 - Cz) =1, y(1) =05

10.6. y =2+ Ccosz, y(0) = —1.

10.7. Hanucats ypasHeHue, KOTOPOMY YOOBJETBOPAIOT BCE TOUKHU

BKCTPEMYMA UHTCTPAILHBIX KPUBLIX IU( (epeHInaabHOr0 ypaBHEHHUS
y' = f(z, y). Kak otanauTh TOUKM MaKCMMyMa 0T TOYEK MUHUMyMa?
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10.8. Hanucars ypaBHCHUE, KOTOPOMY YIOBJETBOPAIOT BCC TOYKU
neperuba MHTCTPANLHBIX KPUBLIX AM((CPCHIMANLHOTO yDaBHEHU:I
y' = f(z, y) 1, B vactHOCTH, U} PEPEHIMANLHLIX YPABHCHMIL:

a)y' =y+2% 6)y =¥ —uz.
CocraBurh nud epCHIHANLHOE YPABHCHUC CEMCICTB KPUBBIX:

10.9. Mapa6ox y = z2 + 2az.

10.10. 'unepbon y = a/z.

10.11. Henupix auuunit y = ach .

10.12. Tunep6on =2 — y? = 2ax.

10.13. Cocraputh nud pepeHnuanbHOC yPABHEHHE cCMCHCTBA KpHU-
BLIX, ¥ KOTOPBIX OTpPe30n M000H HOpMaau, 3alIIOYEHHDIH MCmILy
0CAMM KOOPIMHAT, NCTUTCA NONOJAAaM B TOUKC KaCaHHUfL.

10.14. Cocrasuts nuQ epeHnraiLHOC ypaBHEHHE CeMeicTBa Kpu-
BLIX, Y KOTOPLIX OTPC30K J000i KacaTeabHOH, 3aKIIOYCHHLI MCRIY
0CAIMM KOOPAMHAT, NEIMTCA TOUKOH kacauus M (z, y) B OTHOLIEHHH
|[AM|:|MDB| = 2:1, rne A — TouKa NEpCCEYEHHA KacaTenbHOH ¢
ocuio Oy, B — ¢ ocuio Ox.

10.15. Cocrasurh nud GepCHIMAILHOC YPaBHCHHUE CEMCHCTBA KPU-
BbIX, ¥ KOTOPLIX ILIOIIANb, 3aKJAIOMEHHAA MEMKIY OCAMH KOOPIHHAT,
9TOM KPUBOHA M NMEPCMCHHON OPAMHATOMN, NPONOPIUOHAJLHA YETBEPTON
CTEICIIN ITOI OPAMHATLL.

2. I'paduyecruii MeTox IOCTP 0€HUA HHTEIPAILHBIX KPUBBIX (METOX H30-
wiauH). [nddepenunannuoe ypasuenue y' = f(x, y) B miockoctu ¢ Gurcu-
POBAHHO{1 1eKapPTOBOH NPAMOYTOJABLHOM CHCTCMOH KoopauHaT Ty ONpCIenser
noae nanpasaenut pasenctsoM tga = f(z, y).

H3oxaunoti ypasueHua (IONA HaNpaBieHHIl) HA3LIBAETCA BCAKAA KPU-
Bas, OM]CAC/IACMAs YPaBHCHHEM

flz,y) =k

npu QHKCHPOBAaHHOM K.

ILns npuGmikensoro (rpaguueckoro) pewuenus ypasuenun y' = f(z, y)
HOCTPOMM HA IIOCKOCTHM M30KJIMHLI [UIA HCCKOALKMX 3HaueHuit k. Ilycro
Mo (zo, yo) — HexroTOpas HauaaLHAA TOUKA. M3onauna Lo, npoxonaias ue-
pEe3 9Ty TOUKY, COOTBCTCTBYCT 3Ha1eHUIO k, paBHOMY ko = f(zo, yo). [Ipose-
aeMm orpe3or MyM; ¢ yrioBoiM 103G GUIMEHTOM kg 00 NCPECEYEHU B TOUKE
My ¢ 6mwmatiiueit u3okauHoit Ly (TeM caMbpiM Mbl 3aMCHUM IOyTy HUHTE-
rpajabHOIl KPUBOI oTpe3roM ec KacareabHoit). [amee, n3 rouxu M (xy, y))
nposencM Hopblit 0Tpesok My My ¢ yrioBbiM ko3 pumsicaToM ky = f(x1, y1)
0 nepecedcHus B Touke Mo co caenywowmeil n30xauHoit Lo u T. 1.

B pesyanrare Takoro nOCTPOCHUA MBI HOJIYULM JIOMAHYIO, ABJIAIOLLYIOCA
npUOIHKEHHDIMN H300Pa/KCHUEM MHTCTPANBHON KPHUBOM, NPOXOMISLIEH uYepes
HauaIpHylo Touxy Alp. Yem ryime BaATa ceTh M30KIMH, TeM 6ojee TOYHO
MOJRHO M300DPa3UTh HHTEPAILHYIO KPUBYIO.

U3ameHAA nos1omeHue HavyaabHOM ToUK Mo, aHAJOrHYHO MOJKHO NOCT]O-
HThL NPUOIMKEHHO U OPYTHC MHTETPANbHbIE KPIIBLIC.
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IIpumep 4. MeTonom H30KIMH HOCTPOUTH HHTEIPAILHYIO KPUBYIO YPaB-
HeHuA y' = 2x, IPOXONAUIYIO Yepe3 HAyaJ0 KOOPHHHAT.
< VI30KnuHEI DaHHOTO ypapHeHHA — mapajuiensHble npameie 2z = k. Ilo-
maraa k = 0, £1, £2, £3, ..., noryyaem u3okauuel ¢ = 0, ¢ = +1/2,
z==1, x = +3/2 u r.n. lloctpoum ux (puc. 49).

Otnpasnanacy M3 Havaja KOOPOMHAT BJIEBO M BIPABO, CTPOUM JIOMAaHYIO
o M_sM_oM_1 MyMMyMs. . ., 3BeHbA KOTOPOH HMEIOT YIVIOBBIE KOADPU-

yh
M-3 M,
M_, M,
M| M
3 -1 L oMy L 1 3 x
2 2 2 2
Pnc. 49
HUEHTHl COOTBETCTBEHHO ..., —2, —1, 0, 0, 1, 2, ... 9ta J0MaHaa u ecThb

npubnumeHHOe H300pakeHe HHTErpajdbHO KPHUBOI.
Pexomennyem uuTaTenio HOCTpOUTh rpauKk COOTBETCTBYIOILIET0 YaCTHOTO
pelleHua y = z? u CPABHUTH €ro C NOCTPOEHHO JIOMAaHOH. D>

MeronoM M3OKIMH TOCTPOUTL NPUOTUMEHHO CceMeHCTBO HHTe-
TPAIbHLIX KPUBBLIX CICTYIOUIMX HU((epeHIMaTbHbIX ypaBHeHU:
10.16. y' =z +y. 1017.¢y' =1+y.
10.18. ¢ = ~Z 1049. y =y -z
T

10.20. o = —Y— 1021 y = L2

z+y T+ 3y

3. YpaBHenua ¢ pasgenAronmMHcA nepeMeHHbIMU. IlycTs B ypaBHEeHUM
y' = f(z,y)

byuruua f(z, y) momer ObITh PA3IOKEHA HA MHOKUTENIH, KazkObIH U3 KOTO-

DBIX 3aBHCUT TOJIbKO OT ommol mepementoit: f(z, y) = fi(z)f2(y), umn B
ypaBHEHUU

M(z,y)dz + N(z,y)dy =0

k03¢ Gunuents! npu dr u dy moryr 6elTh npencrasieHs: B Buge M (r, y) =
= Mi(z)Mz(y), N(z,y) = Ni(z)Na2(y). lyrem memenna Ha fo(y) u Ha
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N1 (z)M>(y) coorBeTCTBEHHO 3TH ypaBHEHHMA NPUBOLATCA K BHIY

1 M, (2) Na(y)

z)de = dy, = ——=2L

hw)de =205 % W) Ma(y)
(ypasHenua c pasdeaennbimu mepemennvimu). WHTErpupya nesbie uacTu

9THX ypaBHEHMII 110 Z, a paBble 10 Y, IPUXOIUM B Ka/AIOM M3 HUX K ofImemMy
HHTErpajJy UCXOXHOro OH(depeHIHaIbHOr0 ypaBHEHUA.

IIpumep 5. Pemuts ypaBHeHue
dy _ 2o
dr ~ 32 +1

< Paznennaem nepemenHsle:

(3y? + 1) dy = 2z dz.

Wurerpupyem:

/(3y2+1)dy=/2xdx+0,

wiu s )
v+y—z°=C
(obymit uHTErpan ypaBHeHHA). D>

Ecnu B ypaBHenunu c¢ pasnendArommmuca nepemenHsiMe y' = f1(z) f2(y)
Gynsuua fo(y) uMeer HeHCTBUTENBHBIR KOPEHb Yo, T.e. ecau fa(yo) = 0,
T0 OyHruuA y(r) = Yo ABIAETCA peLUeHUEM ypaBHeHUA (B yeM Jerko ybe-
AMThCA HENoCp eACTBeHHOM noacTanoBrol). Ilpu nenenuu obenx dacreit 5T0ro
ypaBHenua Ha f>(y) (upu pasmeneHun nepeMeHHsIX) pewenue y(z) = yo
MOKET OBITH NMOTEPAHO.

Ananoruuso, npu uHTerpupoBaHnu ypasHenua Mi(z)Ma(y)dz +
+N;(z)N2(y) dy = 0 mMoryr ObITH NOTEPAHBI HHTETPAIbHbIE KpUBBIE Z(Y) =
= zo uy(x) = Yo, TIE To — OEACTBUTENLHBIH KopeHb ypasHenuda Ni(z) = 0,
Yo — DeHCTBUTENbHBIN KOpeHb ypaBHeHuA Mo (y) = 0.

lo3ToMy, NOIYYHB yKA3aHHAIM BBILIE METOIOM Pa3me/eHHA NepEeMEHHBIX
06ILMIt MHTErpaj ypaBHEHUs, HAalO IPOBEPUTh, BXOLAT JiM B ero cocras (mpu
NOOXOOAILMX YHCIOBLIX 3HaYeHHAX napamerpa C) yIOMAHYTbIE PELUCHUA.
Ecnu BX0nAT, TO MOTEPHU peLleHUH HeT. KM He BXONAT, TO B OKOHYATEIbHOM
OTBETE KpoMe 001Iero HHTerpajia Cjelyer yKas3aTh U 9TU DEIUEeHHA.

IIpumep 6. Peurnrs ypaBHeHHE

dy
dr ytgzx.

< Pazpennem nepemeHHbIe:

dy =tgzdr.
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NHrerpupyem:
Injy| = —In|cosz| + Ci,

win
In|ycosz| = Cy.

Ilna ynobersa noTeHIMpOBAHUA NOMYYEHHOTO PABEHCTBA MPEICTABUM Ia-
pamerp C; B norapudmudeckoit popme, nomoxus Cy; = In|Cs|, Cy # 0 (mpu
srom C) NPUHUMAET BCe 3HAYEHHUA 0T —o0 10 +00). Torna

In|ycosz| = In|Cy|
U, IOTEHIUPYA, MoaydaeM obuuit uuTerpan B Buge ycosz = Cy, oTryza
y = Casecz. (3)

3amerum Tenephb, YTo UCXOAHOE QU hepeHnualIbHOe ypaBHEHHe UMeeT, oue-
BUIHO, cuie pemieHue y = 0, KOTOpPOE HE BXOAUT B 3amuch (3), Tak Kak
Cs # 0. Beemem nosbii mapamerp C, npuHumaromui, B orauuue or Co,
Takke U HyneBoe 3HaueHue. Torma perueHue y = O Boitmer B cocTaB o01ero
pelueHud

y=Csecx. D>

C nomowsro nopcranossu u(z) = az + by(z) + d x ypaBHeHusAM ¢ pasne-
JAMWUMUCA TePeMEeHHBIMU MPUBOIATCA U Au() (epeHIuaIbHbIe YPaBHEHUA
BUAA

y' = flaz+by+d), b#0.

Pemnuth mud depeHnuanbHbie ypaBHEHUA:
x

10.22. y' = =, 10.23. 3%y + 2% = 1.
y
10.24. yy' + = = 0. 10.25. zy' = 2y.
10.26. (x + 1)y +zy = 0. 10.27. y'v/1 — 22 = 1 4+ 42,
10.28. y' = &%V, 10.29. o/ + 220% g,
Y Ccosy

10.30. (1 + y®)zdz + (1 +2?)dy = 0.

10.31. xydz + V1 — 22dy = 0.

10.32. ye®* dx — (1 4 €?®) dy = 0.

10.33. 2e® tgy dz + (1 + e®) sec? ydy = 0.
10.34. (1 +y)(e® dx — e dy) — (1 + y?)dy = 0.
10.35. (1 + 22) dy + yv1 + 22 dz — zy dz = 0.
10.36. dy — 2\/yInz dz = 0.

1
10.37. y' = cos (z + y). 10.38. ¢/ =

2z +y
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10.39. v = (4z +y +1)2. 10.40. y' = sin (y — z — 1).
1041. ' + 2y =3z + 5.  1042. ¢y = /(4z —y + 1)2.

Ha#itu yacTHbIe pelleHua ypaBHEHUH, YIOBIETBOPAIOIINE YKA3aH-
HBIM HAYaJILHBIM yCJIOBHAM:

10.43. (1 +y?)dz — zydy = 0; y(1) =0.
10.44. (zy? + z)dy + (z%y —y) dz = 0; y(1) = 1.
1045. y'tgz =y; y (72_r) =1.

4. Omiopomusie ypaBHenuA. [[uddepennuannuoc ypasHeHue 1-ro mo-
PALKA HA3BIBAETCA 00HOPOOJHbIM, ECIIH €r0 MOMHO NPUBECTH K BULY

—
y=f (x) (4)
WIH K BUOY
M(z, y)dz + N(z, y)dy =0, (5)
rone M(z,y) u N(z,y) — odnopoduvie dynxyuu OmHOTO MOpPAMNKA, T.e.

cymwectsyer Tawoe k € Z, uro M(tz, ty) = t*M(z,y) u N(tz, ty) =
= tFN(z, y) TommecTBenHo oTHOCHTENBHO T, y 1 t # 0.

C nomowsto noacranossu y/x = u(zr) onnoponHsie ypasHenua (4) u (5
npeobpasyloTcA B yPaBHEHHA C PA3NEIAILIIMUCA NIepEeMEHHBIMHU.

Mpumep 7. Peututs ypaBHeHue

y'=g+cosg.
T T

~

Y , du
< Monomum = = u, unu y = ux. Torma y' = u + x——, 410 Mocae moxcra-
x

dx
HOBKH B MCXOQHOE YpaBHEHME NaeT yPaBHEHUE C Pa3neANIMMUCA iepeMeH-
HBIMHA

u
Tr—— = COosu.

dr

Paznensem nepemenHsie:
U HHTErpupyem:

llonyuaem obuiee pereHue:

u = 2arctgCx — -g +27mn, n€Z.
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BosBpamance K QyHKUMHM Y, HAXOIUM:

y==2a (2 arctg Cw — —72[ + 27m) , nEZL.

Ilpu 1esicHUM HA COSU MOLNIM OBIThH IOTEPFAHBI PCHICHUA § = ( + 7rk)
k € Z. Ho nna k = 2n — 1 onu sxogar B obwee peurenie (npu C' = 0).
CrienoBaTennLHO, OKOHYATEIBHO 0MYUACM:

y=ux (2 arctgCx + g +7(2n - 1)) Hu y== (% + 27m,) ; neEL >

HMuddepeHunanbHbie ypaBHEHUA BUIA

J = f a1z + by + ¢ (6)
) 022 + bay + ¢

B ulyqac — 76 NPHBOIATCA I8 OTHOPOIHBIN YPABHCHHUAM C IIOMOILLIO
a

bo
by
3aMCHBI ICPEMEHHDIX
r=u+m, Yy=v-+n,
rI€e 1M U N HAXOZATCA U3 CUCTEMBI YPaBHEHUI1
aym+bn+c =0,
asm + ban + ¢y = 0.

HMocronbry 3nech dx = du, dy = dv, to ypasHenuc (6) mpeobpasyercd &
Buny (4) orHocurensHo GyHruUMH v(u):

dv au+bv+am+bn+c)
du 7 \ayu+bsv+agm+bmn+cy)

_ aju + byv a +bi(v/u)\ v
_f<a2u +b2v> _f<a~3+b~g(v/u) _Q(u>'
a» b)

Ecau B YPaBHCHIII (G) = = A 11, CICHOBATC]LHO, AL + bzy =
a)

= Ala1z + byy), TO 0HO mpHMET BI/III

dy__ ( arz + by +c

- =pla1z + b1y).

dx Aarz + bry) + cz> i v)

llopcranoskoit u(z) = ajz + byy(z) 310 ypasHeHuE npeobpasyercs K ypan-
HEHUIO C Pa3feIfAIUIIMUCH 1EPCMEHHDLIMM.

Pertuth mud)pepeHumaiiLHble ypaBHEHHU:

1046. ' =L+ % 1047y =L sin?. 1048y =Y
A T T T+
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10.49. (22 + zy)y’ = 2/22 — y2 + 2y + y°.
10.50. (z — y)dz + 2 dy = 0. 10.51. y?dz + 2% dy = zy dy.

10.52. z(y' + e¥/%) = . 10.53. zdy — ycosln Yz =o.
T
10.54. zy' =y + z tg Ly 10.55. zy' — y = /1% — y2.
T

10.56. (z% + y?) dy — 2zy dz = 0.
10.57. 3z%y? dy = (42° — %) dx.
10.58. 2z —y+1)dz+ (2y —z —1)dy = 0.
10.59. (y +2)dz — 2z +y —4)dy = 0.
10.60. (z +y +1)dz + (2z +2y — 1) dy = 0.
10.61. (z +y — 1)%dy = 2(y + 2)? d.
y—2xr y+2
c+1  z+1

y+zr y+zx y+x
n = —In .

z+3 =43 z+3

10.62. ' — tg

10.63. y'1

Haittu wacTHbIE pelIeHuA ypaBHeHU, yI0BIETBOPSIOLINE TaHHbIM
HaYaJIbHBIM YCJIOBHAM:

10.64. zy' = y1In ’y; y(1) = 1.

10.65. (\/zy — :E)'fly +ydx=0; y(l)=1.

10.66. (y + /2% + y2)dz — zdy = 0; y(1) = 0.

5. Jlmuetnnie ypasHenud. [TuddepennuanbHoe ypasHenue 1-ro mopanka

HA3LIBACTCA AUKEUNRLIM, CCIA OHO CONEPUT Y U y' B MepBoit CTemeHH, T.e.
HMeeT BUI

y' = P(x)y + Q(a). (7)
Ilpu Q(z) = 0 ypasuenue (7) NpUHEMACT BUL
y' = P(a)y

U HA3bIBACTCA AuKelnblM 0010podnbim. OHO ABIAETCA YpPABHCHUEM C pasie-
JAIILMMUCAH 1IepCEMEHHBIMU, U ero o0luee percHIie UMCeT BUA

y= C’ef P(m)dw, | (8)

roe C' — mpous3BoJILHAA NOCTOAHHAA, a /P(:c) dr — ogHa u3 nepnoobpas-

HuIx QyHruuu P(z).
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WHrerpuposanue aunetinozo neodnopodnozo ypasHenud (7) MOMKHO mpo-
BECTH ONHUM M3 CJIeRYIOIINX MeTONOB.

a)Meron Bapuanuu noctoaHHOMN. Bynem uckars pelexue ypas-
senus (7) B Bume

y = Cla)e! P& &=, (9)

KOTOpBI# mosydaerca u3 (8), eciu 3aMeHUTH nocToAHHY C HA (QYHKOMIO
C(z). Toncrasnaa seipamenne (9) B ypasHeHuc (7), MOJIy4uM OJIA HEU3-
BecTHOM QyHrmmu C() ypaBHEHHe C Pa3NeNAIIMUCA epPeMEeHHBIMMU:

C'(2) = Q()e” I ") .

Ero obiee pemicHue:

C(z) = / Q(z)e~ I P@dzgg 4 C,

roe C — npousBoJIbHAA NOCTOAHHAA, A /Q(x)e‘f P(=)dr gy — onma u3

nepsoobpasubix. lloncrasnaa nonydenHoe Beipamenue oA C(z) B GopMmyy
(9), naxonum oburee pewenue ypasHeHuda (7):

= el P (C 4 [ Qe [P nas). (10)

6) Meron nomcranosku. lomomum y(z) = u(z)v(r). Torma ypas-
Henue (7) NIPUBOTUTCA K BUAY

v (j—’; - P(:v)u) + (Z—Zu - Q(:c)) =0. (11)

Bribepem ¢yuruuio u(z) tak, 4TobbI mepBaA ckofka B J€BOH TaCTH ypaBHe-

Hua (11) obpatunacs B Hyab. A 3TOro MHTErpUpyeM ypaBHEHUE C pase-
JAIOUMAMHUCA I€PEeMeHHbIMU

du

— —P(zx)u=0

dz
¥ BbIOMpaeM Kakoe-1u60 yacTHoe ero perrenue u = u; (). Ioncrasnas Gpyus-
uuio u1(Z) BMECTO u B JeByro YacTh ypaBHenua (11), momyuaem ypabHeHue
C pa3mesAUAMUCA TIePEMEHHbIMUA 0THOCUTEIBHO (GyHKIMK v(T):

dv

() - Qla) = 0.

Haxomum obuiee peuicuue sroro ypasuenusa v = v(z, C). llepemuoxan Haii-
nennsle pynsuuu uy (z) 1 v(z, C), nonyyaem obiuee peureHue ypapHerus (7):

y = ui(x)v(z, C).
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Mpumep 8. Pemuts ypasHeHue y' = yctgz + sin .
< llpumenum Meron sapuanuu nocTosHHOH. Paccmorpum cnavana coorBer-
CTBYIOILIEC OXHOPOLHOC JMHEIHOe yPaBHEHHUC

y =yctgz.

Ero obwee pewenune y = C'sinz. CregoBarensHo, obiliee peLIEHUE HCXOTHOTO
ypassenua ummeM s une y = C(z) sinz. Hopcrasanemy n y’ = C'(z) sinz +
+ C(z) cosz B naHHOE ypaBHEHUE:

C'(z)sinz + C(z)cosz = ctgz - C(z)sinz + sinz,

orsyna C'(z) = 1, u torna C(z) = z + C. CaenosaTensHo, ofiuec perueHue
ypaBHenus ects y = (z + C)sinz. >
2

)
INpumep 9. Pemuurs ypabuesue y' = ————.
p p YE ) 27y + 3
< llepenuiuem ypaBHCHUC B BIIIE
o _2 3
dy oy 9P
dzx
U 3aMeTHUM, YTO OHO JMHEIIHO OTHOCUTEILHO T U W Permum ero meromom
HOICTAHOBKMU. y
TonomuM T = uv ¥ OPUBEACM yPABHCHUC K BUAY
du 2u dv 3
v(——t——-l—>+<——-u——§> =0. (12)
dy y dy y
Hattnem ¢yuruuio u;(y), pewas ypasHeHue
du 2
dy vy

U BLIOMpaA U3 ero o0INCTO pelicHuA u = y2 + C omHO 4acTHOE pelucHUe,
nanpumep, u; (y) = y>. Honcrasnaa u; (y) B ypasuenue (12), momyqum:

dv 2——3—~O 38 0% dv _ 3
dy” o y? dy — yt
O6uiee peLueHue 3TOr0 ypaBHEHUA:
1
'U(y, C) =C - g’ﬁ

Tlepemuoman uq(y) u v(y, C), noayuaem obiiee pelieHue TAHHOLO ypas-
HEHUA:

1
r=Cy*-= >
Y
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Pewnts nud) pepeHunanbHbIC yPaBHCHUA:
10.67. ' + 22y = ze % .

3 1
10.68. ' = Y4 10.69. v + ytgz = ——.

T o8 T
10.70. (1 + 2?)y’ = 2zy + (1 4 %)%
10.71. ¢ + 2y = 7. 10.72. ¢/ + 2 = 2Ing + 1.

@
2y Y
10.73. y' = —— + ¢"(z +1)%. 10.74*. y = ——.
v rn+1+()(lT ) Y x+y3

10.75. (1 + y?) dx = (arctgy -- ) dy.

10.76. 2y =y + z%cosz. 10.77. zy' = €% + zy.

10.78. 2y + 22 + zy =y. 10.79. y + 4/ In’y = (z + 2Iny)y’.
10.80. y — y' = y* +zy'.  10.81. (2 +2y3)y' = v.

10.82*. ¢ +tgy = —

cosy

HaitTy yacTHBIC PEIICHUA yPaBHEHUI, YIOBJICTBOPAKILNE 3alaH-~
HbIM HAYaJbHBIM YCJIOBUAM:

1
10.83. v + ytgz = ——; y(0) = 0.
oS T

10.84. y' =2y +€* — z; y(0) =

Y
—_—— 1) =1.
2ylny +y—a’ y(1)
6. Ypasuenue Bepuymwm. Ypasuenwuem Bepuyaau Hasbisaercsa nudge-
pCHUMAILHOE ypaBHeHue 1-ro nopanka Buaa

y' =Py +Qz)y™, (13)

rne m # 0, m # 1 (upi n = 0 ypasuenue (13) Apnserca JUHENHBIM, a IpU
m = 1 — ypaBHeHUEM C PA3AENAILMIMUCA EPEMCHHBIMH).

Tax me wak ¥ AuHeNHOC, ypaBHeHUE BepHYLIN MOMKHO IIPOUHTErpPHPO-
BaTh C MOMOLILI0 HOACTAHOBKH §f = UV HJIH CBCCTH K JHHENHOMY YPABHEHUIO
C OMOIBIO MonCTaHoBEM 2 = y! ™. Crnexyer yuecTn, 4to mpu m > 1 Momer
OLITh nmoTepAHO pemteHue y = 0.

Ipumep 10. Pewuuts ypasuenue

10.85. y' =

< llonarasa y = wv, NIpUBOOUM YPaRrHCHHE K BUILY

v du _u + éliu - ‘?j\) =0, (14)
dr dx ut )/
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13 ofwiero pemenunsa u = C'r ypaBHeHUA

du u
7"

BbIOMpaAEM YaCTHOE pelleHue, HAPpUMED, U = Z.

dv
llopcrasnasa uwy B ypasHenue (14), nomyyaem HOBOE ypaBHeHue i
2
z dv 1
—~ — = 0, uiu i Ero obmuit unrerpan v?2 = 2z + C, orkyna
v T v
v==%y2zr+4+C.
Mlepemuoman u; U v, NOITYy4aeM, YTO BCE PELICHHA UCXOMHOIO YPABHEHUA
onpenendAorcA bopmynoit y = +zv/2z + C. >
Ipumep 11. Perunts ypaBuenue

y_y_ 1
2z 2y
< 910 ypasuenue Bepuymmu ¢ m = —1. Ilostomy momaraem z = y? u
NPUBOAKM YPABHEHUE K BHIY
z
Z==-1
z

3T0 ypaBHEHUE ABIACTCA JuUHEHHBIM. Periad ogHopogHoe ypasHeHue z' =
= z/z, naxonum z = Cz. Orcroma METOIOM Bapuauu¥ NOCTOAHHOM, T.e.

nonarad z = zC(z), monyyaem ofiuec perueHue JUHEHHOrO ypPaBHEHUA B
BUIe

z=zln—,
z
11, OKOHYATEIbHO,

y? =xlng. >
z

Peuruts nu¢ GpepeHnuanbuble ypaBHEHUA:
10.86. 3/ + dzy = 2z VY- 10.87. dy = (y%e® — y) dz.

3
10.88. v/ = y(y3 cosz +tgz). 10.89. 1y = yctgz + gf—/g;
2z z(z? + 9% - 1)
10.90*. ¢/ = . 1091, yf = —————+
Y= 2 cos y + sin 2y 4 2y(z? — 1)

10.92. 2y +y = 2r%yIny -y, 10.93. y'z3siny + 2y = zy/'.

Haiitu gacTHbIe pelleHNA YPaBHEHMI, YIOBJIETBOPAIOILINE 3aqaH-
HBIM HAYaJLHLIM YCJIOBHAM:

10.94. 3dy = — (1 + 3y®)ysinz dz; y (g) =1,
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1 1
10.95. ydx + <:L — §m3y) dy=0; y <§) = 1.

7. Ypanuenuda B nomusix mud depermmanax. [luddepennuansHoe ypas-
HeHue [-ro nopagra Buma

P(z, y)dz + Q(z, y)dy = 0 (15)

HA3LIBACTCA YPAGHENUCM 8 NOANBLT JuPPepenyuarar, eciiu Cro JeBasa JacThb
ABMHETCA NOJHBIM M1 dQepeHnuaiom Hekoropoit yukuuu U(z, y), T.c.

ou ou
P('T'v y):?)_],_" Q(:L'v y)=3y“

Ilna toro utobn1 ypasuenue (15) ObL0 ypaBHeHHeM B MOAHBLIX mudde-
PCHIMAIAX, HEOOXOIMMO ¥ JOCTATOYHO, YTO0bI BHIIOJIHAIOCH YCJIOBUE

oP _ 0Q

5 = o (16)

Ecnu ypasrmenue (15) ecth ypaBHEHME B HOJHLIX Au((pCpeHHUanax, TO
OHO MOKCT OBLITL 3aNKCAHO B BUIC

dU(z, y) =0.
Ofumit MHTErpall YTOr0 ypaBHEHUA:
Uz, y) =C,

rae C -— IPOM3BOJILHAA MOCTOAHHAA.
Oywrmusa Uz, y) Momer 6b1Th HafigeHa caenyrowum obpasoM. HWure-

U
rpupya pasesctso — = P(z, y) no z npu QUKCHMpPOBaHHOM y U 3aMevard,

Ox

YTO IPOU3BOJLHAA IMOCTOAHHAA B 3TOM Cjy4ae MOMET 3aBUCeTh OT Y, UMeeM

Uz, y) = / P(z, 3)dz + o(y). (17)

3aTen u3 PABCIICTBA

5% / P(z, y)dz + ¢ (y) = Q(z, y)

HaxonuM (QyHrumo ¢(y), noacrasus koropyio B (17), moaydum QyHKuuo
Uz, y).

Oucsriano, uro nckoman Qyurnua U(z, y) onpeneneHa ¢ TOUHOCTBIO 10
NPOU3BOILHOM ATANTHBHOM mocroaHHOK. JlnA 3amucy oflero uHTerpana

HCXOJHOr0 YPABHCHUA JOCTATOYHO BbIOPAThL ONHY M3 QYHKUIUI IIOJy4aeMoro
cemeiicTna.
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IIpyrott meron otbickanua Gyuruuu U (x, y) COCTOUT B BLIYMCIEHUM KPU-
BOJIMHEHOr0 MHTerpaja 2-ro poua:

(z,y)
Uz, y) = / Pz, y) dz + Q(z, y)dy =

(20, Yo)

T Y Yy z
= / P(z, yo) dz + / Oz, y)dy = / Qzo, y) dy + / P(z, ) ds,
To Yo Yo

Zo

rae rousu Mo(zg, yo) M M (z, y) ¥ nyTh UHTCIPUPOBAHUA JERAT B 001aCTH
HenpepbiBHOCTH Gyaxuutt Pz, y) u Q(x, ¥) ¥ UX YaCTHBIX IPOU3BOMHLIX,
npuueM Mp(zo, Yo) — HEKOTOpaa GUKCUPOBAHHAA TOUKA.

lpumep 12. Petuuts ypasueHue

%dx+(y3 +Inz)dy =0,

[pefBapUTENbHO yOGCAUBIINCE, YTO HTO €CTh YPaBHEHHE B MOJIHBIX DUdde-
peHnuaaax.
< Ilposepum yciaosue (16):

oP _ 9 (yy_1 0Q_ 0 4 _1
dy ~ Oy (:v) A Om(y +ln$)_ac'

Yeaosue (16) BbINOMHEHO, CJAENOBATENLHO, 3aIaHHOE YDABHEHHE €CTh ypas-
HEeHUe B NOJHLIX DU @epeHnunanax.
Haitnem dyuruuio U (z, y).

lepsoift cmoco6. UuTerpupya no & npu MOCTOAHHOM ¥ PaBEHCTBO
ou y
— =P(z,y) ==
5 =L@y =7,

IOJTyIUM

Ulz, y)=/%d:v+w(y)=yln£+<p(y). (18)

3aMeTuM, YTO HIpU BHIYUCIEHHUU MepBoobpasHoi Mbl 3aech numweM In, a He
In|z|, Tak Kak 1CXOMHOE ypaBHeHME COOEPAUT In z 11, ciegoBaTenbLHO, MCeT
cMbIca auws npu > 0.

lloncrasana (18) B paBeHCTBO

ou 3
ay —-Q(l‘, y)_y +lnx,

nMeemM
Inz+¢'(y) =y* +Inz,
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0TKyIa

1

o(y) = 194 +Ch. (19)

Tonomus, Hanpumep, C, = 0, Haxogum u3 (18) u (19)
L4
U(z,y) =ylnz + e
CaenosarenbHo, 00KH HHTErPaN 3a0aHHONO yPAaBHEHUA UMEET BUI
14
ylnzx + Zy =C.

Bropoit cnoco6:
(z,v)
Uz, y) = / %d$+(y3+ln$)dy.

(0, y0)

Monoxum, nanpumep, o = 1, yo = 0. Torma P(z, yo) =0 n
r 1
Uz, y) = /(y3 +Inz)dy = Zy" +ylnz. >
0

Pemtuts nud depenumanbuble ypaBHEHUdA, IPENBAPUTENLHO yoe-
IUBIINCh, YTO OHU ABJIAKTCA YPAaBHEHUAMH B HONHBLIX IubQepeH-
nuatax:

10.96. (2z + y) dz + (z + 2y) dy = 0.
10.97. (10zy — 8y + 1) dz + (5z% — 8z 4+ 3) dy = 0.
10.98. (322 + 6xy — 2y°) dz + (3z° — 4zy — 3y*) dy = 0.

2 3
10.99. (y + F) dx + (:1: - ;3) dy = 0.

3x2+y
2

_22% 4 ay + 29°
3

T 1 ]
10101, | ——=—=+y |dz+ [z + — — ——— |dy = 0.
(\/362—@/2 y) ( v $2—92> ’

10.102. (2z —ye *)dz + e *dy = 0.
10.103. (2 + €/Y) dz + (1 - 3) eV dy = 0.

10.100.

dz dy = 0.
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10.104. 2 cos® y d.e + (2y — 22 sin2y) dy =

1 1
10.105. | siny — ysinz 4 — Jde+ | xcosy +cosx - — | dy = 0.
x y

8. Teopema o cylIeCTBOBAHMH M €IUHCTBEHHOCTH pelleHUA. Ocoﬁme pe-
wenudA. 3edavet Kowu ana muddeperunanshoro ypasuenun y' = f(z, y)
HA3BIBAETCA 3a1ava 06 OTLICKAHIIM ACTHOTO PEIUCHIIA 9TOr0 YPaBHEHUA, Y I0-
BJIETBODPAIOILET0 3AJAHHOMY HAYaaLHOMY yeaonuwo y(rg) = yo-

Teopema Kowu. FEeauw 6 dupdepenyuaavnom ypasuenun y' =
= flz, y) Pynxyua f(x, y) nenpepvisna ¢ nexomopot obaacmu D naoc-
rxocmu Oxy u umeeni 8 2moti 064GCINN 02PANUNCHNYIO LACTMHYI NPO-
uzsoduyto f,(x, y), mno ()ﬂ,ﬂ a0601i mouxu (xg, yo) € D 6 nexomopons
unmnepsaae to — h < © < xo + " cywecmeyem u npumom eduncmeennoe
peuwnue y(z) amozo 1/p(mnemm YJOGACTNGOPAIOUEE HALAALHOMY YCAOBUIN

y(®0) = vo.

Feomerprriecsn 310 03HAYaeT, UTO Yeped kamaylo touny Al obmactu
D mpoxoauT ooHa M TOALKO OIHA IHTErPaJbHAA KPUBAfA YPABHCHHUA ' =
= f(z,y).

Touru o6mactt D, B KOTOPLIX HAPYIIAETCA COMHCTBCHHOCTH ])eINCHUA
3agaun Kowu, Ha3bIBAOTCA 0CO0bIMU MouKaMY 1) ()CPCHUUATILHOTO ypaB-
HEH M.

Peiicnne (uaterpanedas wpusas) ypasucHua y' = f(z, y), B wammof
TOUKE KOTOPOr0 HAPYIUACTCA CAMHCTBEHHOCTDL pemlenns 3agatu Houm, na-
3bIBACTCA 0CcObbIM pewenucsm (0cob60t unmezpaaviot Kpusotl) sTOro ypas—
Henus. Ocoboe peleHye He MOKET GLITH MOJAVYEHO 113 0OLIEro HU IPU KaKMX
3naveHuax C (srawvan u C = F00).

Oru6aroman ceMeicTBa UHTErPAIbLHLIX KPHUBLIX, ONPEACIAEMbIX 00IIM
pemenneM y = p(z, C) i o6wmM unrerpaaom ¢(z, y, C) = 0, apaserca
ocobo#t nHTEerpaabHoi Kkpusod. OHa HAXOOUTCA HyTeM HCKIOMCHUA, eCIH
5TO BO3MOKHO, napamMerpa C' U3 CHCTEMDI ABYX yPaBHCHIUIT

=9, 0), [ @y, C)=0,
0=¢l.(z, O) @4z, y, C) = 0.

HaitnenHyio Tarun myTeM QYHKIHIO CACOYET NONCTABHTL B HJaHHOC audde-
PCHIMAJBHOC YPABHCHIIE 1 YOCIHTLCA, YTO OHA ABIACTCA CrO PCLICHUEM.

Opunsep 13. Hatitu obnactn, B KOTOPOA ypaBHCHIIE

Y =a/1-y2

HUMCET COIMHCTBCHHOC PCLIEHUC.

< 3nees f(x, y) = ay/1—y? —- Gynsuna, wenpepoisHaa npu |y] < 1;
wactHas npomssoauas fy(x, y) = ——\/—1__‘—~/__-; orpaduueda mpu |o] < M
: —

1 lyl € a < 1. CaemoBarennbiio, JAHHOC YPABHEHHMC MMECT EQUHCTBEHHOC
pewenue B a060m npavoyromsuure D = {(z. y) | o] < M, ly| <a< 1}. >
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Mpumep 14. Haifti ocobbic pemenis ypasHCHI

Y =V1-92,

3Han cro odwee pewerue y = sin(z + C), |z +C| < /2.
< CocTaBuM CHCTCMY ypaBHEHUi
y = sin(z + C),

0 =cos(x+C), 4 Cl<

wl=\

Hcrirrovaa C, nafineM npe GyHsonmn y = £1, KOTOPbIC, OMCBUIHO, ABJIAIOTCA
PEIICHUANM IAHHOTO VPABHEHMA U HE [OJIYYAIOTCA W3 ODLICTO PCILIEHMA HU
npn rakux 3uauenunx C. Cacnosareanno, y = +1 —- ocobble peinenusa. >

Haittu obactu cyieCTBOBAHUA M €IUHCTBEHHOCTH PCIICHUA IJIA

mudrhepeHnuaIbHLIX YPABHCHUIN:
. Y
10.106. ¢/ = «% — 4%, 10.107. i = .
Yy—z

10.108. ' = 1 + tgy. 10.109. ¢/ = 22 + /z — 32

Haittu ocobuic peuicHusa caenyomux au(pepCHIralbHbIX ypas-
HEHUI, 3HaA 001LMe peuIicHuA (TaM, Te 9T0 yKadaHo).

2
10.110. ¢/ = —@.

10.111. ¢/ =4z \/y — 1; y = (2? + C)?

10.112. 2y + 22y —y = 0; (y— ()2 = 4Cx.

10.113. y = 3" — 2/ + PR A) +Cx + C2

9. YpaBHeHmA, He pa3pelleHHbIe OTHOCHTEIbHO mpoussomsoii. Ilycrs
oud epeHyuaasHoe ypasaenne F(x, y, y') = 0 paspeuumo nu6o otHOCH-
TCJILHO MCKOMOM ()YHKIWMI, T.€. UMEET BIII

y=f(z.y"), (20)
JIHGO OTHOCHTEJNLHO al)[‘yMPHTﬂ, T. €. 3alMCLIBACTCA B BIHIC
=fly. y'). (21)

Torana 0HO HHTCTPUPYETCA HyTEeM BBedeiuA mapaMerpa p = y'. YpaBucuua
(20) u (21) mepexoaAT B airedpautICCKUC YPABHCHIA, OH( (CpCHLIHUPYA KO-
TOPBLIC COOTBETCTBEHHO IT0 & WJIH IO ¥, TOJYYUM CHCTCMbI YPABHEHNMIT

y = f(z,p), = f(y, p).
_9f df dp 108 19| l of if dp
P= %z T op du p Oy + ap dy

M3 9Tux cueTeM HAXOMTCA COOTBCTCTBCHHO ODIIEC PEIICHIE YPABHCHLIA
(20) uam (21) B ABHOM 17IH MAPAMETPUTICCKOM BILLE.
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Mpumep 15. Pewints ypasHeHnue
y=y +azy —z.

< Beenem napamerp p = y'. Torna

y=p"+z(p-1). (22)
Tuddeperunpys 310 paBEHCTBO ‘no T, MOJIYYUM

dp dp
=2%p—+p—1+x—
p=2p-tp-lta,

niamn
dp 1

de ~ 2p+a’
3anuILeM mocicaHee ypaBHeHUe B Gopme

d—x-—"c+2
- D.

ITO IMHEHHOC ypaBHEHHUE, ero 00LIee PEeLIeHue:
z=Ce -2(p+1). (23)
lloncrasaaa seipamenue (23) B popmyay (22), nonyuum
y=Cel(p—1)—p +2. (24)

Cucrema coorsowrenutt (23) u (24) onpenender obiee peLICHUE HCXOTHOTO
YPaBHEHUA B MapaMeTpHUYecKol Gopme:

r=Ce -2(p+1), y=Cel(p—1)-p*+2. >

IIpumep 16. Pemurs ypaBHeHue

3
c=y"+ i
< Tlonaraa p = y', umeeMm
r=p°+ Y
p

IupdepeHnvpyeM 3T0 paBeHCTBO MO Y:

1 d
1_,% 1 v

- p )
p dy p p?dy
nian
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1
pn=C n I)2=\3/§y~

Toncrasanaa noouepenHo obda pPesyaLTaTa B BhbIpameHUe aaa z, Hafinem obiee
pereHue

—

Orcrona

y=Czx-C?
1 pellIeHune

2
3/2

Yy=—"Fx )

3v3
KOTOpOe, Kak JIeI'Ko yocmTLes, ABIAeTcA 0Co0bIM. b
Pemmnth nud hepeHnvaiLHble ypaBHEHUA:

10.114. y = y'2 + 4y®.  10.115. y =/ /1 + y'2.

12
10.116. y = (y' — e, 10.117. y = "/7 + 22y’ + 22
10.118. z = y'° — ¢ + 2. 10.119. z = 3/ cosy'.
1
10.120. 2 = 2y —Iny/.  10.12L 7= 2 4 —.
vy oy

YactupiM ciaydaem ypasHenuit Bupa (20) aABadercA Tak HasblBaeMoe
ypasnenue Jlaepaniica

y=zfy') + o), (25)

rotopoe npu f(y') = y' HaspiBaroT ypasnenuen Kaepo. Bpemennem mapa-
Merpa p = ' ypasHenue (25) NpUBOAUTCA K BUALY

y=zf(p) +v(p)
B cayyae obwiero ypasHenus Jlarpanma u K BURy
y=ap+¢(p)

B caydae ypasrenus Huepo.
Ypasuenne Jlarpanika 1imeer ocobbie pelIcHUA

y =z f(po) + ¢(po),

rae pp — Jw000it U3 KopHeli ypasuenua f(p) = p.
Ypasuenue Kaepo umeer obulee perueHue

y = Cx +¢(C) (26)
u ocoboe pelleHue
z=-¢'(p), y=-¢@p+ep), (27)

ABNAOIIEecA orubarouleli ceMeHCTBa MHTErPAILHLIX KpuBbIX (26).
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Taxum 06pazoM, MOKHO cHOPMYIUPOBATH CIACAYIONICE IPAKRTUUCCKO ¢
npasuao. 3amenus B ypasHenun Kaepo cumson y' cumsonom C, Mbl cpasy
nosayuaem obuice pewenue (26). Tudpepenunpya cro no C' u uckarouan C
U3 CHCTEMBI ABYX ypasHeHuil (06L1ero pemeHus 1 peadyiabraTa 1ud (epeHmn-
poBaHua), nonydaem ocoGoc pemenue (27).

IIpumep 17. Peruurs ypaBuenue Jarpauimxa

I /
y=xzy +y.

< Honaran y' = p, naiinem

y= .'1:p2 + p.
Hud depesunpysa 910 paBeHCTBO 1O X, HOJYUUM
dp dp
2
=p°+2zp— + —,
p=p pd:): dr
uiu
de _  2p 1

=z R
dp p-p* p-p?
IT0 MUHEHHOEe yPABHEHMC MMeCT 00LUEC perueHne

1
T = W(C-FIII,[)I -

NOACTABJIAA KOTOPOE B (DOPMYTY AUIA ¥ NOIyYacM 00LIee PELICHIe UCXOLHOTO
yPaBHEHHUA B napamMmerpuueckoit hopme:

_Cnjp|-p 1:(C+1n|pl—p)p‘2
i-p2 Y (1-p)?

+ p.

Kpome Toro, ypasHenue umcer ocobsie pemenua y = 0 u y =
coorBercTBytomue kopuaM p; = 0 u py = 1 ypasuenua p? = p. >
Mpumep 18. Pemurs ypaBuenue

T+ 1,

y=ay —y"

< Jlanuoe ypasuenue ymeer sun (25) npu f(y') = y', 1.e. asaaerca ypas-
HeuueM Haepo. Crenys npakrideckoMy OpaBuay, nogydaeM obliee peLieHue

y=Cz —C*.
WUckmouan, nanee, napamerp C U3 CUCTEMBbI YyPAaBHEHUN]
y = Cr - C*,
0=x—4C3,
noay4uM 0coboe pelcHue
3_ /3

. D

Y= 77T
Y 4\3/5
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Pemnrn I[H(l](l)epeHIII/IaJII)HbIC YPABHEHUA:
10.122. ¢ ¥) ! ylz 10.123 2 ! —1
. Y= . . . = 2zy + .
J 2:‘// y ./ ?//2

. 1
10.124. y = zy/% + y°. 10.125. y = §(a:y’ +¢ Iny).

1
10.126. y = zy’ — o 10.127. y = 29/ + o' + VY.
10.128. y = 2y’ — eV, 10.129. y = 21/ + cosy/'.

10. Cmermranusie 3agauu Ha oud depennnansupie ypasHenua 1-ro
NOPAIKA.

Onpenenurb Tunel aud GCpeHUUANLHLIX YPABHECHUH M YKa3aTb B
0b11eM BUIC METOIOLI UX PeIueHUA:

y' —z? 972

10.130. sinz® =¢ ¥ . 10.131. /a2 —y2 =
10.132. 1 + z + (1 + 22)(e® — e¥y') = 0.
10.133. 2¢/(1 — 22) — 2y — 2zy% + 223y = 0.
10.134. ydz + (2z — y?) dy = 0.
2

10.135. (Z —z 442 ) do+ (2oy+y— 2= ) dy = 0.

y 2y?
10.136. ydz + (z — 2\/Ty) dy = 0.
10.137. (22 + y? + 1) dy + zy dz = 0.
10.138. ¢’ = sin{y — x).

y—3z+xy’

[ r_ x2sinx
10.139. 7 = arccos 2 10.140. /i = %2—%—_——1—
Peumts n1uddepeHnyanbHpie ypaBHEHUA:
10.141. ¢/ + 2y = 3. 10.142. (r —y)dy — ydz = 0.
10.143. (z cos 2y + 1) dz — 2 sin 2y dy = 0.
1 -2z
10.144. y = ytgz — y?cosz.  10.145. y = )2 z

10.146. 2y dx + (y* — 6x) dy = 0.

10.147. (zye®/¥ + y?) dz = z2e®/V dy.
10.148. (zy? + z)dz + (y — 2%y) dy = 0.
10.149. (223 — zy?) dx + (2y3 — 2%y) dy = 0.
10.150. 7y’ +y = y*In .

10.151. 3z +y —2+3'(z — 1) = 0.
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10.152. o = s ? 10.153. 3/ cos z — ysinz = sin 2z.
r—y

10.154. (22 + Iny) dz + (§ + Siny) dy = 0.

1

ol / !
10.155. y = 2y’ — Iny'. 10.156. ¢’ = _“—xy o

10.157. (.1: — ysin —Z) dz + zsin —z— dy = 0.
10.158*. 2y = z2e” ¥ + 2. 10.159. (2ze? + yY)y' = yev.
10.160*. (1 + y?)dz = (/1 +y2cosy — zy) dy.

Y T
10.161. | —2— — 1) dz — ——— dy = 0.
<rr:2+y2 > ey
2 2./1 12
10.162. y' + ~2 = vy 10.163. y = y'% + 22y + —.

.9
T sm-x 2

10.164*. (z — 2y3) dz + 3y*(2z — y®) dy = 0.

11. Teomerpuyeckue u ¢(u3UYeCcKHe 3aqaud, MPUBOOALIHAE K PeIICHUIO
Ind dhepeHnmanbHLIX ypaBHeHu# 1-ro nopanka. B 3amanax reomerpuu, B Ko-
TOPBIX TpebyeTrcA HallTH ypaBHEHME KPUBOIl 0 3aIaHHOMY CBOIHCTBY ee Kaca-
TEJILHOM, HOPMaJIX MIH IIOINAAM KPHBOJIIHCHHOM Tpaneunny, HCnoah3yorca

y
M,
t y n
0 5 x Sy x
Puc. 50

reOMEeTPHYECKNe UCTONKOBAHME NPOH3BOIHOH (yri0Bo# KO3 (PHUIIIEHT Kaca-
TEeALHON) U MHTErpala ¢ NCPEMeHHBIM UpeenoM (I10mans KpUBOAMHEeHHOM!

TPAICIMY C [OABHKHON OrPAHNYMBAIOLLEN OPIMHATOR), 8 TAKMKC CACIYHIIME
oowue GOpMYIBI IJIA OLPCACHEHHA IIUH OIPEe3KOB KaCATEILHOI ¢, HOpMAIN
n, MOAKACATENLHON $; U NOXHOPMAIU S, (puc. 50):

;z//—,\/l+y'2, n=’y\/1+y’2', St =

t =

Y
7_/7|’ Sp = |yy1|'
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Mpumep 19. Hatitu ypasHeHue KpuBoif, npoxomAwed yepes Hayaio
KOODIMHAT, eciu B Kammo#t ee touxe M (z, y) nomkacartenbuan ¢ B k pas
MeHbI1Ie [OXHOPMAIH Sp,.

4 Hlycts y = f(z) — ypasuenune uckomoit Kpusoit. Mcnonbaya BuipameHusa
NONKAcaTeNbLHON Sy ¥ NONHOPMAIU Sy, MbI CPa3y noayuaeM nud dhepeHnuain-
HOE ypaBHEHUe

y
lyy'| = k ﬂ,
niun
W) =k

Hurerpupya 3To ypapHeHue U yuuThiBaA HavagbHoe ycaosue y(0) = 0, mo-
JIy4XM MCKOMbIE YPaBHEHUA

y=:l:\/E-:c

(nBe npamse). >

) Mpumep 20. Haittu ypaBuenue KpUBOi, NPOXONAILEH Yepe3 TOUKY |
(1, 1), ecau nna mo6oro orpeska (1, z] nuowans KPUBOIUHENHON Tpanenuy,
OrpaHMYEHHOHN COOTBETCTBYIOIUEN nyroft 3Toit KpuBoil, Ha 2 60JblIE yOBOEH-

{ HOTO Npou3BeneHuA koopmuHaT Touku M (z, y) wpusoit (z > 0, y > 0).

< Cormacuo ycaoBuio 3amauu MMeeM

T

/y(t) dt + 2 = 2zy(x).

1

e e e e

HOuddepennupya 310 paBeHCTIBO 1O T, NoaydaeMm muddepeHnnatbHOE ypas-
. Henwe y = 2(y + zy'), uau
‘ ] )

y=-=.

) 2z

' Murerpupya 910 ypaBHeHHe U yuuThbiBad HauaabHoe ycaosue y(1) = 1, Hait-
| IeM ypaBHEHUE HCKOMON KPUBO:

Y 1
y:'\7—3‘:. >

y 10.165. Haiitu ypaBHeHme KpHBOI, npoxonAIieii uyepe3 TOURY
5 (\/5, 0), eciu cymMMa IJIMH ee KacaTedbHOM U NOAKACATEeILHON paBHA
" IPOM3BENEHUI0 KOOPAMHAT TOUYKM KACAHUA.

10.166. Haiitu ypaBHeHume KpuBOI, npoxonAuieil uepes TOUIKY
¥ (1, 2), ecim ee moukacarenbHasa BIBOe 60able abCIMCCHI TOYKH Ka-
CaHUA.

10.167. HaiiTu ypaBHeHue KpUBO#i, NpOXonfAIiei dYepe3 TOUKY
(1/2, —1), ecmt naMHA OTpE3KA NMOJIYOCH abCUMCC, OTCEKRACMOrO ee Ka-
‘CaTeNLHOM, PaBHA KBAJpaTy abCUMCChI TOYKM KAaCaHUA.

10.168. Haiitu ypaBHeHUA KpHBBIX, ¥ KOTOPHIX IJHUHA OTpPE3Ka
,  HOpMAaju IOCTOAHHA U PABHA a.
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10.169. HaiiTu ypaBHedua KPHBLIX, ¥ KOTOPBIX MOJHOPMAIL HMCCT
HOCTOAHHYI0 IJIUHY a.

10.170. Haiitu ypaBHCHHC KPHBOI, NPOXONALICH UCPE3 TOULKY
(0, 2), ccnm nomIanh KPUBOJIMHCHHOM TPANCIHUI, OTPAHMUCHHOM Iy-
roi 9T0i KpUBOi, B NBa pa’a OONbLIC JIMHBLI COOTBETCTBYIOILCH Nyru.

10.171. Haiit ypaBHEeHHC KDHUBOM, NPOXOJAIIEH dYcpe3 TOUKY
(1, 1/2), ccam wus moboro orpeska [1, o] miolwans KPUBOIMHCHHON
TPANCIUUH, OTPAHUUCHIION COOTBETCTBYIOIICH MYroi D10l KpUBOii, HA 2
D0JILIIC OTHOLICHUA AOCUUCCH L KOHUEBOH TOYKHM K OPIIHATC.

10.172. Haiitu ypaBHcHHMe KPUBOI, NPOXOAALICH Uepe3 TOURY
(0, 3), ecaiu moamacaTeanbHas B JI000H TOYKC paBHaA CymMMe abCcUucch
TOUKM KACAHHUA U PACCTOAHUA OT HAYATA KOOPAUHAT 10 TOYKK KAaCAHUA

(orpaHMIUTLCA PACCMOTPCHUCM CITyIasn 1% > 0).

10.173. Haitru ypapHCHHC KpPHBOI, NPOXOIALUEH UCPC3 TGUKY
(1, 0), ccmu mamHa orpeara ocu abCuMCe, OTCERACMOIO CC HOPMAJLIO,
Ha 2 6oapure abcuucenl TOYKM KACAHMA.

10.174. Haiitu ypaBHeHve KPUBOM, IPOXOMSLIEH YCPC3 HAUANO KO-
opmuHAT, ecan s moboro orpessa [a, ] mIOWANL KPUBOMMHCHHON
TPANCUMU, OF PAHUUYCHHON COOTBCTCTBYIOWICH Nyroi 9Toi KpUBOii, pab-
HA Ky0y OpIHHATBLI KOHUEBON TOYIH IYTH.

10.175. Hafitin ypapHCHHe KpUBO#, HPOXOMIUICH dUepe3 TOUKY C
NOJIFIPHBIMHU RoOpaMHaTaMu r = 2, ¢ = 0, eciu yron « MKy ec
KACATCALHOM B PAINYC-BCKTOPOM TOUKHM KACAHHA CCTL NOCTOIHHAS BC-
JUYUHA: tga = a.

10.176. Haiiti ypaBHCHUE KPUBOH, MIPOXOIAIECH YCPC3 TOUKRY
(1, 1), ccnm gauHa orpeska ocu abcumce, orcexacMoro mwboii ce na-
caTedbRON, paBHA IJHMHE 3TOH KacaTeJIbLHOM.

10.177. Haittm ypaBncnuc KPUBOM, WPOXOIALICH YCPE3 TOUKY
(3, 1), ccam mimHa 0TPC3KA, OTCCKACMOr0 JI000M ¢C KACATCALHON HA
0CY OpIMHAT, PABHA IOLHOPMAJH.

10.178. Haittu ypaBHeHne KpUBOil, MpOXONALIEH UCpPE3 HAMAIO KO-
OpIMHAT, CCIU CCPCAMHA OTPE3LKA ec HOPMAIHU 0T 060 TUYKK KPUBO
10 ocu Ox neuT Ha napabone 2y% = .

10.179. Haiitu ypamHeHHe KpUBOH, HPOXOIAINEH uepe3 TOUKY
(1, 0), ecau muowann Tpancnuu, 06pazOBAHHON KACATCALHON, OCAMU
KUOPAMHAT M OPIMHATON TOUKH KACAHMA, MOCTOAHHA U paBHa 3/2.

10.180. Haittu ypaBHCHMe KpHBOMH, HPOXOMALEH dUeCpe3 TOUKY
(0, 1), eciu mrowmam, TpeyroaLHUKa, 06pasyeMoro ocnio abcumce, Ka-
CATEILHON U PALUYC-BCKTOPOM TOUKH KACAHMA, IOCTOSHHA U paBHa l.

10.181. Haitru ypasHeHwe KPHBOIL, TPOXONAILCH uepe3 TOUKY
(1, 2), ccnu mpousnencHHC AOCHMCCLI TOMKH KACAHMA Ha abcuuccy
TOUKH NEPCCEICHUST HOPMAIH € 0¢bi0 ) PABHO yABOCHHOMY KBAipaTy
PACCTOAHIIA OT HAYAJA KOOPIUHAT N0 TOYKH LKACAHUA.
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10.182. Haittu ypasHeHME KPUBO#H, TPOXCAANICH YUCPC3 TOUKY C MO-
JAPHLIMH KOODIMHATAMM 1 = 7, @ = /2, CCAU MIOWaKL CeKTopa,
OTPAHMUCHHOTO HTOH KPUBOI, MOJAAPHON OCHI0 U NCPCMCHHBIM HOJAD-
HBIM PaguyCcoM, B IICCTh Pa3 MCHLIIC Kyba MOJAPHOrO pagiyca.

OpmoeonatvHbimMy MPaAERMOPUAMY IJTA OIHONAPAMCTPUIECKOT0 ceMel-
crsa Sy aunuii y = ®(x, a) HasbBaeTcs apyroc ceMeiicTso Se UM, KOTO-
pble IepCCeRaroT JIMHIM TCPBOI0O CCMCHCTBA 10 NPAMDBIM YIVIOM.

ODpumep 21. Haitty oproroHaaLHble TPACKTOPIHM ceMeficTna KkyOitue-
ckux mapabon y = ax’.

< Haitnem nuddepeHunannLHoe ypasHeHIC JaHHOI0 CeMeCTBa, ICRII0Uaa a
U3 CUCTCMBI ypaBHeHWI

y = ux’,
y' = 3az?’.
HMoayunm y' = 3y/z. Iuddepenunansioe YpaBHCHIC CCMCHCTBA OPTOrO-
HAJbHLIX TPACKTOPHIL CCTh
, z
Y=
3y

Ero obumit uaTerpan
> )
23yt =
FIBJISICTCA yPABHEHMEM CCMCHCTBA OPTOrOHATLHBIX TPACKTOPHMit (dammncon). >

Haitty 0pTOroHaABHLIC TPACKTOPHE IAHHBIX CCMCHCTB KPUBLIX
(a — mapamerp):

10.183. (I'yQ = "3- 10.184. Yy = (1,;1:2_
10.185. 2 — 2y% = a’. 10.186. y = ae®”.

IIpu cocrapnenuy an HepPRUMAIBHLIX YpaBHCHUIT 1-T0 mopanka B (i3u-
YCCKIX 3aJauax “acTo NPUMCHACTCH memod dufepenyuanos, 1o KOTOPOMY
ApuOIM/KEHHbIE COOTHOLLICHHUA MCKAY MaJILIMU NPUPALICHUAMH BCIITUH 3a-
MEHAITCA COOTHOLIEHIIMHM MORIY uX audgepennuanami. Taraa 3amcHa
HC OTPA/KACTCA HA PE3YABTATaX, TAaK KAk JOCT0 CHOZUTCA K OTOPACHIBAHMIO
HCCKOHCYHO MAJLIX BRICIUMX nOPAAKOB. IPyriuM MCTOXOM COCTABICHUA TH(-
$CPEHUIIATBHBIX YPABHCHUIT ABIACTCA HCIOIL30BAHHC (PHIHICCKOIO CMbBICIA
OPOU3BOAHOI KAk CKOPOCTH NPOTCKRAHUA pouecca.

MMpumep 22. B pesepsyape nCpBOHAYAMBHO COTCPAUTCA A Kr BelecTna,
PACTBOPEHHOTO B [3 AMTPAX BOObL. 3aTCM KAyl MUHYTY B pesepsyap mo-
crynaer M autpos soaw! 11 BuiTexacr N autposn pactsopa (A > N), upuuem
OIHOPONHOCTL PACTBOPA JOCTHIACTCA MyTeM nepeserunsayusa. Hanru macey
BELICCTBA B peaeppyape ucped 7' MIHYT mocse Havada npouccea.
< O6osuauus yepes x(f) Maccy BCLUCCTBA B PC3EPBYApC B MOMEHT BPCMCHU ¢
u yepea T+ AT — B MOMEHT BpeMeHH £+ At (BpeMa U3MCPACTCA B MUHYTaX,
MOMEHT BpeMeHHd t = () COOTBEICTBYeT HAualy MPOHeCcca). 3aMCTIM, 4TO
Az < 0 npu At > 0 (T.e. pacTBop «OBCOHACTCA).
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Mycrs V() — obbeM cmecu B MOMEHT t:
V(t) = B+ Mt - Nt.

KouueHTpamya BewiecTsa B MOMEHT BDEMEHH ¢ DaBHAETCA, 04eBUNHO, z/V .
3a beckoHeyHO MaubI OTPe3oK BpeMmeHu [t, ¢ + At] macca BemwecTa us-
MeHsIeTcsl Ha GecKoHeyHo Manylo BeanuuHy AT, 1A KOTOPOH CIpaBelInBO
npubIiKeHHOE PaBCHCTBO

T Nzx
Az ~ —-—‘;NAt = —mﬁt.

3amennan npupawennsa Az u At puddepennuanamu dr u dt, noaydaem nud-
(depennuagLHOe ypaBHEHUE:

Nz

= = V)

dt.
Uurerpupya 10 ypaBHeHue ¢ pasfelALUMMHCA NEPEMEHHbIMU U CYUTaA
M > N, uaitnem obiuee peuienye:

C
(B+ (M —N)t)

z(t) = NIGI—N)

Hcnons3ya HavaabHoe yciosue £ = A npu ¢t = 0, HaligeM JacTHOE pelleHue:

B N/(M~=N)
z(t) =4 (m)

llonaraa t = T', moayuum oreer:

N N/(M=N)
2(T) =4 (B ¥ (M- N)T)

Cayuatt M = N rtpebyer orneabHoro paccmorpenua (cm. 3amauy 10.195). >

10.187. CxopocTh OXJIa/IEHUA TEJA NPONOPUHOHAILHA PAa3HOCTH
TEMIepaTyp Tela U OKpysRaoweit ero cpens! (3axod Hurorona). Haittu
33aBUCUMOCTh TeMmuepartypbl 1" oT BpeMeHu ¢, €CJH TEeJI0, Harperoe 1o
Ty rpamycoB, BHECEHO B IOMeEILEHHE, TEMIEPATYPAa KOTOPOro IOCTO-
fIHHA U PaBHA ( TPALYCaM.

10.188. Yepes croabK0o BpeMeHH TeMIepaTypa Teja, Harperoro 1o
100°C, monmsurca o 25°C, ecau Temmeparypa MOMEIIEHUA PABHA
20°C u 3a nepsoie 10 Mun Teno oxaaguaocs a0 60°C?

10.189*. 3amenasioniee neiicTBIE TPEHUA HA AUCK, BPAILIAIOIIUIACA
B JRMIKOCTH, NPONOPUHOHANLHO YIJIOBON CKOpOCTH BpawneHuda. Haittu
3aBUCUMOCTD 9TOM YIVIOBOI CKOPOCTH OT BpEMEHH, eCIld U3BECTHO, UTO
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IMCK, HAYABLIMHA BPALIATLCA CO CKOPOCTHIO 5 06/C, M0 UCTEICHUU IBY X
MMHYT BpAILAETCA O CKOPOCTLI0 306/c. Yepes CKOMLKO BpeMEHM OH
Oyzmer MMerh yriosyw cropocti 106/c?

10.190. Cxopocth pacmaga pagufa NpONOPHUMOHAILHA HAIUIHOMY
ero KoauuecTsy. B TeueHue roma u3 KaKIOro rpaMma pamud pacnaga-
crca 0,44 mr. Yepe3 croabKo feT pacnageTcA N0J0BUHA UMEIOIErocH
KOJUIeCcTBA panusa?

10.191*. CropocTh MCTCIEHUA BOALI U3 COCYHA Uepes MaJjoe OTBep-
ctue onpeneisaerca dpopmymnoit v = 0,61/2gh, rone h — BbIcoTa ypoBHA
BOMAbI HaJ OTBEPCTHEM, § — YCKOPCHUE CBOOOIHOrO aneHuA (NPUHATH
g = 10M/c?). 3a rakoe BpeMSA BLITCUCT BCA BOLA U3 [UIMHIPIICCKON0
6axa nuamerpom 2R = 1M u Beicoroit H = 1,5M yepes orBepcTue B
nHe puamerpom 2r = 0,05 m?

10.192*. KoanvecTno cBera, MOIJIOIIAEMOr0 NP NPOXOKIEHUN de-
pe3 TOHKMII CJIO0If BOIbI, NPONOPUMOHAILHO KONMYECTBY HANAIOILIEr0
CBETA W TOJIUWHE CJOf. JHasg, UTO NpH NPOXOMJICHUH CJIOA BOIBI
TOJILIMHOM 2 M norouiaerca 1/3 nepsBoHAYAIBLHONO CBETOBOrO MOTOKA,
HaWTH, KAKAA YACTh ero Joimer mo riy6uHnl 12 M.

10.193. Jlonka 3ameniifer cBoe IBUAEHYE 0N IeHCTBUEM COIIPOTH-
BJICHUA BOIbI, KOTOPOC NPONOPUMOHAILHO CKOpocTH Joaku. Hagamb-
HafA CKOpOCTL JoakM 1,5M/c, cropocts ee uepes 4 cexyHmnt 1m/c.
HKorma cxopocts ymenomureda mo 1em/c? Kakoil nyts npoitmer sogka
IO OCTAHOBKM?

10.194*. Ilyna, nBuradcs co ckopoctbio vy = 400 M/c, npobusaer
creny ronuiHoi h = 20 ¢cM u BblIeTaeT, uMmed ckopocts 100 M/c. Tlo-
Jarad CUJIy COHNPOTHBIECHUA CTEHbI NPOMNOPIMOHAILHON KBAaIpaTy CKo-
POCTH IBHAEHUS NMyJIH, HAUTH BPEMs NPOXOMUCHUA TN YEPE3 CTEHY.

10.195. B 6axe maxomurca 100 pacrsopa, comepsmarero 10 kr
coau. B 6ak BauBaeTcs Boga cO CKOPOCTBIO 5 JI/ MUH, ¥ CMECh BBITEKACT
M3 Hero ¢ Tuit ke ckopocTbio. (IHOPOIHOCTL PACTBOPA HOCTULAETCA
nyrem nepemernuBanuA. Croubko conu ocraHerca B faxe uepes wac?

10.196. Heroropoe Berecrso npeobpasyercs B APyroe BCLUECTBO
CO CKOPOCTBIO, IPONOPIMOHAJLHOM Macce HENpeodpa30BAHHOIO Belie-
crBa. Ecau macca mepsoro ects 31,41 1o MCTCUEHUM OJHOTO 4aca M
9,7r no uerTedeHMM TPCX YACOB, TO ONPENENHTb: 4) MACcCy BELCCTBA B
Hagajle mponecca; 6) uepes CKOJLKO BPEMCHU IOCJE HAYAJIA TpoLecca
ocraHerca auiub 1% nepBoHAUANLHOM MACChI MCXONHOrO Bemcctna?

10.197*. B nomentenun nexa sMectuMocTsio 10 800 M3 posnyx co-
pepaur 0,12% yraexnciorni. BeHTHIATOPHI MOCTABIAIOT CBOANH BO3-
nyx, comepmamuit 0,04% yraesucmnorni, co ckopocthio 1500 M? /Mun.
IIpexnonaras, uro yriaexkucjaora pacopeneiseTcA N0 NOMEIUEHUI) PaB-
HOMCPHO B KaRIbIf MOMEHT BpeMeHHU, HafiTu 00bEeMHYI0 JOJIO yrJjc-
KucaoTh! uepesd 10 MuH nocic Havama paboTbl BEHTUIATOPOB.
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10.198. Cuia ToKa ¢ B LLEMH C CONPOTUBIEHUECM [?, MHAYRTUBHOCTLIO
L v HanpsiReHNEM U yIOBJETBOPAET yPABHEHMIO

di
L— + Ri = u.
dt
Haittu cuny Toka ¢ B MOMeHT BpeMeHH ¢, ecin u = I/sinwt u 1 = 0
nput =0 (L, R, E, w — nocroaHHbIE).

§ 2. Ind depeHnmanpHbie YPaBHEHUA BBICIIMX IOPATKOB

1. OcuoBuple nouaTHA. Teopema Koumi. Tuddepennuansuoe ypasHenue
T-T0 TOPALKA UMEEeT BUL

F(z,y, 99", ..., y™)=0 (1)
)% 0184%1
y™ = fz,y,y, ..,y ). (2)

3adauet Kowu nna nudpepenunansHoro ypasHeHua (2) HasblBacTcA

3amaya OTBHICKAHUA pelieHuA y(r), YIOBIETBOPAIOLUETO 3aJAHHBIM Hauallb-
HBIM YCJIOBHAM

_ ~1
y(z0) = yo, ¥'(xo) =y, ---, ¥y V(wo) =y§" V. (3)
O6wum pewenuvem ypasenua (1) nnu (2) naspizaerca Taxkaa GyHKIUA
y = ¢(z, Cy, ..., Cp), oropaa npy 1100bIX JONYCTHMbIX 3HAYCHUAX napa-
merpos Ci, ..., Cp, ABaAeTcA perieHueM 3T0ro nu¢)(CpeHIHAILHOTO YPab-
HCHUA U 134 Joboit 3amauu Kowwm ¢ yeanosuamu (3) HaioyTCA mOCTOAHHBIC
Ci, Cs, ..., Cp, onpenenAaeMble U3 CUCTEMBI yPaBHEHUIT:
Yo = (P(x(), 017 ceey Cn)’
y6 = Lp'(fl?o, Cl, ey Cn),
-1 _
"™ =" D(zg, C1, ..., Cn).
YpaBHeHue
q)(IL', Y, Clv"' aCn)=Oa (4)

onpenenAmwee obiIee peleHre Kak HeABHY0 QyHKIUI0, HA3bIBAETCAH 00UfuM
unmezpaiom nudpepeHnualbHOr0 yPaBHEHUA.

TeopeMa 0 CymeCTBOBAaHUM MU EIUMHCTBECHHOCTM pe-
menua 3anauyu Kowmu. Ecau dudpepenyuatvnoe ypasnenue (2) ma-

xoso, wmo Pywxuyua f(z,y, v, ...,y V) 6 nexomopoi obaacmu D
UBMENENUA CBOUT GP2YMENIOE HETPEPLIGNA U UMEET HENPEPLIEHbLE

YUacmmble nNpou3eo onble ——

— ..., ———, mo 0aa 40601 MOUKU
ay, ay,a ) ay(n_l)v
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(n—1) "
(Zoy Yos Yo - - Yn ) € D cywecmeyem maxol unmepsan g — h <

< ¢ < xg+ h, ®a Komopom cywecmeyem u NPumMom eOUNCMBERNLC PEUIc-
HUE IN020 YPAGHEHUA, YI0BACTNEOPAIOUEE HAUAALHBIM YCAOCUALM (3).

Mpumep 1. Morasarn, 4o GYHKUMA Yy = Clecﬂ Cl Cy € R, anuu
@TCA PeLIeHHCM IM( QepeHHanbHoro ypasHennusa yy' = y'~

< Umeem:
y' = (1 Cye%?", y" =(C C%eczw.

TloncraBus Buipamenud y, ¥’ u y" B HaHHOE ypaBHEHHE, OIYIUM TORIECTBO

C]@CT‘C . 010228(;21: = (C'l C’ze"ﬂ)z.

Cnenosarenbuo, pyurnua y = C1e2% ecTh pemenye TAHHOTO ypPaBHeHUs, [>

IIpumep 2. Haittu 06macTs CyLIeCTBOBAHNA M eJMHCTBCHHOCTH PCLUC-
HUA YPABHCHHUA
!

Y = yvy
z
N/ 9 _ i
< Qyurnua f(z,y,y') = U ee YacTHasg NpPOM3BOAUAsL —— = ~——
z Oy x
' f - )
HenpepuisEbl npu £ # 0, y' > 0; vacTHasd NpPOM3BONHAA —— == ——=
Ay 2y

HenpepwiBaa npu T # 0, y' > 0.
CJIEJIOBaTe.,’ILHO, JAaHHOE€ YpaBHEHMC MMECT COMHCTBEHHOC PCULICHIIE IIPU
z#0,y >0.>

Haittu 061aCTh CyUIECTBOBAHUA U €IMHCTBEHHOCTH PCIICHHUA YPaB-
HCHUM:

10.199. o' =z + /x? — y/'. 10.200. y" = ¢'Iny/'.

[loxazaTh, YTO NAHHDBIE BLIDAAEHUA MPH JIOOLIX HCHCTBHTCALILIX

3HAYEHUAX BXOAALIMX B HMUX NMAPAMCTPOB OHPEICIAIOT PCIICHUA CO-
OTBCTCTBYIOIIUX nnq)épepermna.nbﬂblx yPABHEHUIT:

10.201. y =<z / sinf dt + cosz + Ciz + Cy; zy" = sinz.

0
10.202. y = 22 Inz + Cyx? + Coz + Cy; zy™ = 2.
10.203. eV sin? (C1z + Cy) = 2C%; y" = eV.
10.204. Ciy = sin (C1z + Ca); yy' + 1 = ¢'*

[lokazarh, yro naHHBIE PYHKUUU ABIAITCA YACTHLIMM DeELICHMI-
MU COOTBETCTBYIOIIMX TU(PepeHIUalbHbIX YPABHCHUMN:

2
1
10.205. y = m—;—

10.206. y = e%; y% +y/% = 2y,

DLy =2y
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Hyrem wucxioucHusa napamerpoB BolsecTH Iu(()CpeHIHANLHILIC
YPaBBCHUA CeMCHCTB CACAYIOIUMX JMHUI:

10.207. [IpAMBIX HA MIOCKOCTH, HC TapaIeasHLIx octr Oy.
10.208. Orpy;sHocreit mocTosHHOro paguyca IR.

10.209. Cunycoun y = Asin(x + «), rne A 1 @ — mapamerpol.
10.210. ITapa6oux ¢ ocnlo, mapamueansoit ocu Oy.

2. YparHeHuA, Jomyckarolue NoHMKeHHe opamka. Huske npusomAarca
HEKOTOPBIC BUABI FUQ(PEPeHLHAIbHLIX YPABHCHUH N-1'0 NOPALKA, ONYCKaK)-
IUUX NOHU/KCHHE NOpANKa.

a) Ypasuerue suga y™ = f(z). Obmee pemcHue noayvaercs ny-
TEAl N-KPATHOrO HHTCIPUPOBAHHA §f = /(l:v dz. .. /f(:r;) dz + P,_q(x),

rae Py_1(x) = Cia™ ! + Cox" 2 + ... + Cn._lm + C.,l, Hi o (hopmye

_ 1 ~ [ _ pyn—1 ) p
Y= ___(”_1)!/f(t)(m 1" dt + Py (x).

1
Mpumep 3. Haitrun obuwice peurenue ypapuenus y' = ——— U Cro
cos? z
7 In2
YACTHOC [CUICHHE, VIOBICTBOPAIOIICE HAYAJLIIBIM YCIORMAM ¥ 1)= 5

e
(-

4 !
< Wurerpupyn nepperit pag, moayuaes y' = tga + C;. Iosroproe unte-
rpuposaiiie gaer y = — In|cosz| + Cix + Cy. 910 1 ectn 061Ce peuenue.
HoncraBuB Terepn B 10JIy4CHHOE 06ILEE POUICHMC U B BhIPA/KEHKE 1A TePBOil

T 2

OPOH3ROIHON & = 7 11 COOTBRICINCHHO § = —= 11 y' = 1, moxyuum cuctemy
ARYX ypaBreHuii ¢ HenspectHniMu Cy u Cy. Peumnn sty cucremy, Haiimem
3uauedus napaMerpos ('} = 0 u C == 0, COOTBCICTBYIOILIEC HCLROMOMY YACT-
HOMY PEILEHHIO, KOTOPOE, CICI0BATCILHO, HMECT sul y = — ln|cosz]. >

6) Ypasnenus suma F(z,y®, ..., yt) =0, r.e. ypasuenns,
HC COAepsRAlllie fSIBHO HCEOMOI (DYHKUMH Il € DPOM3BOUHBIX 10 MOPAIKA
E — 1 prmouzreastc. G movomnio saversr y8) = p(2) nmopamor ypap-
weHA mompkacrea na k emanun: F(z, p, p', ..., p("7F) = 0. Tpeanomno-
AIM, UTO IJA HOJYICHHATY YP2BHEHUA MBI MOMeM HAHTH ofmiee peuicHue
p(e) = o(a, Cy, ... C', 1), 'Torma rcrosan dyrtans y(r) DOIYIACTCA Ty-
reM k-rparHoro uurerpuposannsa dyvarxuwan o(x, Ch, ..., Ch_p).

Opumep 4. Haittn wacrnoe pemrense ypasaeansa wiy™ + 2z%y" = 1,

YAOBJCTBOPSICIIEC HAMAALHBIM yeaosuaM y(1) = 5 y'(1) = 5 y'(1) = —-1.

<1 Jauunoe ypanucnue ge conepizut 4 1 ', IHonomum y”’ = p, torpa y"!

1 dp
i

1

dp 2

1! VDPUBHEH'® L PRENAMOCT i gt + 2% = 1, wan i +-p=—. d1o0
dr = T
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1 ¢
JMHe{tHOe ypaBHeHMe nepporo nopanka. Ero obmice pemwenue p = ——=+—-.
3
HUcnombaya nauamsroe yeaosne y'(1) = p(1) = —1, noaywaem C; = 0.
n 1 !
CnemosarennHo, y'' = 5 oTKRyIza y = 27 + C,. Hawanbuoe ycnosue
y'(1) = 1/2 nossoaner onpenennts, Ca = 0. URTCrpupya cie pas, mogydaen
y=-5 + C3, a u3 yeaonist y(1) -~ i/2 caeayer, uro Cy = 1. Hrag,
z .
1
HCKOMOE YaCTHOE PelleHne ecTb y = 1— % (paBHocTOpOHHAA runepboga). >
x
B) Ypasuenun suma F(y,y', ..., y"™) =0, ue conepmaumne asxo
He3apucuMoil nepemennoit. Ilopcranosroit y' = p(y), y' = pd—p, y" =
Y

d d?
_ p 207D )
=p +p et M T. 1. IOPAIOK yPABHCHUA MOHU/RACTCA HA eIMHUILY.

Mpumep 5. Hattti obmmit naTerpan ypaBHeHuA y'y" —3y"* = 0.
d d ,d?
< Monomum ' = p(y), y"' = pﬁ, y'" = (dZ) + pld 12) Torna ypanue-

HUe npeobpadyerca K BUIY

dp\* | ,d%p dp\* _
”(”(dy) ) T (dy =0

Mlpusena nomo6HLIE YWICHBL M COKPATUB Ha p° (IpU 3TOM MBI TEPACM PelleHue
p =0, i y = C), noayunm

2 2
pLB o (W) .
Py dy
Monomus 3oec dp z de d NpUIEM K YPaBHEHUIO
JI b — = I

pzj—; —222 =0.

dp
CoxpatuB Ha z (OpU 3TOM BO3MOMKHA TaKKe IOTEPA PCUICHUA z = o 0,
)
T.e. p=C; nuy = Ciz + Cs, B cocras roroporo npu C; = 0 Bxomur u
dz  2dp
NpeKHee MOTePAHHOE pelleHue), noayynM — — — = 0, orryzna In|z| —
z

d,
— Inp? =In|Cy|, umu 2z = a—p = Cp?*. Unrerpupya nocienHee ypaBHeHue,
HAXOOUM . v
z
——_C1J+Cz, U ——=Cly+C2.
p dy
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OxoHuaTeapHO MoayauM obmuit unrerpan = = C1y? + Cay + Cs, roe C, =

L =
= -5 Cy = —Cy, T.e. ceMefictso napafos. 3aMeTHM, UTO TOCJCIHAN

3anmuch comepxut B cebe u pewtenia y = Cyx + Cy (Tossro npu C; # 0). >

d
r) YpaBHeHuda BHIA d—G(x, vy ..,y Y) =0, .e. Takue
z

YPaBHCHHS, B KOTOPBLIX JIEBAA 4aCTh MOMKCT ObITh IIpeacTaB/CeHa Kak IOJHasa

POM3BONHAA 1O & 0T Hexoropo#t ¢ymrwmn G(z, y, y', ..., y(»~ V). HUnre-
IpUpyA 00 T, TOJIyYMM HOBOE yDaBHEHHE, HOPANOK KOTOPOr0 HA eJUHUIY
HUZKC TOPALKA UCXOIHOIO yPABHEHHUA.

MIpumep 6. Haittu obuice peureHue ypaBHeHUA
(1 +2%)y" + 22y’ = 2.
< Jlesad 4acTL YPaBHCHUA €CTh NOJNHAA NMPOMU3BOOHAM IO & OT (HYHKIHH

(1 + z%)y’, a npapaa — 0T QyHKIMM ——, T.C. YPaBHEHHC MOKHO TMEPC-

4
' .’174 !
IUCaTL TaK: ((1 + xz)y’) = (Z—) . Orciona uHTErpUpOBAHUEM MOJIyYACM
4 4
. x C1 T +Cl
14+ 22)y' = = + —, wm dy = ———~ dz. CnepoBaTennHo,
( We=T+y /T i1+ 2?)

2+ O 1, Ci+1 1
”‘/4(1+x2)d‘”"/<4(x_1)+ 1 x2+1>dx

N, OKOHYaTeJIbHO,

1 1 =
y=—2°+ -2+ Cjarctgz + Cs,

12 4
— O +1
roc Cy = —‘Z—— JdTo u ecTh obwee peucHue. >
n) Ypasuenue F(z,y,y',...,y")=0, oxsopoauoe orHoCH-

TEJAhbHO QYHKIMHU M €C OPOHU3BOMHLIX, T.C. TAaKOE, UTO
F(z, ty,ty's ..., ty™) = t* F(e, y, ¢/, ..., y™), 1 #0.

Moncranosnkol y' = Y2z MOPANOK yPABHEHMA MOHMAACTCA HA €IMHUILY.

Mpumep 7. Hattru obuee pemenne ypasuenns zyy" — zy'> — yy' = 0.
< Tonomum y' = yz. Torma y" = y(2? + 2') u ypapHeHue npuHUMaeT BUI

zy? (22 + 2') —2y?2? — yPz = 0.

Coxpaman Ha y* (npu aToMm noayuaerca pemenue y = 0), Haxomum 22’ — z =
dz !

z
=0, win — — — =0, orkyna z = Cyz. Tak Kak =z =
z x

”

<

, TO TIPUXOOHUM K

< |
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dy Ca?
ypasHenuwo y' = Cyxy, win Y Cizdr, orryna In|y| = —l;—- + In|Cyl,
)

o, —
una y = Cre™* (rme Cy = C/2) — 910 1 ecTh 0b1ICC perucriie. 3amerum,
qro nput Cy = 0 B 9T0# Ramicu concpnm*rm u peweHuc y = 0, KoTopoe 61110
HaMU NOTePAHO IPY COKPAIICHHIY Ha y2. D>

B nexoropsIx caydasx HAfiTH pelleHye B BUE ABHON MJIN HCABHON (QyHK-
MU 3aTPYIAHMTENBLHO, OMHAKO yIACTCA MOJYUHTL PEIleHUe B mapaMeTpude-
CKOIT dopme.

Dpumcep 8. Haiitu obmee pemeHue ypasuenua y" (1 + 2Iny') = 1.
d,
< Tonomum y' = p, y"' = -cﬁ .VpaBHerme NPUMCT BUJ ﬁ(l +2Ilnp) =1,

nmu dz = (1 + 21Inp) dp, OTIc.yna z=—-p+2plnp+ C). Tar xax dy = pdx,
10 Haxomum dy = p(1 + 2Inp) dp, otsyna y = p? Inp + Cy. O6wec pewenue
MOyYaeM B TapaMeTPUYCCKOM BUIC:

z=p(=14+2Inp)+C1, y=p’lnp+Cy. >

Peututs nud epeHIMambHLIC YPABHCHUA, UCIONL3YA METOIbI 10~
HMWKEHU TOPAIKA:

10.211. " = j - 10.212. 4 = z + sinx. -
10.213. "V = % 10.214. zy" =2z + 3.
10.215. 2y" =y 10.216. y" — 2yy’ = 0.
10.217. y" + o tg:z: =sin2z.  10.218. 21/ J = ez,
10.219. 2yy” =1 +y'%. 10.220. yy" + "> = o°.
10.221. 3" + 22> = 0. 10.222. zy" — o — xsin% =0.
10.223. 9" =4’ In 1—/1 10.224. 23y + 22y’ —1 = 0.
10.225. (1 — z2)y" + zy —2=0. 10.226. (1 +¢e%)y" +1y =0.
10.227. v = 2(y" — 1) ctg x. 10.228. z2y" = y'"°.

10.229. " = y"%. 10.230. (2y +1')y" =y
10.231. ¢/ = i. 10.232. 3" +1=0.

VY

10.233. yy" +y—y'> =0. 10.234. yy" — 2yy'lny — y'* = 0.

10.235. " tgy = 2y'°. 10.236. (y — 1)y" = 2y
10.237. zy"" + 4"~z -1 =0. 10.238. yy" +y' = z.
— eyl /I 1,1 1
10.239. y' = L2 10.240. L=V - —
T y' T
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10.241%, 224" = (y - rcy’)Q.

10.242. :By’( y" —y 2 = yy? = zhyP,

10.243. zyy” + 2y’ = 2yy'. 10.244. 2yy" — 3y'% = 4y?.

Haiitin yactubie pemrenna nudepeHIuaNIbHbIX YPaBHCHHUH, yHo-
BJICTBOPIIOIINC 3aTaHHLIM HAYAILHLIM YCIOBHAM:

10.245. " = ze®, y(0) =1, 4'(0) = 0.

1 .
10.246. 5" = —7, y(1) =0, /(1) = 1, y"(1) = 2.
T

y‘/ 22
10.247. ' = =+ — y" y(2) =0, ¥'(2)
10.248. (1 + )y” +y?+1=0, y(0) =¢'(0) = 1.
10.249. " = e, y(0) =0, y'(0) = 1.

Il
i

10.250. " cosy + ¢/ *siny —y' =0, y(—1) = %, y'(=1) =2
I /
] 2yy /
10.251. L = . y(0) =0, y(0) = 1.
g 1+o? y(0) =0, y'(0)
10.252. yy" —y'* = y%, y(0) =1, ¥'(0) = 0.
10.253. yy" = 229/, y(2) = 2, y'(2) = 0,5.

10.254. 2yy" + 42 — y'* = 0, y(0) = y/(0) = 1.
13

10.255. Haittu muTerpambHyio KpuByio ypasnenusa yy'y"’ = y'® +
+ y"?, RacalomyIOCA B HAYANE KOOPAMHAT IPAMOH T + y = 0.

10.256. HaitTi mHTErpaNbLHYI0 KPUBYIO ypaBHEHUA yy"+y’2~1 =0,
npoxonamyw uepes Toury Mo(0, 1) u xacawoiyocsa B 9T0# TOYKE PHA-
Mot x +y =1

Haitru o6mme pemenna quddpepeHnuanbHbIX ypaBHEHUIT B napa-
METpHUYECKOH (hopmMme:

10.257. (z +2y')y" = 1.  10.258. "> — 2y + 3 = o

10.259. (2+1¢")e¥y” = 1. 10.260. (3y — 2¢/)y" — /% = 0.

10.261. Haittu ypaBHCHuC KpuBO#, Kacaloujeiica ocu abcumcc B
Hayajie KOOPAMHAT, CCJIM €e KPHBH3HA B NO00M TOYKE paBHA COS T
(—7/2 <z < m/[2).

10.262. Haiitu ypaBHEeHHA KPUBLIX, ¥ KOTOPLIX PAaIuyC KPHUBUIHDI
B M1060# TOUIE PABEH IJIMHE 0TPE3Ka HOPMAJIH, 3aKJIIOUEHHOI0 MEKIY
9TOM TOYKOM M OCbIO abcuuce, eciu KpUBad:

a) BOTHYTa BBEDX; 0) BOrHyTa BHUS3.

10.263*. HaiiTi ypaBHEHUA KPUBLIX, ¥ KOTOPHIX PALUYC KPHUBU3HLI
B 1106011 TOUKE BABOE O0JbIIIe IUIMHLI OTPE3KA HOPMAJX, 3AKJIIOUEHHOT0
MERIY 9TOH TOYKOM M 0CbIO abCuuCC, eCay M3BECTHO, YTO KPUBAA:

a) BOrHyTa BBEPX; 0) BOrHyTa BHUS.
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10.264. Haittu dhopmy rubroil omHOPOOHON HEPACTARUMON HUTH
€ 3arPEIVIEHHLIMU KOHIAMHU, HaXOIAIIYIOCA B DABHOBCCHM MOI ICH-
CTBHEM CHJIbI TAKECTH, CCIIH JMHeHHAsA IJI0OTHOCTh HUTH pasHa ¢ (ro-
PU30HTAILHAS NPOEKIUA CHILI HaTaAmennsa HuTu H = const). Pacno-
JOAUTL HUTH TAK, ITOObI BEPIINHA KPHBOIt COBIAaKana ¢ TouKoi (a, 0),
rae a = H/qg.

10.265. I'ubnan TAKCIas OXHOPOXHAHN HEPACTAMMUMAF HUTE B MOJIO-

AMEHNY DPABHOBCCHUA INOABCPraeTCA HATAKCHUIO, MPOIOPIHOHAILHOMY
IICPEMEHHO ILIOIIALK €€ NoIepeyHoro cedeHus. Haiitu dhopmy HuTH,
CCIM JIMHEHHAM IIOTHOCTh HUTH PABHA ¢ (TOPUM30HTAIbLHAA MPOCKUN
cuibl HaTAmenua Huta H = const). PacmosomuTs HUTL Tan, 4T06LI
KpUBasl MPOXOAMJIA Ycpe3 Haval0 KOOPIMHAT U MMeJa B Heil ropuaon-
TAJILHYH KACATCIBLHYIO.
«10.266. Temo maccer ™ ABUMAETCA NMPAMOJMHEHHO 101 JCHCTBHEM
nocToAHHoM crnitbl F'. Haittu cropocTs aBrsKeHMs TEIa U MPOHIEHHBIM
MM IYyTh KaK (QYHKINUY BPEMEHH, CCIM B HAUAJLHLIM MOMEHT OHH 00a
PaBHBI HYJNIO, @ COINPOTUBJICHHC CPENLI IPONOPIHOHANLHO KBAagpaTy
CKOpPOCTH.

10.267*. Mau macce 400 r magaer ¢ BpicoTLI 16,7 M 663 HAYAIBLHOM
cxopoctu. CGumporuBieHHe BO3IyXa HPONOPUMOHANLHO KBAIPATy CIO-
poctu Maua u pasio 0,0048 H upu cropoctu 1 M/c. Boraucants Bpemsa
NANCHHUA U CHOPOCTL MAYA B KOHUE magenus. lpuuats g = 10m/c?.

10.268. Teno macebr m NOXHHMACTCA BEPTUKAILHO BBEPX C HAUAJb-
HO¥ cropocTiio vg. [omaras conporuBieHHE BO3MyXa 1IPOMOPIUOHAIL-
HBIM KBAZPATy CKOPOCTH TCJIA (KO3()(HMIMEHT IIPONOPIHOHAILHOCTI
k > 0), HaliTH BBICOTY MOXBCEMA TEJIA U CKOPOCTL, C KOTOPOM OHO Bep-
HCTCA B MCXOTHOE TIOJIOMREHME, a Tak/Ke BpeMA NOIbCMA U CIYyCKA Teda.

10.269*. Mau maccer 4001 6pouren BBepx co cropocThio 20 M/c.
BoruucaunTs BpeMa nombeMa Msaua ¥ HaubOJILIIYIO BBICOTY IMOXLEMA,
€CJIM CONpOTUBIEHUE BO3QyXa NMPONOPHHOHAILHO KBAXPATy CKOPOCTH
Ms4a (K09( (punmeHT nponopuroHansbHocTu k > (), npuyeM 0HO paBHO
0,0048 H npu cxopoctu 1m/c. Hpunars g = 10 m/c?.

10.270. Haittu 3aK0H DPAMOJMHEHHOI0 ABVAEHHA MAaTEPUANLHOIM
TOMKHM MAacChl M MOA NeHCTBHEM OTTAJIKUBAIOUIEH CUIILI, 0OPATHO PO~
MOPLHOHANBLHON Kyby PACCTOAHMA OT TOMKM IO HCNOABUIKHOLO HEHTPA
(x09¢ punment npounopuuoHanmsHocty k > 0). B HauanbHbIA MOMEHT
TOYKA HAXOMUTCA B HOKOE M OTCTOUT OT LEHTPA HA PACCTOAHUE L.

10.271. MarepuaibHan TOUKA MacChl 1M IBUAETCA MPAMOJIMHEHHO
K HEIOIBUIRHOMY LCHTPY, IPUTATUBAIOLICMY €€ ¢ CHJIOH, 06paTHO Hpo-
IOPIMOHAILHON KkyOy paccToAHMA OT ueHTpa (K03 (HUUMEHT UpPOIOp-
muoHanbHocty k > 0). HaiiTu 3aKoH apnmkeHns, €ClI OHO HAYMHACTCA
C COCTOSIHHS MOKOA, KOIJIA TOUKA OTCTOUT OT LCHTPA HA PACCTOAHUE X().
Oupezenuth BpeMs1, 10 UCTEYEHHUH KOTOPOIO TOYKA HOCTHIHCT IICHTpA.
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10.272. Pakera nBumeTcA BEPTHKAIBLHO BBEPX IO HeHCTBHEM CHJILI
OTHAYM OT UCTEYCHUA ra3oB. Macca parernl HBMCHAETCA B 3aBUCHMO-
CTH OT BPEMEHH 10 3aKOHY M = mop(t), roe mo = const (3axoH cro-
panua TommBa). OTHOCHTENLHAA CKOPOCTH WCTEYCHUA Ia30B MOCTO-
AIHHA ¥ paBHa ug. HauaabHasg CKOPOCTh PAKETHI y MOBEPXHOCTH SEMJIH
paBHa Hy10. HaliTu BLICOTY TOITLEMA PAKETHI KAk (H)YHKLIHIO BPEMECHH,
ecyiM CONpPOTHMBIIEHME BO3IYXa HE yuMThIBaercAd. PaccMorperh Tam:ke
wacTHLIN cayuait, worna m = mo(l — at), ¥ BLIYKCAUTL IJA ITOrO
ciIyuas, Ha Kakyl BBICOTY momHuMmaerca parera ueped 10c¢, 30c u 50¢
mpu ug = 2000m/c u o = 0,01 ¢~!. Tonomurs g = 9,8 m/c?.

10.273. OnpeneinuThb, yepe3 CKOJILKO BPCMCHHU YIANET Ha 3CMITIO
Teno, mputAruBaeMoc J3emieil mo 3axony Heiorona (¢ ycropenwem,
006pATHO MPONOPUMOHANLHBIM KBAAPATY PACCTOAHHUA MCMALY HHUMH),
€CJIY B HAYAJLHLIA MOMEHT CKOPOCTb TeNa PAaBHA HYNIO, a PaccTof-
Hue ero or ueHtpa 3emum pasuo H. ComporusieHuneM aTmocdepbl
npexebpeyn. YCKOpeHue CBOOOIHOr0 MaJeHNA Ha MOBEPXHOCTH 3EMJIH
IIOCTOAHHO U pAaBHO g.

10.274*. Teno, HAaXONAIIECCA OT UEHTpA 3EMJIM HA PACCTOAHUH
z; = 60,27 R; (uTo coorBercTByeT paccTOAHMIO OT JIyHBI 10 3eMin),
ImagaeT Ha SeMJ’[}O M3 COCTOAHMA MOKOA MO NEHCTBHUEM CHJLI TAKECTU
C yCKOpeHmMeM, 00paTHO IPOMOPLUHOHAILHBIM KBALPATY €r0 PACCTOAHNA
or uenTpa 3eman. Ilpenebperasa comporusieHHEM aTMOCHEpbI, Ompe-
ICIUTh, Yepe3 CKOJLKO BPEMEHW OHO ymamer Ha Jemiro. llpunarth
R =6,377-105M, g = 9,8m/c?.

10.275. OnpenesuTsb CKOPOCTD, C KOTOPOI METCOP YOAPACTCS 0 3eM-
JII0, €CJIM OH IAJACT C HEOrPAHUYCHHO GOJBLIIOr0 pacCTOAHUA U3 CO-
CTOfIHMS MOKOfA ¥ €CJIM IPH ero ABMKEHHH Kk 3CMIIE YCKOPEHUC TIpHU-
HHUMAaeTCsa 00paTHO MPONOPUUOHAILHBIM KBAIPATY €ro PacCTOAHHA OT
nenrpa 3emiun. llpuaats pamuyc 3emim Ry = 6377 kM, ycxopexue
co6omuoro magenus g = 9,8 m/c?.

10.276. Ilo ocu Oy B MOJOMUTETHLHOM HAILPABJIEHUH IBUAKETCA C I10-
CTOAHHOM cKOpocThio v Toura A (uems). Ha mmockoctn Oxy nsumerca
royka M (mpecsienoBaTedib) ¢ MOCTOAHHOM CKOPOCTBIO U (U > v) Tak,
4YTO BEKTOP CKOPOCTH Bcerga HampasieH B Touxy A. Haiitu tpaerro-
puio ToukKu M (KPUBYIO OTOHU), €CIM B HAYAIBHLIA MOMEHT BPEMEHN
t = 0 Toyra A Haxomwiach B Hauame KOOpOWHAT, a Touka M — Ha
ocu Oz na paccroanuu g > 0 or nenu.

10.277*. Banka naumHbI [, Jemamad KOHIAMHK Ha IBYX OHOpax,
HAXOMUTCA MOJ IeHCTBUEM PABHOMEPHO PACIPENeIeHHON Harpy3Ky UH-
TeHcuBHOCTH . HaiiTu ypaBHeHue u30rHyToil ocu 6anku M ee Mak-
CHMAJILHLIA mporub, BHIGpAB HAYANO0 KOOPDAXHAT B CEPENUHE HEHArpy-
AREHHOI bannu.

10.278*. Banxa miuHbI [, 3amelaHHAA MPAaBLIM KOHIOM B CTEHY,
narubaerca cuioi F', mpuiIoeHHON K JIeBOMY KOHIY, U PABHOMEDHO
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pacrnpeneleHHOi Harpy3noit uHTeHcuBHOCTH . Haiftm ypasnenuc
M30THYTOI ocH 0aJKu M ee MAaKCUMAJLHBII 1porub.

10.279*. Banka maunbl | ¢ 3ameIaHHLIM JIEBLIM KOHIOM H3rH0aeTcsa
mof, OCHCTBMCM PABHOMEDHO PACIpPCHCJICHHON HAarpy3KM MHTCHCHBHO-
cti q. KawoBa mosmkza ObITh MPUJIOAEHHAA K MPaBOMY KOHIY Gaiku
HeicTByoman Beepx cmia £, yrober mporub B mpaBoM KoOHIE (alku
OLLT paBeH HYI0?

3. JymeliHbie oXHOpPOMHbIE YPaBHEHHUA. YpaBHEHUE BUIA
'.UM) +ay (m)y("—l) + oot a1 (2)y + an(z)y =0 (5)

HA3LIBAETCA AUMEUNbIM 00HOPOJHLIM TUD(bEPEHINATbHBIM YPABHCHHEM
n-ro nopAnka. Ecan usBecTHO Kakoe-nub0 wacTHOe peitenue y(r) ypas-
nenua (5), To noacranoska y(z) = y;(z)z(x) npuBoauT 310 ypapHeHue K
JIMHEHHOMY yPABHEHUIO OTHOCHTEIBHO QYHKIUY 2(Z), He COmepAaLIeMy FABHO
sty Gyunmmo. Mosromy, mosaraa z'(z) = u(z), noxyuum muHeiHOE OTHO-
PONHOE ypaBHEHHe mopAanka n — 1 oTHoCuTeNnbHO GyHRrunM u(T).

Mpumep 9. Haiitu obwice pelenve ypasHeHUsA
(a® + 1)y" ~ 22y’ +2y = 0,

ybemuBlIKCh B TOM, "IT0 QYHKIUA y)(T) = T €CTh OOHO U3 er0 YaCTHBIX
pelucHuii.

< Tak war yi(z) = 1, a y{(z) = 0, 1o, noncrapus BhIpasmkenuda y(z),
y1(z), y{(z) B naunoe ypapuenue, ybemoaemca B ToM, 4T0 GyHEIMA Y; (T) =
= & neHCTBUTENBHO ABJACTCA €r0 YaCTHHIM peiueHueM. IomomuM y = 2z,

Hatinem y' = zz' + 2z, y" = x2" + 22’ u noncrasum pripamenuna y, y' uy" B
ypasuenue. Iomyuum

(x? 4+ 1)(z2" + 22') — 2z(z2' + 2) + 222 = 0,
Win
z(z? +1)2" +22' = 0.
!

Teneps, nonarasa z' = u, z
OTHOCUTCIBLHO U:

" = u/, NPUXOIMM K YPABHEHMIO MEPBOTO MOPAILA
z(z? + ' + 2u = 0.

910 ypaBHCHUE C PA3NCHAIOLIMMUCA NMepeMeHHbIMM. Ero ofluee pelueHue
HMeer BHI
z?+1

z?

u = C1
OTKyIa, YYUThIBAfA U = z’, noJiy1aeM YPaBHCHUC NEPBOr0 IMOPAIKA OTHOCH-

TeJbHO 2:
1
dz =C, (1 + 7) dz.
T
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1
Hurerpupys nocnenuee ypasuenue, Haxoaum z = C) (a: — — | + Cs, a rai

KAk § = Tz, TO OKOHYATEJIbHO NOJIyyaeM OOLICE PCLICHHE ncxonﬂom ypas-
HCHIUA

y=C(2* - 1)+ Coz. >

Uanomennspiit Boimie mMeron 0600iaerca Ha caydal, Koroa U3BECTHO k
WACTHBIX JIMHENHO HE3aBHCHUMLIX pelueHufl ypasHenua (5). B arom cayuae
UYTEM HaIJERALINX 0JCTAHOBOK MOPANOK yPABHCHHUA MOACT OLITh MOHUMKCH
Ha k emnHuL.

10.280. [lokaszarn rteopemy: ecan yl( ) eLThb YaCTHOC pEIlCHEC
auHenHoro oxHoponHoro ypasaenua y' + p(z)y’ + q(z)y = 0, To

Gyununa yo(z) = yi(x) / e~ Jp(@)dx
yr\e

d
5TOr0 ypaBHEHMA, a PyHKuMA y = y; (T )(C1 +Cy / ~ [ p(z)dz 94T )

y1( )
€CTb ero obuee pereHue.
10.281. HaﬁTH obiuee peumenue ypasenusa i’ — 6y’ +5y = 0, eciu
(Qyuruua e® ecTh Cro YacTHOE pelleHue.
10.282. Haiitu o6wee pewenue ypasaenun y'' — 2y’ —3y = 0, cciu
(pyHEIHA ¢~ % ecThb ero 1acTHOE PelICHHe.

10.283. Hattru obmee peurenue ypapuenna xy" + 2y’ + zy = 0,
sin

TOKE ABJIAETCA PEIUCHUEM

ceaIy (QyHKIUA €CThb €ero JacTHOEe pelICHUuC.

10.284. Haittu o6mec peruenue ypapuenus (1—xz2)y" — 2y’ +2y =
= 0, ecin QYHKIUA T €CTh €r0 YaCTHOC PCIIEHHe.

10.285. Haittu obmiee pemenue ypasuenus 3y + 5x2y" + 2z

— 2y = 0, eciin M3BECTHH! IBA €r0 YACTHBIX PEIIEHUA Y] = & H
yo = 1/x.
Onpedeaumenem Bponckozo (8poncxuanom) cucremnl GyHiumit y; (),
y2(z), ..., yn(T) HasbIBACTCA OMpEICAUTCID
yl(z) y2(z) Yn(T)
1z yh(x) 'z
W(z) = yi(x) Yo () Yn(T)

yinml)(z) yén-—l)(l_) o J,(ln—l)( )

Ecau cucrema ¢yurumit yy (), y2(z), ..., yn(x) duHetiHO 3aBuCUMa Ha
untepsane (a, b), T0 ee BPOHCKMAH PABEH HYJIO BCIOAY Ha HTOM MHTCPBAJE.
Ecau e xora 661 B oxHON Touke o € (@, b) nmeem W (zo) # 0, 1o cucrenma
dyuruuit Y (z), yo(z), - .., yn(z) muueiino nesanucuma ua (a, b).
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Beaxaa cuctema n3 n MHeAHO He3aBUCUMBIX peuicHuit ¥y (z), y2(z), . ..

.+, Yn(z) ypaBuenua (5) HaswiBaerca dyndamenmanvnotl cucmemot peute-
Huti 9TOr0 ypaBHEHWA. BpoHcKuaH (yHIAMEHTATLHON CHCTEMBI PCLICHUI
OTMMYEH 0T HyIfA Ha BCEM HHTEpBaje, TIe 9T PCUICHUSA OmpemeaeHbl (CM.

sagauy 10.304). Ecau usBecTHa QyHIAMCHTaNbHAMA CUCTEMA PEILCHUIT ypaB-
neHudA (5), To ofuiee pelleHne ITOr0 YPABHEHMA UMCET BUI

y(z) = Ciyi(z) + ... + Cryn(z),

roe C1, ..., C,, — npou3BOJLHBIE NOCTOAHHLIE.

Mpumep 10. Hana cuctema dyusuuit z, cos x, sin z. Haittu Bposckuan
cuctembl W (z) u yGeourscAa B TOM, YTO Ha HEKOTOPOM HHTEPBAJIC CHCTCMA
JAuHeHO HedaBucuma. (OCTAaBUTH JuHENHHOe ogHOpomHOe TG depeHnaIb-
HOE ypaBHEHMe, IJiA KOTOPOrO 3Ta cucteMa (QyHKuMit ABAAETCA (yHIAMCH-
TaJbHON CHCTeMOI pellleHMit, 1 3anucaTh 001ee pelleHue YyPaBHEHUA.
< CocTaBuM BpOHCKHAH

T cOST sinx
W(z)=1|1 —sinz  cosz|.
0 —cosx —sinx

Tax wax W(z) = z, 10 cucrema nuneitHo He3aBncuma Ha Bceii ocu Oz, 3a
ucKmoueHneM Touru z = 0 u, caemosaTeabHO, 00pasyeT GyHIaMeHTaILHYIO
CUCTEMY pelleHMIt HEKOTOPOTr0 JMHEIHOr0 OOHOPOIHOr0 yPaBHEHUA 3-T0 IO-
panka B obmactu R\ {0}, obmmm pemieruemM KOTOPOro ABAAETCA (yHKIUA
y = Ciz+ Cycosz+ Cssinz. [laa cocranenna quddepenuuanLHOro ypas-
HeHUA Halimem npoussogubie ¥, ¥”, y""' n uCKIIOYMM NPOM3BOIBHBIE TIOCTO-

AHHBIC U3 BhipameHult 1A y, y', vy, y"'. Umeem:

y =Ciz+Cycosz + Cssinzx,
y =C; —Cysinz+ Cjzcosz,
y"' = —Cycosx — Cysinr,
y'" = Csysinz — Cscos .
Jlerxo BUmETH, YTO, YMHOAKUB [HEPBOE U TPETLE PABEHCTBO HA —1, a BTOpoe U
YeTBEPTOE HA T U CJOMKUB BCE YeThIPE PABEHCTBA, NOJYUUM

!

oy -y +ay —y=0. (6)

Ypasuenue (6) MOKHO ObLIO MOJTYUUTh U IPYTUM IYTCM, CCIIH YUECTD, UTO
pellIeHue Y UCKOMOr0 ypaBHEHUA BMecTe ¢ QYyHKUMAMU T, COSZ, sinx obpa-
3yeT JIMHENHO 3aBUCUMYI0 CUCTEMY U MO3TOMY BPOHCKHUAH CUCTEMBI Dy HKIMIA
Y, T, COSZ, SiN T PaBEH HYIIO:

coszT sinz

—sinx coST

y
y 1
y' 0 —cosz -—sinz
Y 0

sinx —cosz
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PackpbLIBan ONPENeTHTCIb, HOJAYYMM TO ke camoc ypasHeHue (6) (mpose-
putn!). Hens ofe wactu ypasHenusn (6) Ha x, moaydacm

1 1
yu/ _ ,—3/" + yl ~Zy= 0. (7)
T Z

Ypasdenue (7) 1 ABIACTCA HCKOMBIM JIMHEHHLIM OIHOPOXHbIM nudepeHun-
aJdbHBIM ypaBHeHHueM. D>

UccnenoBath Ha JUHEMHYIO 3aBHCHMMOCTL CJICAYIOIIHE CHCTEMBI
(hyHKRIHIA:

10.286. z, Inz. 10.287. sin2z, sinz, cosx.
10.288. ¢ %, ze %, 10.289. z, 2z, 22

10.290. ¢*, ze¢®, z2¢®.  10.291. sinz, cosz, sin2z.
10.292. chz, shz. 10.293. e%, *t1,

10.294. z, 0, €*. 10.295. 1, sinz, cos?2z.

3Haa PyHAAMEHTAIbHYI0 CUCTCMY PELICHUM JUHCHHOTO0 OXHOPOL-
HOro nuQQepeHIHaIbHOr0 ypaBHEHUA, COCTABUTL 3T0 yPaBHEHUE:

10.296. 1, e ". 10.297. e** cos z, ¢**sin.

10.298. 23, z*. 10.299. 1, =, ¢*.

10.300. 1, sinz, cosz. 10.301. 2z, z — 2, e* + 1.

10.302. 3%, %%, 10.303. €**, sinz, cosz.

10.304**. JloxazaTs, uto eciu y; (), y2(z), - . ., yn(z) — pewenun

JHUHEeHHOTO 0QHOPOIHOro () ()epeHIHAILHOT0 YPABHEHHA TOPFALKA 1
C HCIPCPLIBHBIMU B HEKOTOPOM HHTepBaie (a, b) xo3dpuumenramu
u spoHckuan W(z) sro#t cucreMsbl paseH Hymwo npu zp € (a, b), 1O
W(z)=0nmpua <z <b.

10.305*. Jana cucrema Gyuuumit yi(z), yo(z), ..., yn(z), npuuem
HA HEKOTOPOM MHTepBaje BpoHCkuaH W () 910l cucTeMbl OTIMYEH 0T
uyaa. CocTaBuTh MUHERHOE 0XHOPOTHOE DX} (EPCHIHAILHOE YPaBHe-
HUE, IJIA KOTOPOro 9Ta CUCTEMA ABIACTCA (YyHIAMCHTAILHON CUCTEMOM
pCLIeHu.

10.306. 3nan GyHIAMEHTAIbHYIO CUCTEMY pelIeHunii e, cos x, sinz
JIMHEHHOr0 OXHOPONHOT0 AM((epeHnnanbHOr0 ypaBHEHUA, HAliTu ero
YaCTHOE peLIeHue, yAOBICTBOPAIOLIee HAYAIbHLIM ycaosuam: y(0) =
=3, ¥'(0) =4, y"(0) = -1.

10.307. 3uana (yHIAMCHTAILHYIO CHCTCMy peiucHii e, ¢?%, e3%
JMHEHRHOT0 OXHOPOIHOr0 IH()epeHHHaILHOT0 yPABHCHUA, HAUTH €ro
4aCcTHOE PEUICHUC, YHOBJICTBOPAIOIIEC HAYAILHLIM ycaosusam: y(0) =
=6, y'(0) = 14, y"(0) = 36.
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4. Jluneiible HeoTHOPOIHbIE yPaBHEHUA. YPaBHOHUE BUIA

™ 4 a;(@)y™ Y + o+ an (@)Y + an(@)y = fl), (8)

B KoTopoM f(2) # 0, Ha3bIBACTCA AunetiHbIM HEOIHOPOIHbIM T epeHun-
aJIbHBIM YPABHCHHUEM N-T0 MOPAMIKA.
Obwiee pewenne ypasHenua (8) onpenenserca GpopMmymoi

y(x) = yo(x) + y(7), (9)

rne yo(z) — obuiee peLIEHME COOTBETCTBYIOILEr0 OXHOPOMHOTO YPaBHEHUA
(5), a g(x) — HEROTOPOE YACTHOE PELICHHC HCOMHOPOIHOro ypasHeHus (8).
Mpumcp 11. Jano auHeiiHoe HeoaHOpORHOE AU QepeHnInaILHOE ypan-
wenue xy'" —y" + xy’ —y = 223, NasectHo, uto (yHKUUA T° €CThL €ro
wyacTHOC pertedue. Tpebyerca naity obuice PCILCHUE ATOCO YPABHCHMUA.
< Cornacuo opmyie (9) obuiee peuicHre HEOMHOPOIHOTO YPABHEHUA COCTa-
BJIAETCA KAk CyMMa 00LIero peueHus yo(Z) COOTBETCTBYIONICrO 0AHOPOTHOr0
YPaBHEHUA U YACTHOTO peleHua §(T) HeonHOPOMHOro ypapHeHusa. B naiem
cayuae yo(z) = Ciz + Cycosx + Cssinx (cMm. mpumep 10) a ycg z) = 2°.
CrnemoBarenbHo, uckoMoe obwee peweHune ecth y = Cix + Cycosx +
+Cssinz + z3. >
Ecan ussectro obuwee pewenue yo(z) = Cryr () + ... + Cryal(z) co-
OTBETCTBYIOIIEr0 ypaBHeHUIo (8) omHOpomHOro ypasHenus (5), TO 0JA ompe-
JeneHusl 4acTHOro pewrenua y(z) ypasHenua (8) MOMKHO BOCHOJIBL30BATHCA
" MeronoM JlarpaHma Bapuanuy NpOU3BOMLHBIX MOCTOAHHBIX.
Wmenno, 6yneM nckaTb 4aCTHOE PelIeHNre HeOMHOPOXHOTo ypasHeHusn (8)
B une §(z) = C1(z)yi(x) + ...+ Cn(x)yn(z), toe or dpyunmuit Cy(z),
, Cp(x) momonuuTeabHo motpebyem, 9T00LI OHM YIOBJETBOPAIM YCIOBUAM

(k) dCU(fL‘)

Sy e = Onmmpcex k=0,1,...,n—2 (rme yi* =y,). Torna
v=1 x
ma ¢ynsnui Cy(z), v =1, 2, ..., n, DOIy4uM CUCTCMY yPaBHEHUI
dC, dCy dCyp
—_— 1 =0
Woge TVrgy to Ty =0
dC, dC, dCy
Y= +tyh——+...+y =0,
N + Y2 iz Yn n (10)
(n—l)dcl n-—l)dC'Z (n—l)dc
3 —= ... =
Y I + ¥ I +...+yY = f(z).
Onpencanrenb 3ToH CUCTEMbI €CTh OTIMYHBIM OT HyJA BPOHCKHAH (QyHIa-
MEHTAJILHOI cucTeMbl pewieHult yi(z), ..., yo(r), mosToMy cucrema umeer
€IUHCTBCHHOC PellieHHe OTHOCHTCILHO —g—”, v=1,2,...,n.
z
cosT sinz
Dpumep 12. 3Buas, uro Gpyurunu y,(r) = —u y2(z) = .

2
00pasyloT (yHIAMEHTAILHYI0 CUCTeMY peiieHuti ypaenenua y'' +—y' +y = 0
x
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(cm. samauy 10.283), HafiTu ofluee pelleHue ypaBHEHUA
xy” +2y' + xy = . (11)
< Obwiee peuieHre COOTBETCTBYIOIIEr0 OMHOPOTHOTO ypaBHEHUA 3amMUCHIBa-

cosT sin x
+ Cy——. Cumrana C; u Cy (pyHsouaMI
T

crea B Bume yo(z) = Ci
T
T, 0JIA ONpPeNeJeHnA YacTHOTO peleHusa ypasHenusa (11) cocraBum cucreMy
suna (10):
cos T sinx
+ Cy(x) =0,
T

i) (222)' + oy (22) =1

(ypaBuenue (11) caegyer mpusectu x Buay (8), T.e. pasmemuTs BCE €ro
cos T

Ci(z)

wirens! Ha x). Hopcrasaaa Ci(r) = — Ci(z) BO BTOpOE ypaBHEHUE,

sinx

, ~ISinxT —CoST COST ZTCOST —sinc
nonysaeMm Cj(z) 5 - — 5 = 1. Ozcrona
T sinz x
umeeMm C| = —zsinz, C§ = zcosz. llocne nHTErpUpOBaHNA TOTyYaeM

Ci(z) = zcosz —sinz + Cy,
Cy(z) = zsinz + cosx + C».

Honomus, nanpumep, C; = Cy = 0, mOIyYMM YACTHOE peLIeHHe ypaBHe-
aua (11):

~ . coszT . sin
y(z) = (zcosz — sinx)—— + (zsinz + cos:c)—gE =1.
T x

CaenosarensHo, obiuee pemicHue ypasHenus (11) umeer sun

cos T sinz

+ Cy

y(z) = yo(z) + y(z) = C4 +1. >

Ecan mpasas uwacTh NMHENHHOro HEOMHOPORHOro ypasHeHus (8) ecTo
CyMMa HECKOJIbKUX QYHKIUHA

f(@) = filz) + fa(x) + ... + fr(2)

u yi(x) (@ = 1,2,...,7) — HEKOTOPbIE YACTHBIE PELUCHUA ypABHEHUIH

Y™ 4 ay (@)y Y + 4 ana ()Y +an()y = fil) (G =1,2,...,7)
COOTBETCTBEHHO, 4TO CyMMa

y(z) = y1(2) +ya(2) + ... + Yr(2)

€CTh HEKOTOpOe YacTHoe pelueHue ypasHenuda (8) (mpuHUuun cymnepmno-
3UNMUYU pelieHult).
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- 1.
IIpumep 13. lposepus, uro dyusnua y; = —Zc" ABJIAETCA YACTHBLIM
~ 1.
peurcuiem ypasuenua y' — 2y’ — 3y = ¢, a Qynrumua y, = —gc”

4aCTHLIM permcHueM ypasuenus i — 2y’ — 3y = %, maiiti ofice pewente
ypaBHEHUA

y" — 2y — 3y =" + e
< CormacHo npuUHLIINY CynepIO3NIUMA TACTHBIM PCLICHUEM M0 CIeAHero ypan-

HEHUA ABJIACTCA QYHKUNA Y = -~——1P‘ - -~(’ . Odee penichize CooTBETCIBYIO-

:

LLIECO AWHCIHOTO OTHOP 0 AHOTG YPate.CHuts ¢Cib Gy HRIMA yo —= (e 4 (g™ F
(cM. zamauy 10.282). Ilo popmyne (9) obuiee peruenue TAHHOIO yPaBHEHH:I
HMECT BHI

3

1 1.
y=C1e* + Cye” ﬂr—:1-(:"——63”. >

10.308. I/I(m)m,ayﬂ puuemie gagaun 10.298, manucars, obdmec

pemenuc ypasuerua r2y” — 6zy’ + 12y = 3z, npexnapurennuo y6e-
AMBUIKCL B TOM, 4TO GYHKIMA /2 eCTL 03HO U3 PCIICHHIT 9TOT0 Ypan-
HEHU.

10.309. HMcrnomnsya perierue 3amaun 10.303, mamucari obuiee

pemtenue ypasaenna y"' — 2y" + 1y — 2y = 10e**, npensapurenasuo

y6emuBiupch B TOM, uTO (QyHKIUA ¥ CCTIL OIHO U2 PEIUCHUN 9T0r0
YPaBHCHHL.
10.310. TIposepus, uro dyusuun y) () = €* u yo(x) == x cbpasyior
L
(dyHIaMEHTAJILHYIO CHCTEMY pelucHwii ypasucuua 3y’ — - 1,1/’ +
r—

iru obiiee pemenue ypasuenua (z — 1)y" — xy’ +

+y=(x—1)

10.311. Ilposepus, uro Gyurnuy yi{x) = cosz u yo(z) = xcosx
06pa3yior (yHIAMCHTAJLHYI0 CHCTEMY pueicHuil ypasueHusa y’ +
+2tgx -y + (2tg?x + 1)y = 0, naittu ()FLLW‘ pCLICHHC YPaLHCHMA

etgx -y + 2y + (2tga + ctg )y = cos?

10.312. Oposepus, uto Qyuruua y; (v ) = O + 0 ABmICTCA Yacr-
HLIM penrcHueM ypasaenun 3 — 6y -+ by == 25z, a Qymuus 1/>(' ) =
= —¢** — wacTHLIM peurenueM ypasucxun y’ - 6y + By = 3?7,
Haircn obuiee pewcHue ypasuenna ¥ — 6y’ + Sy = 2561 4 3¢ (UJ
sanauy 10.281).

~ 1,
10.313. Ilponsepus, uro Gymswua ) () = 5 &% FBIHCTCH MaCTHLIM
pemennem ypapenun 1" + 9 = e, a qjymmpm Ua(r) == ~ sin2r -—
HACTHBIM PRUICHIEN yPaBICIA y" + o' = 6coslx, matitu obuiec

pemenine ypesuewnng o - = oV Seos 2 (enn camewy 10.300).
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5. Jluuelivpie onHOpomHbIE YPABHEHUA ¢ MHOCTOAHHBIMHU K03 puimess-
rame. O0LLMI BILA JTHERHOTO Tud GepeHnINalbLHOT0 YyPAaBHCHUA NOPALKA N ¢
NOCTOffHHBIMU KO3() QHUUUCHTaMU

g™ +ay™ D+ a1y +any =0, (12)
riea, (1=1,2,..., n)— IeACTBUTEIbHBIE IOCTOAHHLIE.
YpapucHuce
/\”+(L1/\n~] +...+an1A+a, =0, (13,‘
nomyrennoe aamenoit npoussonubix y*) (k= 0,1, ..., n) uckomoit Qyus.-

wnn crenensvu AP naswmiBaerca zapaxmepucmuueckum ypasrenuem LI
ypasHenua (12). Kamnomy neficrBuTensHoMy KOpPHIO A ypasHeHusa (13)
KPATHOCTH T COOTBCTCTBYIOT 7 JMMHEHHO HE3AaBUCHMBIX PeILUeHUN ypaBHC-

Hus (12):

e, ze ..., 2" leM,

a KR O0M mape KOMILIEKCHBIX KOPHe# A = a£{ KpaTHOCTH S COOTBETCTBY Y
& map JHMHCHH0 HE3aBUCMbIX pelleHul:

e cos Br, Te**cospPr, ..., x5 'e®®cosfz,
e*®sin Bz, ze®TsinfBz, ..., z°"'e*®sinfz.

Tarim 06paszom, eciiu XxapakTepucTUYeckoe ypaBHeHUe uMeeT k neftcTru-
TOALHBIX KOPHCH Ap, ..., Ap KpaTHOCTEH Ty, ..., Ty 4 | map KOMILICKCHG
CONPFRCHHDBIX KopHeH ay +103;, ay —if1, ..., a; +i8;, a; — 18 spaTHOCTCIH
Sty o8 (14 +7rE+281+...4+25 = n), 10 o61IEe peleHe yPaBHEeHIIA

(12) sanuerca B BUae

ylr) = Py(x)eM™ + ...+ Pu(x)e™ + (Q1(z) cos fra +
+ Iy () sin B12)e“'® + ...+ (Qi(z) cos Bz + Ri(x) sin Gyz)e™®, (14)

vae £, (2) — npon3BONLHLIN MHOTOWIEH cremenu r, — 1, v =1,...,k, a
Qu(2) u Ry () -— npousBoaLHbIE MHOTOWIEHDI cTeneHn s, — 1, p=1, ..., (.
Mpurep 14. Haittu obuice peiieHue ypaBHeHUA

y" + 3y +2y=0.

<1 Xapantepuctiiecroe ypastenne A2 + 3\ + 2 = 0 imeer kopuu A, = —1,

Ao = —2. 3aniuiem QyHIAMEHTANBHYIO CHCTEMY PELICHMI y; = e~ %, yy =

= ¢7**, (neaosaTesnHo, obiiee perierue uMeet sun y = Cre 4+ Coe 2%, 1>
IIpumep 15. Haittu ofuiee pelieHue ypaBHEHUA

v+ 2y + 5y =0.

< XaparTepuctudeckoe ypasHeHne A2 + 2X\ + 5 = 0 uUMeeT KOPHU Ay o =
I 1 ;

== =1+ 2i. CacuonaressHo, GyHrunn y; = e~ *cos2z, y2 = e *sinx
COCTABIINT GYHIAMEHTANBHYI0 CUCTEMY DELIeHUi, a oflIee pPeLieHne HMne-
CT BHT

y =e 7(Cy cos2z + Cs sin2z). >
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Mpumep 16. Haittu yacTHoe peuieHue ypaBHeHusn
yIII . 3yll + 3yl _ y — 0,

yOOBJICTBOpfIOILEC HavadbHbiM yeaosuaM y(0) = 1, 3'(0) = 2, y"(0) = 3.
< Xapantcpucruuecrkoe ypasrerne A3 — 322 +3X — 1 = 0 umeer cauHCTBeH-
HbIlt Kopedbh A = 1 wparnocru r = 3. IlosTomy dyHnaMenranbHasa cucTeMa

PELICHINT IMeeT B ) = e, yy = ze®, y3 = z2e®. CremosarennbHo,
y=(Ci+Cox+ C:;.’Bz)ez

— oflIee PeIUCHUE YPABHEHHUA.
llna onpeneseHyA TPOU3BONBHBIX NOCTOAHHBIX HAMIEM IIPOU3BOIHLIC

y' = (Ci + Caz + Ca®)e” + (Ca + 2C3z)e?,
y" = (C1 + Coz + C32°)e® + 2(Cy + 2C37)e® + 2C3e°

U UCHoNbL3yeM HauadbHble ycaoBua. lomywaem: Cp; = 1, C; + Cy = 2,
Cy +2Cy + 2C3 = 3, orkyna Cy = 1, C3 = 0. CnemoBaTenbHO, HCKOMOE
yacTHOe pewrerue umeer Buf y = (1 + z)e®. >

IIpuntep 17. Hafitu obuiee pertenue ypapHeHun
"V +4y" +y =0.
< Xaparrepuctuueckoe ypasnenue 4\ + 422 +1 =0, wmn (202 +1)2 = 0,

HMMEET JBA KOMILJICLKCHO CONMPAKEHHBLIX KOpPHA *—=1 kpar”octu 2. Crenosa-
V2

T T
TCJLHO, PYHIAMCHTANLHAA CHCTEMA PeLIeHUH UMEET BUI COS 75, T cos %,

. T . &r
sin —\/—é asin \—/_5 Oxrcrona momyyaem obuiee peruenue:

y = (C, + Cax) cos =4 (C3 + Cyz) sin N

V2 V2

10.314. MssectHo uactHoe pemenue y; = eF® juHeiiHOro omHO-
porHoro nud)PepeHnUaILHOr0 ypaBHEHUA BTOPOro MOPAAKA C TOCTO-
AHHBIMU K03 uumcHTaMu. (OOTBETCTBYIOIIEE XapAaKTEPUCTHIECKOE
yPABHEHMC UMeCT IMCKPHMUHAHT, paBHbIA Hymo. Haittu qactHOe pe-
ILEHHE 3TOT0 YPUBHCHHA, yIOBIETBOPAIOIIEE HAYAIbHLIM YCIOBHAM:
y(0) =4'(0) = 1.

llo nanHLIM KOPHAM XapPAKTEPUCTUYECKOTO YPABHEHUA JUHEHHOTO
ORHOPOAHOT0 ¥ (hepeHnnaabHOr0 yPaBHEHHUA ¢ TOCTOAHHBIMU KO3(-
($UHMCHTaMH cOCTAaBUTL HU( epeHIuatbHoe YpaBHEHHe U HAanucaTh
ero obuice perlenue.

10.315. Ay = 3, Ay = —2. 10.316. A\; = Ao = 1.
10.317. A o = 3 & 2i. 10.318. A} = Ay = A3 = 2.
10.319. \; =0, My = A3 = 4.



322 I'n.10. [npdepennyyaabuple ypaBHEHUA

10.320. Iloxazats, 4T 0bIICE pEIIEHUE YPABHEHUA

T
_(1_tE+a$—0

Mozer OblTh npepcTaBieHo0 B Bume z = Asin(at +¢) mim z =

= Acos (at + ¢), rne A u ¢ — NPOU3BOILHBIC NOCTOAHHBIE.
Haitri obmme pemennna nud GepeHnnanbHbIX ypaBHEHMI:
10.321. 3" — 2y — 2y = 0.  10.322. 3" + 6y’ + 13y = 0.
10.323. " — 6y’ +9y =0.  10.324. 3y" — 2y — 8y = 0.
10.325. 4y — 8y’ + 5y = 0. 10.326. 4y" + 4y’ +y = 0.
10.327. " — 5y" + 17y — 13y = 0.
10.328. y’V +4y" +3y=0. 10.329. y'V +2¢" +¢" = 0.
10.330. 'V — 4" = 0. 10.331. y"V + 2y +y = 0.
10.332. "V — 8y” + 16y = 0. 10.333. vV + 8y" + 16y’ = 0.
10.334. yV — 63"V + 9" = 0.
10.335. yVl _ 2yv + 3y1v — 4ylll + 3yll . zyl + y = 0.
10.336. yV' +2yY + 4"V = 0.

Haittn yacTHbIE pelIeHUA YPABHEHMM 10 TAHHBIM HAYaJbHBLIM
YCJIOBUAM:

10.337. ¢ — 5y’ + 4y = 0; y(0) =4/ (0) =

10.338. ¢" - 2y +y=0; y2)=1, ¢/(2 )

10.339. y" —y' = 0; y(0) =3, y (0) =1,y (0) =1.

10.340*. Haittu wuHTErpajbHyl0 KpuUBYIO nuddepeHIaIbHOTOo
ypasuenua y” — y = 0, wacaomyoca B Toure O(0, 0) npamoit y = x.

10.341. Haitti mHTerpainbHyo KpuByr aud )cpeHuuanasHOro ypae-
wenua y"' — 4y’ + 3y = 0, wacarowywoca B touse My(0, 2) npamoit
zT—-y+2=0

6. Jluuelnie HeoTHOPOXHbIE YPAaBHEHHA ¢ II0CTOAHHLIMHU K03 () QpHiMeH-

raMu. PaccMoTpuM nuHeiiHOe HEOTHOPOoOHOe nud hepeHnHaIbLHOe ypaBHeH e
¢ HOCTOAHHBLIMH K03( GOUIMEHTaMU, T.e. ypaBHeHUe BUAA

y™ +ary™ Y +agy "D L b a1y Fany = f(z),  (15)

roea; (i=1,2, ..., n)— melcTBUTeAbHDBIE TOCTOAHHDIC, a f(z) # 0.

Cornacxo popmyae (9) obwee pewerue ypasdHenua (15) samuceiBaercd
B sune y(r) = yoiz) + y(z), roe yo(x) -— obuiee peleHne cOOTBETCTBYIO-
WIero OOHOPOLHOTO yPaBHCHHA, a J(x) — moboe YacTHOE PeILeHHe ypaBHe-
una (15). O6mwee perenue yo(x) maerca dopmyaos (14). Huaa orbickadua
y(x) B obLeM cayyae MOAKHO BOCHOAb30BaThLCA MeTonoM Jarpasika Bapuan
NPOM3BUILHLIX HOCTOALHBIX (CM. I. 4).
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Dpumep 18. Haittu obuee pemenve ypaBHeHUA

ylll + yl — tg:l?.
< Ofwee peruenue cOOTBETCTBYIOLIEr0 OLHOPOOHOTO ypasuenuda yo = C; +
+ Cycosz+Cssinx, Tak Kak y; = 1, Y2 = cosz, y3 = sinx. [Laa naxomne-
HYA YaCTHOTO PeLIeHHA HeOMHOPOLHOrO YPABHEHUA BOCIOIb3YEeMCA METOIOM
papuauuu mocToanusiX. Crucrema (10) B 3TOM ciyuae mpuHUMAET BUI

C] + Chcosz + Cisinz =0,
— Cysinz + Cacosz = 0,
— Cjcosz — Cysinz = tgz.

YMHOEHUB 06€ YaCTH BTOPOT0 YPABHEHWA Ha Sin T, TPETbero Ha COST W CJOo-
xuB, noayunMm Cj = —sinz. Torma us Broporo ypasHenus cienyer Ch =
sin? z .
= - . Cnomus 0be yacTM MEpPBOrO M TPETLEr0 YpABHEHWH, HalineM
cos T
1 = tgz. UuTerpupobanue naer:

Cy = —In|cosz|, C,=cosz, C;;:sin:c—lntgl%«k%l.

CJIGII()BaTe.TIbHO, uckoMmoe obree pemeHne HeOOHOPOOHOr0 ypaBHEHUA HMeE-
€T BUIO

y=C1+ Cycosz + Cysinz —In|cosz| —sinz -lntg\% + %l >

Meronom Bapuanuy npoOU3BOJILHBLIX MOCTOAHHLIX PEUINTD CIEAYIO-
ye ypaBHEHUA:

10.342. y" + 3y’ + 2y =

=T 10.343. " + 4y = R
T
10.344. ' — 2y +y = ——— *

Vi — g2

10.345. v + 4y + 4y = e ¥ Inz.

B wactupix cayuaax, korna Gyukuua f(z) B ypasuenun (15) nmeer sun
fi(z) = (dox™ + ... + dn)e*® nam fo(z) = ((boz™ + ...+ b, ) cos B +
+ (coz™ + ... + Cp,) sin Bz)e®®, wactHoe perenue Y(T) MOAHO HAHTH

METOI0M HeompeneaeHHbIX k03¢ GuumenTos. Umenno, ecnu A wiu o =10 e
COBIIANAIOT HU C OOHUM U3 AEHCTBUTENBHBIX WM COOTBETCTBEHHO KOMILIEKC-
HBIX KOpHeH xapakrepucruyeckoro ypasHenua (13), to y(z) uwerca B sune

7(z) = (Doz™ + Dyz™ ' 4 ... 4+ Dp)er® (16)
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ma f(z) = fi(z) nau B Buge
y(x) = ((Boac’71 + ...+ Bg)cos Bz + (Coz™ + ...+ C) sin Bz)e*® (17)

ma f(x) = fo(z). 3mecs D, B, n C, — HeoupeneaeHHsIe K03 GUIMCHTLI,
m = max (my, ms).

Ecnu me A mim o+ 1403 coBnanaior ¢ HeKOTOPLIM KOpHeM ypasHeHus (13)
kpaTHoCTH 7 (Cayuatt pe3onarca), TO BbIpameHuA B npasoi wactu (16) miu
(17) caemyer mOMHOKHMTL HA T, T.€. HCKATh PCLIEHHWE COOTBETCTBCHHO B
Buae

¥(x) = 2" (Doax™ + ... + Dp,)er® (18)
naa f(z) = fi(z) nam

¥(z) = 2" ((Box™ + ... + Bi) cos fz + (Coz™ + ... + Ciz) sin fBz) e™”
(19)

jnn f(z) = fo(x).

Hpumep 19. Haittu obiuee pewenne ypasHeHunA

yll _ 3yl + 2y — (232 + x)e&r‘

< XapaxkTepHCTUYeCKOe YPABHEHWE COOTBETCTBYIOLIErO OOHOPOLHOLO YpaB-
wenna A2 — 3\ 4+ 2 = 0 umeer xopem A\; = 1, Ay = 2. CuegosarennbHo,
dyHIaMeHTaILHAA CUCTEMA pelleHuil UMeeT BUI Yy = e%, ys = e%%, a 00-
1miee pelieHye OHOPOIHOTO ypaBHeHudA ecthb Yo (r) = Cye® + Coe?®.

Il HAXOMUEHUA YACTHOTO DELIeHUA HEOTHOPOIHOrO YPABHEHHUA BOC-

NOJIb3yeMCA METOIOM HCOompeneaeHHbIX ko3¢ dunuentos. Tak xaxk A = 3 ue
AIBIIAETCA KOPHEM XapaKTEPUCTUYCCKOrO YPAaBHEHHUA, TO YaCTHOE perieHue Oy-

mem uckath B Buge § = (Doz? + Dz + Dy)e3®. Hatina npoussonusie 3', i
U NOLCTaBUB ¥, J' U ¥ B MCXOOHOE YpaBHEHHE, HOJYIUM (TOCHIe CORPALIEHUA
Ha e37)

2Dgx? + (6Dy + 2Dy)x + (2Do + 3D, + 2D,) = 2% + .

CpaBHuBasa w03 GUIMEHTH! 00eUX dYacTed 3TOCO TOMIECTBA, MOJYIUM CH-
CTeMy ypaBHEHUH 1A onpeneneHusa HemssecTHoix Do, Dy, Dj:

2Dy =1,
6Dy + 2D, =1,
2Dy +3D; + 2Dy =0,

orkyna Do =1/2, Dy = -1, Dy = 1.

2
ob1iec penIcHUe YPABHEHUA MMeeT BHUI

~ 1 1 ]
Uraxk, § = (—x2 -z + 1) e’ = 5(12 - 2z + 2)¢3% | u, cneposarensHo,

. .1
y=yo+§=Cre” +Coe® + 5(2” — 20+ 2)e™. b
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Mpumep 20. Hatttn yacthoe perieHue ypapHenusn
" + 4y = 4(sin 2z + cos 2x),

YIOBIETBOPALLEE HauaabHBIM yeaosunm y(n) = y' (7)) = 2.
< XapakTepuctuyeckoe ypasnenue A2 4+ 4 = 0 umecer ropuu A2 = 0 +
+ 2i. O6wee peleHue COOTBETCTBYIOLIEr0 OIHOPOIHOTO YPABHCHUA CCTh
yo = C cos 2z + Cj sin 2.
YacTHOC peleHue HeoMHOPOIHOr0 yDABHEHIA fyneM ucKath B BULE Y =
= 2(Bcos2x + Csin2z), Tas nak 0 :i- 2i — wKopHH xapamepucrmecxmro

ypapHenna sparsocru 1. Haitna y', § u moxcrasus y, ¥, §" B ucxomnoe
ypaBHeHHC, noayuyum —4Bsin 2z + 4C cos2z = 4sin 2z + 4 cos2z, oTkyna
B = -1, (' =1 u, cnenoBaTeabHo,

¥ = z(sin 2z — cos 2z).

O6wee pewenue dyner y = yo+y = C cos 2x+Cy sin 2x+x(sin 2z —cos 2x).
Ina naxommenna Cp; u Co BOCHONL3YyEeMCA HAUadbHLIMU YCIOBUAMU,
IpeaBapuTenbHo npoaudQepeHunpoBas obuice peLeHye:

y' = —2C sin 2z + 2C5 cos 2z + x(2 cos 2z + 2sin 2x) + (sin 2z — cos 2).

Umeem: 2r = C; — 7 = Cy = 3m, 2n = 2C2 +2r -1 = Cp, = 1/2.
MCcKOMBIM YaCTHBIM DCILIEHUEM ABIACTCA QYHKLMA

1
y = 3mcos 2z + 2 sin 2z 4+ x(sin 2z — cos 2z). >

Mpumep 21. Hatitu obwee pereHuc ypaBHeHUs
yu __4yl +4y — zez.t

< XaparTepuctuueckoe ypasHeHme A2 — 4\ 4+ 4 = 0 uMeer IByKPATHBLIN
Kopeb A = 2. Ofuiee peleHne COOTBETCTRYIOLIEr0 OMHOPOIHOIO yPaBHEHUA
ectb yo = (C| + Ca)e?®

YacTHoe pelleHHne AAaHHOrO YpPaBHCHUA OyoeM HCKaTh B BUOE § =
= 2%(Doz + D;)e?®, rak Kak nokasaTenb HKCIOHEHTHI B NPABOM YacTU ypas-
HEHUA COBIANACT C AByKPATHBIM KOPHEM XapaKTEePUCTUYECKOI0 YPABHEHUA.
Meromom HeomnpeaeaeHHbIX ko3¢ GUUUenHToB (T. e. Haiina §', §"', nogcraBus g,
7' 1 §" B MCXOTHOC ypaBHEHHE, COKPATHB HA €% U CPaBHIB 1K03(QUIHEHTHI
IpY OOUHAKOBLIX crenedax ) HaxomuMm Do = 1/6, D; = 0. CaegosareibHo,

~ 1
7= 63036“ a of1ee peLICHUC IPUHUMART BUI

~ 1 1 .
y=yo+y=(Cy+ Crx)e gy 6:133(32ﬂr = (Cl + Chx + 6.’1,' ) e’ >

Ina wammoro M3 HAHHLIX HEOZHOPONHBIX I ()epCHUHAILHBIX
YPABHCHUI HANIMCATL BUJL €T0 YAaCTHOTO PEILEeHMA C HeONPCACJICHHLIMU
ko3 QuuucHTAMM (UMCJIOBLIX 3HAUCHUI K03} PUUMCHTOB HE HAXo-
IMTh):

10.346. 3" — 8y’ + 16y = (1 — z)e'*.

10.347. 3 + 16y = sin (4z + @) (a = const).
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10.348. " — 4y = 2cos? 4z.

10.349. y"V + 49" + 4y = z sin 2z.

10.350. " — 4y’ = ze’®. 10.351. 3" — 7y = (z — 1)2.
10.352. y" + 2y + 5y = e®((z + 1) cos 2z + 3sin2z).

10.353. " — 4y’ + 13y = €2® (2% cos 3z — xsin 3z).

Haiitu obume pemeHua ClenyIuX ypaBHeHHIL:

10.354. y"' —y = e7 7. 10.355. 3/ — y = chz.
10.356. " + 3y’ — 4y = e~4 + ze7 7.

10.357. y" — 5y’ + 6y = 13sin 3z.

10.358. y" — 2my’ + m?y = sinnz (m # n).

10.359. y" — 2my’ + m%y = sinma.

10.360. y" +y = 4z cos . 10.361. 4" + 4y = cos? z.
10.362. 4y — y = 23 — 24z.

10.363. " + 5y’ + 6y = e~ + e~ 27,

10.364. y" — 3y’ = €3* — 18z. 10.365. ¢ + " = 6z + e~ 7.
10.366. 3" — 3y" + 3y’ —y = €. 10.367. y"V +¢" = 22 + 2.
10.368. vV — y = ze® + cos . 10.369. yV — "V = ze® — 1.

Haitti yacTHbIe pelieHNA ypaBHEHHIA, Y I0BJIETBOPAIOLINE HAYAIL-
HbIM YCJIOBHUAM:

10.370. y" — 2y’ = 2¢*; y(1) = -1, 3'(1) =0.

10.371. y"" — ¢ = —2z; y(0) =0, 3'(0) =2, y"(0) = 2.

10.372. ¢ + 4y = z; y(0) =1, y (Z—) - g
10.373. 4" + y = 4e*; y(0) =4, 3'(0) = -3.
10.374. y'V—y = 8e”; y(0) =0, y'(0) = 2, ¥"(0) = 4, ¥ (0) =
10.375. y'V—y = 8¢%; y(0)= —1, 3/'(0)= 0, 3"(0)=1

10.376. y" — 2y’ + 2y = 4e® cosz; y(m) = me™, y'(m)

7. Tud pepenumansunie ypasHeHHA Jiiepa. YpaBHEHUE BUIA
2"y + a2 Y 4t anizy +any = f(z), 2 #£0,

roe a; (1 = 1,2, ..., n) NOCTOAHHLIE, €CTb YACTHBIK CJIyyall JHMHERHOro
a1 pepeHnraJbHOr0 ypaBHEHUA C NepeMeHHbIMH K03 GUIMeHTaMu U Ha-
3bIBAETCA Ypasuenuem Jiaepa. BpeneM HOBYIO HE3aBUCHMYIO IEPEMEHHYIO

t ¢ momombio moxcTaHosku T = e (ecau z > 0) unu nogcraHoBkM T = —et
(ecnm x < 0). Iycts naa ompemenensocty z > 0. Torma y!, = e lyf,
noo_— =2t 0 ’ mo =3t " /

Yoo = € (Uit = Yi)s Yaze = € (Yagr — 3y + 2yy) ¥ 1.1, U ypapHeHue

ditnepa mpeobpasyercA B NUHEHHOE ypaBHEHHE C HOCTOAHHBIMM K03 PUIm-

€HTaMHU.
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YpaBHeHue puna
(az + b)"y™ + ai(az +0)* 'y Y 4+ 4 au_i(az + b)Y + any = f(z),

rae a, b, a; (i = 1,2,...,n) — HOCTOAHHDIC, IPUBOAUTCA Ik JMHEHHOMY

YPABHEHUIO € NOCTOAHHLIMU KOI()PUIMCHTAMU MMOACTAHOBLON ar + b = ef
(B obmactn az + b > 0).
Pemenuc ogHoponHoro ypaBHeHus Jiiepa

2"y +arz" Yy 4t anoizy ey =0

MO#HO (1pu £ > () 1uCKATh B BIIE y = m"

Noncrasaan poipamenua mua y', y”, ..., ¥ B onHOpomHOe ypaBHCHME
Jditiepa, HAXOOMM XapPAKTEPUCTHYECKOE ypaBHEHI/IC IUTA ONpEeNeICHUA MOoKa-
3atena cremeHu A. llpu 3ToM, eciim A — nmefCTBUTENLHBINA KOPEHb Xapak-
TEPUCTHUCCROTO YPABHECHHUA KPATHOCTH 7', TO CMY COOTBETCTBYIIT 1° JIMHE{THO
HE3aBUCHMBIX DeLIeHni

2*, 22 lnz, 22 Inz)?, ..., 2M(nz)""},

aecan a £ 1 — mapa KOMIUIEKCHBLIX KOpPHelt KPAaTHOCTU S, TO eff COOTBCT-
CTBYIOT § AP JIMHEHHO HE3aBUCUMBIX DPeILeHUH

z%cos (Blnz), z%lnzcos(Blnz), ..., z%(Inz)*~'cos(Blnz),
z%sin(Blnzx), z%lnzsin(Blnz), ..., z%(Inz)* 'sin(Blnz).

Mpumep 22. Haittu ofuee pemeHne HEOQHOPOTHOIO ypaBHEHUA Ji-
nepa x2y" — 3y’ -l- 5y = 3z2.
< Tonomunm z = ef, canran z > 0. Torna y,, = e~ y,, AN Ca (TR TA R
¥ Hallie YPaBHEHHe npumeT pun e?t-e "2 (i —yp) — 3et-e "ty +5y = 3e, wm

Yie — 4y, + 5y = 3¢

Obuiee peleHye yo COOTBETCTBYIOIICTO ONHOPOTHOTO YPABHEHUA ECTh Yo =
= e®(Cy cost + Cysint), a wactHoe pememxe Y HEOJHOPOOHOIO ypanHe-
HUA GyIIeM UCKATh B BILIC 7 = Ac®. Torma §' = 24e*, " = 4A4e*, n,
noACTaBAAA Y, ', Y'' B HCONHOPOXHOE ypaBHeHHC, HpHXO}ZmM K TOMIECTBY
Ae?t = 3e*, orwyna A = 3. Cnemosatennuo, ¥ = 3e?t, u ofuiec perenne

HEOXHOPOAHOIO YPABHEHHUA €CTh Y = Yo+Y = e”(Cl cost+Czsint+3). Boa-
BPAILAsAC, K NMEPBOHAYAILHON HE3aBUCUMON MEPEMCHHON &, MOIYIUM OKOH-
YaTeJIbHO

y = 2%(Cy coslnz + Cosinlnz + 3).

Ecau yuurteiBath caydait < 0, To o6iirce pelueHne MOKHO 3alMCcaTh B
BUJE, OXBAaThIBaloLIeM oba ciaydas:

y = 2*(C) cosln|z| + Cosinln|z| + 3). >
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Mpumep 23. Haiitu obuiee pelieHue OXHOPOIHOIO yPABHEHUA Jiepa
(z+2)%y" + 3(x +2)y' — 3y = 0.
< Tomomum y = (z + 2)*. Torma umeem y' = A(x + 2) y
= AA—1)(z +2)*2. Moxcrasnsem seipamenun y, y', y" B 3amaHHoe ypas-
HEHMC, TMOJYYHM XapakTepuCTHUecKoe ypaBHeHue A2 + 2\ — 3 = 0, xopuu

no__

A—-1
)

kotoporo A; = 1, A» = —3. CnenmoBatensHo, ofiuee pelIeHe ecTh QYHKIUA
&
=C 2)+ ———.
y (T + )+(:1:+2)3 >
Haittu ofmue peruenus ypasHeHuit Jitnepa:
10.377. 2%y" 4+ xy' +y = 0. 10.378. 2%y" + 2/ + 4y = 10z.

10.379. z2%y" — 6y = 12Inz.
10.380. z2y" — 3zy"” + 3y’ = 0. 10.381. z2y" — 2y’ = 0.
10.382. (2z + 1)%y" — 2(2z + 1)y’ + 4y = 0.

8. Kpaesnie 3amauu B ciayyae JuHeHHBIX Iu( depeHIMAIBHBIX ypaBHe-
Huit. Bo MHorux ¢uavuecKux 3agavax NPUXOOUTCA MCKATh pelleHue aud-
(epcHUIMANBHBIX YPABHEHUI! He MO 3aJaHHBIM HAUaJbHBIM YCJIOBMAM, a IO
HX 3HAYEHUAM HA KOHLAX MHTepBaja. Takue 3amaud MOJAYUMIM Ha3BaHUE
xpaesuir (epanunnbir) 3axad. 00Ut BUL KPAEBLIX yCIOBUMN IJIA MHTEPBAJa
(a, b) B cayuyae ypaBHeHU 2-TO NOPAXKA TAKOB:

aoy(a) + foy'(a) = A, ary(b) + f1y'(b) = B, (20)

rae g, a1, Bo, B1 — OOHOBPEMEHHO HE PABHBIE HYIIIO 3aMaHHBIE IOCTOAHHBIE.
Kpaesble yCiioBuA HA3LIBAIOTCA 00HOPOJHbIMU, ECAU U3 TOTO, YTO HYHKIUM
y1(z) 1 y2(x) yOOBJAETBOPAIOT STUM YCJIOBUAM, CIAENYCT, YTO U MX JUHEHHAsA
wombunanua y(z) = Cryi(z) + Caya(T) Tarme yHOBJIETBOPAET 3TUM YCIO-
susaM. Kpaessie ycnosua (20) npu A = B = 0, oueBUnHO, OGHOPOTHLL.

Kpaesble 3agauu He Bcerna paspewmsl. Ilpu peruenun xpaesBoit 3agayu
CHavaja HaXoOMTCHA O0LIee PellleHre NAHHOrOo Aub¢epeHnualbHOr0 ypaBHe-
HUA, U U3 TPAHUUHBIX YCJIOBUIl MOJIYYaeTCA CUCTEMa IJIA ONpEeHedeHUA 3Ha-
yennt moctoanusix Cp, Cy, ..., Cp, NPU KOTOPBIX U3 OOLLErO PeEIIEHUA
IOJIyYaeTCA PCILeHUEe NAHHOW KpaeBoit 3amauu.

Ilpumep 24. Hatttu pewenue ypasHenusa y'’ + y = 1, ynosaeTsopszo-
wee yeaosuaMm y' (0) = y'(w) = 0.
< Ucxonxoe ypasHeHue MMeECT ofluee pelieHue Buaa

y==Cicosz+ Cysinx + 1.
W3 rpanuunsix ycnosuit moayuaem: y'(0) = C; = 0m y'(m) = —Cy = 0,

tax uto (pyHsuuA y(z) = C cosz + 1 yIOBAETBOPAET IPAHNYHBIM YCI0BUAM
npu mo6om C. > ’

Ilpumcep 25. HadiTu yacTHOe peuieHUe ypaBHEHUA

yv' -2y +2y=e",
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YOOBJIETBOPAIOLIIEE KPAEBbLIM YCJIOBUAM
™ ™
y(0) +y (5) =e™?, ' (0) +y (5) =1L

< Xapamepncmqecnoe ypasHerue A2 — 2\ + 2 = 0 uMmeer KopHM A2 =
= 1+i. Obmee peuenue COOTBETCTBYIOLIETO OAHOPOAHOTO YPABHEHHA CCTh
yo = €*(C; cosz + Cysinz).

Yactroe DEILEHUE HEONHOPOXHOrO yDABHeHHA fynem uCKaTh B BUOC § =
= Aé®. HOIICTaBPIB 7 = Ae® u ' = Ae® B DaHHOE ypaBHEHHE, NOIYINM
Ae® = €, orkyna A = 1. Hrar, § = e, u obuce pelienne UCXOZHOIO
yPaBHEHUA MUMEET BUL

y=¢*(Cicosz + Cysinz + 1).
Haiina
Yy =" (Cycosz + Cysinz + 1) + e*(—C sinz + Cy cosz),

ucnosib3yeM Kpaesbie yciiosua. Ilonyyum cucreMy ypaBHEHUH HJIA OIpepeste-
Hua Cp u Cy:

(C1+ 1) +e™2(Cy + 1) = e™/?,
(Cr+Co+1)+e™?(~Cr1+Co+1)=1.

Pewtus 31y cucremy, Haxogum

e" —1—e/? 1 - 2¢™/2
= ()= —
G ’ ? 1+e™

)

T.€. MCKOMbIM YaCTHBIM DELICHHUEM ABIACTCA (pyHHI.II/Iﬂ

fe"—1—¢"/? 1—2e™/?
y=¢e" (—-I:—g;——-—cosx-l—u_—eﬂsm:t+l>. >

Haiitu pemenus nud pepeHINANBHBIX YPABHEHUH, yIOBIETBOPAIO-
1€ 3aTAHHBIM KPAEBbIM YCJIOBHAM:

10.383. v —y =0; y(0) =0, y(2r) = L.
10.384. v" —y =0; y(0) =0, y(1) =1.
10.385. v +y =0; ¢/'(0) =0, ¥'(1) = 1.
10.386. v" +y =0; ¢'(0) =0, 3/(r) = 1.
10.387. vy’ + ¢ +1=0; y(0) =1, y(1) = 2.

T
" — 1. _ T\ -
10.388. 3" +y =1; y(0) =0, y(z) 0.

10.389. yy' + 1/ +yy" = , J(O) =1, y(-1) =0.
10.390. 2y —2zy' +2y = 22; y(0)+2y'(0) = 1, y(1)—y'(1) = 0.
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9. 3agauu gu3uyecKoro xapakxrepa.

10.391*. MaTepuanbHasa TOYKA MACChl M IBUMKETCA IPAMOIMHCHHO
nox ACHACTBUEM CHJIBI IPUTAREHUA K HENOABHUAHOMY IEHTDPY, NPOIOp-
IMOHAJLHON PACCTOAHMIO OT TOUKH 10 HEHTpA (K03 GHuHEHT IpONop-
nuoHanbHOCTH k > 0). Cuita conpoTuBIeHusA CPCIbl IPOMOPUUOHATILHA
cropoctu (k03¢ huuyeHT nponopumoHansHOCTH A > 0). B Havaan-
HBIf MOMEHT DACCTOAHHE OT TOYKM JO LEHTPa PaBHO @, & CKOPOCTD
HallpaBJIeHa II0 IIPAMOMH, COeTUHAIIEH TOUKY ¢ IEHTPOM, ¥ paBHa vUg.
HaitTit 3aK0H TBUMAKEHMA TOYKM TPU YCIO0BUH, UTO A2 < 4mk.

10.392*. MarepnannHas TOUKA MACCHI 1M IBIKETCA MPAMOJIMHEHO
T0J, IefiCTBHEM CHJILI OTTAJKUBAHUA OT HENONBH/KHOTO LCHTPA, MPO-
MOPUMOHAILHOI PACCTOAHUIO OT TOYKH 10 HEHTpa (K03 uumeHT
nponopuuoHamsHoctd k > 0). Cuia conpoTuBienus cpegbl Mpomop-
IHUOHAJILHA CKOPOCTH (03¢ GuuueHT mpomopuuoHaasHOCcTH A > 0).
B HavaaLHbI MOMCHT TOYKA HAXOTUTCA HA PACCTOAHHM @ OT IEHTPA,
CKOPOCTh PaBHA ¥y M HANpPABJIEHA IO NMPAMON, COCIMHAIIEN TOUKY C
uenTpoMm. Haitti 3arxoH OBUKEHHA TOYKH.

10.393*. Yaraa mmuHHAA TpyOKa BpAIACTCA ¢ HOCTOAHHON yIIOBOM
CROPOCTBHI0 W BOKPYT IEPIEHIWKYIAPHON K HCH BepTUKAJILHOR OCH.
Olapux, Haxomaaiuuiicsa BHYTPH TPYOKM, CKONL3UT 10 Heit 6e3 TpeHus.
Haittu 3aKoH ABUMeHUs LIAPDUKA OTHOCHUTENLHO TPyOKH, eciu:

a) B HAYAJBLHBLIA MOMEHT IUADMK HAXOMUJICA HA PACCTOAHMH G OT
OCH BpAIIEHUA, HAYATLHAA CKOPOCTDL LIAPUKA PABHA HYIIO;

0) B HaYAALHBIA MOMEHT LIAPUK HAXOTHWJICA HA OCH BPAILCHUA W
MMEJ HAaualbHYI0 CKOPOCTDh .

10.394. Ysxaa mamHHAA TPyOKA BPALAETCA € NOCTOAHHOMN yriloBoi
CKOPOCTBI0 W BOKPYI' ICPHEHIUKYIAPHON K Hel BCPTUKAILHOM OCH.
Mapuxk, HaxopAuMicA BHYTPH TPYOKH, CKOMBL3UT N0 HEM ¢ TPCHHUEM,

T
BeJIMYNHA KOTOpOro R = 2771qu, roe 4 — KO3 (PHUHEHT TpPEeHUA
croanReHnA. HaliTy 3aK0H IBMKEHMA IIAPHUKD, CCJIM B HAYAJIBHbBIHA

MOMEHT LUIAPHK HAXOMWJICA HA PACCTOAHUM ¢ OT OCH BPAUIEHHUA U Ha-
JaJibHaA CKOPOCTL €T0 PABHA HYII).

10.395*. Tamenaa oqHOPOIHAA LCHb NEPedpoLIeHa Yepes TIIafKuil
TBO3Nb TaK, UTO C OXHONM CTODOHBI CBMCAET 4acTh €€ IJIMHON 8M, a
¢ mpyroit cTopoHnl — vacTh aauHO# 10M. 3a wawoe Bpema T  menn
COCKOJIL3HET C IBO3IAT

10.396*. I'py3 maccoit 4 Kr noHBELIEH Ha NPYKUHE U YBEJIMUYUBAET
ee mmuHy Ha lcm. HailTu 3aKoH IBIJREHHMA Tpy3a, €CJIM BEPXHUHA
KOHel NMPYRMHbLI COBCPLIACT BEPTURAJILHOE TaDMOHHUUECKOE KojJebanue
y = 2sin 30t (cM) 1 B HAYANLHLIK MOMEHT IPY3 HAXOIUJICA B COCTOA-
HUM I0KO0A (CONPOTUBICHUEM Cpenbl npeHebpeus).

10.397*. DucKTprUeCKan Hellb COCTOUT U3 NOCJICIOBATEILHO COEIU-
HEHHLIX MCTOTHHUKA TOKA ¢ 9. 1. C. e(t) = Fsinwt, unnystusHocta L,
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conporusienna R u emrocrm C, mpuuem R?C — 4L < 0, w #

1 R? . ,
# 0 12 Haittu TOK ¢ B uenu Kax (GyHKUMIO BPEMEHH ¢, e
di
o = —|  =0.
ilt=0 dt|,_,

10.398*. uexrpuueckas Henb COCTOUT U3 HOCIENOBATENLHO COCNH-
HEHHBIX MCTOYHMKA TOKA € 3. 1.c¢. e(t) = Esinwt, uanyrrusnocta L

u emxoctu C, npuyeM w = (cayuait pesonanca). Hafitu Tok 1

di
dt|,—o

10.399. Jnexrpuyeckad Henb COCTOUT U3 HOCJIENOBATEILHO COEIHU-
HEHHBIX MCTOYHMKA TOKa € 3.4.C. e(t) = Fcos (wt + @), uHAyKTHB-

E‘_
Q

B LENU KAk (YHKIMIO BPEMEHH ¢, €CIH 14— = =0.

Hoctu L u emroctu C, mpuveM w = . Haittu Tok ¢ B nenm Kan

di
dt

3-
Q

= 0.
t=0

(byHKUMIO BpeMeHH {, eCin i|i=g =

§ 3. Cucrembr mud depeHIHaTbHBIX yYPABHEHHH

1. OcuoBuble monA™AA. CBA3B ¢ MU depeHHATPHIMM YD aBHEHUAMMU
n-ro nopanka. Ecau cucrema k nuddepeHunanbHbIX ypaBHEHU, CBA3LIBA-

I0IlIaA He3aBUCUMYIO TepeMeHHyo T u k dyuxmuit yi(z), ..., yi(r), pas-
peleHa OTHOCUTEIHHO CTAPIIMX IIPOM3BOXHBIX 3THX (QYHKIMI y&” l)(:1:),
. yfcp")(x), T.e. UMeeT BUI
-1 ~1
ygp‘)(x)=f1(x, yl,...,yip‘ ),...,yk,...,yff" )),
-1 ~1
yépﬂ(‘z‘):fé(‘z! Y1, "':ygpl )y y Yky « -+ )ykpk ))1 (1)
-1 -1
yf;pk)(x)sz(xa yla"‘aygpl )a"'iyka‘”ay}cpk ))1

TO OHAa HA3bIBAETCA KUHOHUYECKOU, IPUYEM YHCIO N = P; + P2 + ... + Dk
HasbIBaeTCA nopadxom cuctembl. Kauonuueckas cucrema (1) mpu p; =
= p2 = ... = pr = 1, T.e. cucreMa nuddepeHnMANbLHBIX YpPaBHEHUN
1-ro nopangka

y’l(x) = fl(xa Yty --oy yn),
y’2(x) = fz(CL', Yy ooy yn)y (2)
y;(m) = fn(x, Yty v vy yn),

Haa3blBaeTCA HO])MaJleO’l'l', cucTeMoin nopx@na n.
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Pewenuem cucmembt (2) Ha untcpnaie a < z < b Ha3bLIBAETCA COBO-
KymHOCTh GYyHRUMH ¥ = @1(z), ..., Y = ©p(z), HempepsisHo mud dhepen-
nupyembIx Ha (a, b) u obpalaniyX yPaBHCHUA cucTeMbl (2) B TORACCTBA
OTHOCUTENBHO T € (a, b).

Hwmeepasom HopManbHoil cuctembl (2) HasblBacTCA  (yHKUMA

U(z, Y1, - -+, Yn), ONPENENCHHAA U HCOPEPHIBHAA BMECTC C 9ACTHBLIMU HPO-
v

ov a¥
M3BOOHBIMU ——, —, ..., —— B HEKOTOpOH obnacti D usaMeHeHid mepe-
Oz ayl ayn

MEHHBIX M IPUHUMAIOLIAsA NpH m00bix & € (a, b) m0CTOAHHOe 3HaueHUe Tpu
IOACTAHOBKE B HEE IPOU3BOJLHOLO PEILEHHA CHCTEMBbI.
Pasencrno

\I/(ZE, Y1, ---,yn)——-C,

roe ¥(z, y1, ..., Yn) — MHTECPAT HOPMAIBLHOH cucTeMbl, a C' — npou3BOib-
HafA NOCTOAHHAf, HA3LIBAETCA NEPEblM UNMELPaLoM CUCTEMBI (2).
IudpepennuanbHOe ypaBHEHUE N-TO TOPALKA

y = f(@,y, 9, ..,y Y)

MOKHO CBCCTYM K HOpMaltbHOM cucteme (2). O6parno, cuctemst (1) umu (2)
B GOMHIIMHCTBE CIAY4aen CBONATCA Kk AU (CPeHIMaNLHOMY yPABHCHUIO N-I0
MOPSKA, PELIas KOTOPOe MOKHO HAMTH M PeLICHUE UCXOTHON CHCTEMBI.

Mpumep 1. Ipusecty naHOHMUECKyIO cucTeMy DuddepeHuMaabHbIX
YpaBHEHU N

vt = 2y1 — 3yo,
Yy =y — 2y2

K HOPMaJILHOMY BURY.

< llonomum dy, =y U Ed—gﬁ = y4. Torma manHy0 cucTeMy MOMKHO 3aMHCATh
B BIIE dr dz

Y1 = Y3,

Y2 = Ya,

Y3 = 2y1 — 32,

Vi =1 — 2y,

KOTOpAan M ABJACTCA HOPMAaJbLHOH cucremoit 4-ro mopamka. >

lpumep 2. Ipusceru K HOpMaNLHOH cucTeMe mUdQepeHnranbHoe
ypasuenue y" (z) + k*y(z) = 0.
< Tonomum y' = z, rorna y"' = 2/, u ypaBHeHHE IPUBOAMTCA K HOPMAJbLHOM
CHUCTEME yPaBHEHHI

[ —
y =z,
!

2= -ky. >
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Hpumep 3. Coectu cucremy ypaBHEHMI

y’:y——-:’

2=

(3)

i

|
N

<<
4

N

rne y = y(x), z = z(z), ® ypaBHeHMIO 2-rO MOpPAXKA W HANTH peLIeHHe
CHCTEMBI.

< Haiizem z(r) us nepporo ypasuenun: z = y — y'. Orcroma umcem 2’ =
= y' — y". lomcraBup 3HA4YCHMA 2 U z' BO BTOPOC yPAaBHEHME CHUCTCMEI,
nosyanM ypasuernue y'' — 2y’ — 3y = 0, o0LIMM peLICHAEM KOTOPOTO ABIACTCA
QyHKIUA

y(z) = Cre " + Cye®®.
Ozrcroma, ucnonn3ya paBeHcTso z = y — y', HaltmeM
2(z) = Cre™® + Cpe®® + Cre ™ — 3Cye®® = 20 e7% — 20,e37.
TaxuMm 06pasom, npu a00bix nocroAHHbIXx C1 1 Cy cucteMa (yHKIMA

y=Cie ™ + Cre’, (4)
2z =201e"% — 2C,€3"

ABJAETCA PELICHHEM HICX0IHO cucteMmbl (3). >
damaua Kowwn mna cuctemsr (2) craBurcsa caenyromwum o6Gpazom:

Haifitu pewenue yy(z), ..., y,(x) cucremsr (2), ynoaersoparoliee Havamb-
HDLIM YCJIOBHAM

yi(zo) = 4), ¥2(%0) =93, ..., yn(x0) =12, (5)

rae ¥, ..., ¥® — samaunmbie wicna.

Teopema Kowwu. IHycmov npasvie wacmu fi, fa, ..., fn HoOpmaao-
not cucmemut (2) onpedeacnvt 6 (n + 1)-mepnot obaacmu D usmenenus
NEPEMEHNBIT T, Y1, - .., Yn. Ecau 6 nexomopoi oxpecmunocmu A mouxu
Mo(zo, 39, ..., ¥2) € D dynxnyuu f, HENPEPLIBHDL U UMEIOM HENPEPLLEHLLE

v
waACmHblE NPOUIBOIHBLE Ty, 110 TEPCMENNBLI YL, ..y Yn, TO CYWeECTIOYEM
Yj
unwmepeaa To — h < © < xo + h uamenenus nepemennoi T, 6 Komopom
cywecmeyem u npumom eduncmeennoe pewenuve cucmemvt (2), ydosae-
MBOPAWEE HANGLALHBIM YCA08UAM (D).
Obwum pewenucm cucTeMbl (2) HA3HIBACTCA COBOKYIHOCTS (Y HKIUA

yu('lf, Cla"'ac'n)a V=1$27"' y 1y (6)

3aBUCAIINX OT 7 NPOU3BO.ILHBIX [I0CTOAHHBIX, KOTOPLIE IPU JHO0BIX HOMYCTH-
MbIX 3Hauenuax nocroaHHeix Cp, ..., (), o0palianT ypaBHEHUA CICTCMbI
(2) B TomnectBa, 1 B 0OMACTH, B KOTOPOIl BLINOJHEHB! YCIOBHA TEOPEMbI
Ko, n3 coporynuoctn ¢pynrumit (6) MOMRHO NOJYYUTH peliieHue 000t 3a-
naun Komu.



334 I'n. 10. /[IudppepeHumanbHele ypaBHEHUA

Mpumep 4. llorasats, uto onpeneneHHaa paseHcTBamu (4) cuctema
(hyuruu# asnAerca obwuM peuteHueM cuctems! (3) (cm. mpumep 3).
< B rauectse obnactu D maa (3) MoxHO B3ATH o6nacth —00 < T, Y, 2 <
< + 00; IPH 3TOM LU JKOOBIX Tg, Yo U 2o U3 ITOH 00JaCTH BBHINOJHEHbI
ycnosua teopembl Koumm. llopcrasus smauenusa g, yo, 29 B cuctemy (4),
nonyunm cucremy midA onpenenenua Cy u Ca:

Yo = Cre™ " + Cae®,
2o = 2Ce™%0 — 2026310.

OnpenenuTens 3TOH CUCTEMBI

1 1

— _Ap2T0
1 -1 = 4e

A = 2¢™

OTJIMYEH OT HynA Ipu a1060M To. CremosaTensHo, Ipu JAHO0LIX Yo U Zg YUCHA
C; u Cy onpenenAwIcA OOHO3HAYHO, T.€. U3 cucTeMbl GyHknui (4) mMomHO
nony4uTh A060e pemenue 3agaun Kowmm pna cucremsl qud GpepernnanbHbIX
ypaBHenuii (3). >

yrem wmcrirouenus napamerpoB a u b Haiitu cucremy nudde-
PEHUUANbHBLIX YPDABHEHUU, ONpenelAINX ceMelicTBa JUHUN B IpO-
CTPaHCTBE:

oz + z = b,
10.400. { U242 = B2,

Hud pepennuanbubie ypaBHEHUA HWIM CUCTEMbI 3aMEHUThH HOD-
MAaJIbHBIMU cHcTeMaMu nuddepeHnuanbHbBIX ypaBHeHU (£ — Hesa-
BHCHMAsA IlepEeMEHHAA):

10.402. " — zyy' +y'° = 0.

10.403. y"V — y? = 0.

10404. ' =y + 2, 2/ =2 +u, v =u' + 9.

10.405. 2" +2 -2y =0, ¥y +2z—y ==.

10.406. ' — z—u =0, 2' +uz =22, u" = —zy.

y =az + b,

.401.

[Iposeputs, uro ¢pyuruuu y(z) u 2(z) ABAAITCA PELICHUAMH CU-
creM nud epeHuMaNbLHLIX ypaBHEHUIN:

y =2
10.407. 1 z y=e %2 z=2¢%/2,
2 =—;
Y 2
Y
y=1-- z 1 z 1
z — T 4 ez X _ 2
10.408. Y=g+ r=elog -

2
z’=y+z+—y—1;
T
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IIposeputs, uro pyuruuu ¥(z, y, z) ABIAITCA HHTCTPATAMU NaH-
HBIX HOPDMAaJbHBIX CHUCTEM:

y = i ;
10.409. Y(z, y, 2) =z +y + 2; , yyz
z—z_y-
, 3z —4z
YTy
10.410. U(z, y, 2) = 22 + 2 + 2% , Ay -2z
T 223y’
y' =2
1 1 %
10.411. \Il(:v,y,z)=§—;§ g2
Yy

2. Merompl MHTErpUpoOBaHHUA HOPMAJbHBIX cucTeM. ONHUM M3 METOIOB
pelienua cucTeM Jud pepeHUalbHbIX YPABHCHUHN ABIACTCA METOI UCKITIOYE-
HUfA HEH3BECTHbIX, KOTOPLIMf CBONUT CUCTEMY yYPaBHEHU K ONHOMY MU He-
CKOJBKUM Au@depeHnuatbHbIM YPABHCHUAM € OOHOI HEM3BECTHON (yHK-
uneit B kamnoM. lloAacHuM 3T0 Ha npumepax (CM. Takme mpumep 3).

HIpumep 5. Haifiru obmee peuenne cucremsl nuddepeHnHaIbHbIX
ypaBHEHUit

dy _ 3 dz  2?
de = 7 dz oy

W WaCTHOE PEILIEHIC, YHOBJETBOPIOLIEe HAMAILHBIM YCIOBHAM y(1) = 1,

z(1) = —-1/2.

< Mponud depennnpyem obe 4acTu NEPBOrO YpaBHEHHA NO T, NOAYYUM y'' =
2 2

P
= — 2/, Tax wax ua Broporo ypasHenua z' = —, 10 y"’ = ——, HO u3
y
nepsoro ypasHeHna z> = (y')%, mosTomy cucTeMa IBYX ypaBleHUH mepBOro
"2
(y
MOpAMiia CBEJach K OIHOMY VPABHEHHIO BTOPOrO Hopaaka y'’ = ———)—, T.€.
Y

Kk ypasuenmo yy” + (y')? = 0.
AY ! 1
JleBast wacTh mosyueHHOro ypasHenusa ecto (yy')’, mostomy yy' = —2-01,
1 1. 1 1
orkyna y dy = -2—01 dz w 5y* = §Clw + 50, ey =+/Ciz + Cp. Us
2 2 c
o :FQ\/ Ciz+ Cy '
Cuctema pyuruutt y = £/Ciz + Cy, 2z = ———1____ o6paayer obuce
q)) Yy 1 2 :F2m paasy

pelIcHe 3a7aHHOoM cucTeMn! IH(HepeHINAILHLIX VPABHEHMI.

MepBOro yPaBHEHUA CHCTEMbI mMeeM: z = —y', T.e. 2z =
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JlnA HaXOROEHUA YACTHOIO PELeHMA HCIIb3YeM HAYAABHLIC YCJIOBHA
1 1 Cy
1) =1, 2(1) = —=. Umeem: 1 = /C1 +Cy, —2 = ———===,
orsyna C; =1, Cy = 0.
1
Urax, napa ¢yukmuit y = /2T, z = ———= ¥ CCTL HCKOMOC TACTHOT

2Vz
pellesye CUCTeMbI. >

He Bcakyio cucreMy nuddepeHnuanbHbIX yPaBHEHMI MOKHO CBECTH K
OIHOMY ypaBHEHHIO.

IIpumep 6. lloxaszats, 4TO CHCTEMY ypaBHCHUI
/ 'yl
y=zxy, z+yYy =z+uzy

HEeJL3A CBECTU K ONHOMY yPaBHEHHIO.

< JeficTBUTENBHO, IOACTABUB BO BTOPOE ypaBHCHUE BMECTO ' CrO 3HAUEHUC
TY, NOJIYYUM OB HC CBA3AHHBLIX MemIy cobolt auddepeHnuanbHLIX ypaBHe-
HUA, KaKI0e U3 KOTOPbIX COIEPKUT TOJNBKO OOHY QYHKINIO:

Yy =zy, 2=z

(W3 sTHX ypaBHCHUM HAXOOUM Y = Cre*’ 2y 2 = Cae®.) >

I pyrum METOIOM MHTErpUpPOBAHUA CHCTEM I PepeHIMANILHLIX YPaBHe-
HUH ABJIAETCA METOH BBIOEJEHHUA HHTErPDUPYEeMLIX KOMOUHa-
OUH, T.€. NOJIYIEHUA U3 CUCTEMbI (2) TaKOro ypaBHEH, KOTOPOC MOKHO
NPOMHTErPUPOBAThH U MOJAYYUTH NMEPBBI MHTErpaj cUcTeMbl. Kcau HailmeHb
7 He3aBHCUMBIX MEPBBIX MHTErPaJIOB CUCTEMBI (2), TO MX COBOKYHOCTDL JaeT
obmuit uHTEerpasa 3Toit CUCTEMBI.

Ipumep 7. Haiitu obmumit uHrerpan cucreMsl Iud HCpeHunaabLHBIX
ypaBHeBuUi

dy _z+e¥  dz 22 — ety

dt  z+e*’ dz z+e"
< YMHO®HM 06€ YacTH BTOPOr0 yPaBHEHUA CUCTEMbI Ha €~ % U CJAOKUM UX C
COOTBETCTBYIOILMMYU 9aCTAMH IEPBOr0 YPABHEHUA U C TORICCTBOM —e~ %z =
= —e %z, noayuuM (e"*z)' +y' =0, orkyna e~z + y = Cy. 910 nepsuIit
HHTErpall CUCTEMbI.

Tenepb yMHOKNM 00€ 4acTH BTOPOTO ypaBHEHHMA HA €~ ¥ U CJORUM C

_, z2+eY _
paBeHcTBamMu —e Yzy' = —e yz——_{_——; uz' =1, nonyaum (¢ ¥z) + ' =0,
z+e
otsyma e Yz + z = Cy. 9T0 TOMe mepBbIit HHTerpai cucTeMmbl. Tan Kan
AKOOUAH CUCTEMBI
e *z+y=Cy,

e Vz+x=0Cy
OTNIMYeH OT Hyaa (mposepbTe!), TO 062 MEPBBIX MHTErpala HE3ABHCIMBI

Memay coboit, T03TOMY UX COBOKYMHOCTh HEABHO ONpemciser obLiee pelicHue
3adaHHOI cuCcTeMbl ypaBHEHUH. >
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Ilna BBIDENCHUA MHTErPUPYEMbIX KOMOUHANMA U3 cuctemsl (2) mociaen-
HIOK ymoOHCC 3amucaTh B TaK HA3BIBAEMOM CHMMETPHYCCKOI (hopMe:

dyr _ dys _ AYyn _dz
Ay, -y fo(zyn, oo ym) T @y 1
(7)
Uj U
U MCNOAb30BATh CAENYIOIIEe CBOUCTBO PaBHBIX apobeft: ccm — = — =, .
U1 V2
u
.= — =, T0 npu MOBLIX Q, ..., Qp UMEET MECTO CONTHOIICHUE
Un
aiu; + aaug + ...+ aply . (8)
011 + 0oy + ...+ o, )
Yucna o, ..., 0, T0O6UPAIOTCA 00BIYHO TakuM 00pa3doM, UTO0LI UUCAHTENE

B (8) 6bl1 momHLIM OudGEPEHIMAIOM 3HAMEHATENA MM /Ke 3HAMCHATEIL
ObLI paBeH HyIH0.

B coorsowenuu (7) HesaBucuMasn nepeMeHHAA ¥ UCKOMBIE (yHKIMH Pan-
HOTIPABHHI.

Mpumep 8. Haiitu obwiee pelreHue cUCTeMbl ypaBHCHMIA
, _mz-=lz , nr-my
y = 1 ) “ = .
y—nz ly —nz
< 3anuileM CUCTeMy B CUMMETPHUUECKOH dopme:

dr  dy dz

l = — :’y
y—nz mz-lz nx-—-my

U BOCTIOMb3yeMceA cooTHowenueM (8). Bribupaem a1 =m, ay =nuaz =1,
TOrIa UMECM

dimz +ny +12)
0 = D
1.e. d(mz + ny +1z) = 0, oTryna
mz +ny + 1z =Cy. 9)
AHnanoruusbM 06pa30M Bmﬁupaﬂ ) = 2x, ap =2y ¥ (3 = 22, IPUXOLHM

x pasenctny d(z? + y? + 22) =0, orxyna
2 +y?+ 22 =CL (10)

Coornowenusn (9) u (10) 06pasy:or n8a MEpBbIX UHTErPaAIa CUCTEMbI, HOABHO
onpeneaawmux obmwee pelexue. >

Haittu o6mue pemennsa cucreM aud depeHIHUANBHLIX YPaBHEHUH:

10412, & 2L W _ 1 g4y 4 _dz_dy
dt  y dt =z zy ty tz
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10.415. — = — — =1 — 1
@t -t At et d TTYT
dy 2zy dz 212
10416 Y = =¥ L2 2TE
dv  x2—y?2 22" dr x?-—y?-22
017, L9 __dy
ot 12 try — 22
d
10.418. T W _d&

10419, — = —, — = —.
dt =z’ dt gy
Haitru obuiee pererue cucteMs! n1ud GepeHIMaNLHBIX YPABHEHMIA,
a TaKe YaCTHOE PelIeHue, yIOBJIETBOPAILIce 3aIaHHBIM HAYalbHbIM
YCIOBHAM:
dy z—-1 d- 1

10.420. — = — _— = ; 0 — ___1’ 0 — 1.

dx P ) dr y—z y( ) 2:( )

dy =z dz =z
10.421. — = — —_— = 5 — O = 1.

dr yz' dz y? y(0) = 2(0)

d

10.422*. Jlna cucremnl nud (epeHNMANLHBIX ypPABHEHHH E?— =
22—t dy ’

= = —z u GyHrnumit a) @) = t2 4+ 2zy; 6) @y = x> — ty
)

IPOBEPHUTh, ABIAKTCA Ju coorHowenuda ; = C (1 = 1, 2) nepsoiMu

MHTErpajlaMu 3TON CHUCTEMBL.

3. Quanueckuit cMbICa HopMaJbHOH cueremsl. i mpocToTnl orpaHu-
YUMCA PacCMOTPCHUEM CIICTCMBI ABYX Aud (epeHIHAILHBIX yPaBHeHUH, IPH-
yeM GyJen CYUTATH, YTO HC3ABUCHMAA MEPCMCHHAA ¢ eCTL BPEMA:

&= hit ),

11

y=f2(ta z, y) ( )

Peurenue x = @(t), y = () 310t CHCTCMBI CTL HELKOTOPAA KpUBAA

B miockocTd Oxy ¢ GUKCHPOBAHHON NEKAPTOBON MPAMOYTONBLHON CHCTEMOM

roopaunat. Ilnockocte Ory HAsbiBacTcA (Pa3060U NA0OCKOCNLIO, 3 KPUBAA

z = ¢(t), y = ¢¥({t) — dasosot mpaexmopueti cucremsr (11). Cama cu-

crema (11) naseiBaercn dunamuueckotd cucmemot. TuHaMutecKad cucTeMa

Ha3bIBAETCA a6Tnokomuol (cmeyuonaprol), eCau B NpaBble YacTH ypaBHe-
FUEL OTOH CHMCTEMRIT Bneveg & e BYNETT ABHWN 06PA30onL.
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Nunamuvecras cucremMa Ompenesiserl MO0Je CKOPOCTEH OBMAyLIeHcA B
MJIOCKOCTH TOYKHM B J060¥ MoMcHT spemenu t. Peurenune nuHamMuyecnoit
cucreMol £ = xz(t), y = y({) -- 9TO yPABHEHMC OBUCHUA TOUKH: OHU
ONPEIENAIT NOI0KEHUE OBUAYILENCA TOYKU B M0G0 MOMEHT BpeMeHH t.
Hauanbubie ycioBuA 3agar0T NOJOKCHUE TOYKUM B HAYaIbHBLI MOMEHT:
z(to) = xo, y(to) = yo. YpasHEHWA ABWKEHUA ONPENEJAIOT TAKKE U Tpa-
eKTOPHIO IBUAKCHUA, OyAyIM yPABHEHUAMHU 3TOH KPUBOM B MapaMeTpuuecrol
dopme.

Ipumep 9. Haiitu ¢a30Byro TpaekTOpUio aBTOHOMHON IMHAMUYCCKOM
CUCTEMBI
72
Y
npoxoaAmymo uepes Toury Mo (2, 3).
< Ilponud pepeniupyeM BTOpoe ypapHeHUE 10 ¢ M MOACTABUM BbIpajkeHuUe

12
s e . o y . VI
& = § uz =y B neppoe ypasHenue. lloayuum § = ~~—, wm yj — (y)* =0,

t=—, y=u,

T.€. OOHO ypaBHEHHe BTOPOrO NOPANKA C OXHOI HEM3BECTHOMN GyHKHUEH Y.
Pasgenum ofe yacTH MOCAEMHEro yDaBHEHHA HA Y° U NepemnuuIeM ero

d
ran: — (2) = 0. Orcrona ciemyer, 410 ¥_ Cy, unu - C dt, orsyna
di \y y y
Cit
y = Coe™1t.

Haiinem 9 = C;C2eC't u noncrasum Bo BTOPOE yPABHEHUE CHCTEMBI; TI0-
ayaum z = CCreC1t. Urax, cucrema dyuruut z = C;CreC1t, y = Crelrt
eCTh obuiee pernesye Halei cucTeMbl audQepennuanbHbIX yPaBHeHUI.

Uckmrouan u3 obiero pemenua spema t (Cre“'t = ), noayunm, uto
(ha30BbLIMM TPACKTOPUAMU CUCTEMBI ABJIAKTICA npAMble £ = Ciy, mpudem

uepes 3amaHHy0 Toury Mo(2, 3) npoxomur npamas y = 2% >

A yKasaHHBIX cHCTEM HATU (A30BLIE TPAEKTOPYH, IIP OXONAIINE
yepes3 3ajaHHbIE TOYKM Mj:

10.423. & = 1 — 2% — y?, = 2z; My(1, 2).
10.424. & = 1 — 22 — y2, § = 2zy; My(2, 1).
10.425. & = 2z, § == +2y; Mo(l, 1).
10426. t =y — 2, y =1y —2z; My(1, 1).
4. Jlunetisre oxHop omubie cucTembl. HopMmanbuan nuneiiHag OIHOpOIHAA
CHCTEMa N-TO TOPAIKA UMEeT BUI
1 = an )z + ae(t)ze + ... + arn(t) s,
Ty = ag (t)x1 + ag2(t)z2 + ... + azn(t) 2, (12)
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WM, B MaTPLaHOR Qopr-e,

X(t)=AWX), (13)
roe
an(t) ap(t) ... a(t) xl(t?\
A= (20 mO )] 2 | O]
ani(t) ana(t) ... aan(t) zn(t)/
B cbuactu HenpepbiBHOCTH KO3 diUeHTeB ai5(t), i, j =1, ..., n, cu-

creMma (12) ynoBIeTBOPAET yCAOBUAM TCOPEMBL CYIIECTBOBAHMA 1 €MIIHCTBEH-
HocTH pemenua 3agauu Komu.

Dyndamenmaavnotl cucmesot pewenuii cucremn! (12) nagwinaerca
COBOKYTIHOCThH NPOW3BOJLHBIX 7 JMHEHHO He3aBMCUMBIX peuteHuit X (1) =

= (xgk)(t), 2P, .., x%k)(t))T, k=1,2,..., n
Ecnu Xg(t), k=1, 2, ..., n, — QyHaaMeHTaJbHaA CUCTEMA peLIeHuil
n
cucremer (12), To obmee pemenne nmeer sun X (1) = Y. Cr Xk (t), rae Ci,
k=1

C,, ..., C;, — npOU3BOILHLIC NOCTOAHHBIE.
Hurerpnposanue cicrerinl (12) o6bI4HO MPHBOLUTCA METONOM HUCK/IIOUE-
HuA (cM. npumep 3).

Petutt, cucreMsn! JuHEHHBIX 1u(depCHINANBHBIX YPaBHEHMIA:

dy Yy dz 2y =z
10427, == = - L 4 gz, — =-"2 42
dz T +aoz dr 3z
d d
10.428. 222 = —y + 2z, 2 = 2y + 2z,
dzx dx
10429. 5 = 4, g=-2
t t
2 t+2
10.430. & = —Za, y=y+ _j:—x

B wactHoM ciyyae cucTeM ¢ MOCTOAHHBIMHU KO3GGOUUMEHTa-
Mu, korga marpuna A(t) B mpasoit wactu (13) e 3aBucuT OT ¢, IJIA OTHIC-
KaHuA QyHIAMEHTAIbHON cucTeMsl pewesut Xy (¢), k =1, 2, ..., n, moryr
OBITH UCIIONIb30BAHBI METOOBI JIMHEHHO! ayuredphl.

W3 xapaKTepucTHYeCKOr0 ypaBHEHUA

det (A — AE) = 0 (14)

HAXOIATCA Pa3NNYHbIe KOPHU A1, A, ..., Ay ¥ IJIA BCAKOrO KOpHA A (C yde-
TOM €ro KPaTHOCTH) ONpPENEIALTCA COOTBETCTBYIOIEE €My YaCTHOC pelieHHe
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X)(t). Obwee pelteHne CHCTEMbI HMEET BHI
s
=Y CrX O (t). (15)
k=1

IIpu 3T0M BO3MOMKHBI CJAEAYIOIIME CIyYau:
a) A —— meficTBUTC/bHBIN KopeHb kpaTHoctd 1. Torma

(N

Y
A A .
XMy =yvWVer =] | M,
A
y1(1 )
roe YY) — cobersennbiit BEKTOp MaTpunbl A, COOTBeTCTBYOILUN COOCTBEH-

Homy 3naveriio A (1.e. AYN) =AYV Yy £ ),
Mpumep 10. Hajttu yacTHOe pelesue 0JHOPOXHOM CHCTEMDI
T, = 4x1 + 29,
Zg = 3x1 + 222,
T3 = 221 + 3z + 4x3,

yoosnersopsowee ycaosuaMm 1 (0) = 6, z2(0) = —6, z3(0) = 24.
< XapaxTtepucruueckoe ypasaenue (14) mas 370l CUCTEMBI UMEET BUI
4—- A 1 0
det(A—AE)=| 3 2-XA 0 |=o0.
2 3 4 -\

Ero ropuu Ay = 1, Ay = 4, A3 = 5. CoGcreedHble BEKTOPHI, HAaIpuUmep,
TAKOBBL;

3 0 1
YO =1 -9}, v®=|0}, v =11
7 1 5
Ilosromy
3 0 1
XA = [-9]et, XO)=[0]e', xOCa)=1]1]¢"
7 1 5

O1crona ofmee pewienue cUCTeMbI B cOoTBercTBuU € (15) umeer Bun
3 0 1
X(f) =C; | -9 Ct+02 0] et +C;3 |1
7 1 5
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Ilna HaxoMmOEHUA YACTHOrO pernedud rodcrauTel C, Cg, Cs omnpenenAaeM U3
CJIenyomei CUCTeMBI:

6 3 0 1
X(O) = “‘6 = 01 _9 + 02 0 + 03 1 =
24 7 1 )
3C, + Cs
= | -9C; + Cs |,

7Cy + Cy + 5C3

oryma C; = 1, Cy = 2, C3 = 3. OxoHuaTesbHO MJIA UCKOMOIO YaCTHOIO
pEeLIeHUA TOIyIaeM

z1(t) 3 0 3
Xt)=[z2() | =[-9)et+[0]e+| 3] >
z3(t) 7 2 15

6) A — womIueKkcHbIt Kopedb rpatHoctu 1. Torma wopuem xapawrrte-
puctuuecroro ypasuenua (14) AsnAerca Takme COMPAMEHHOE ¢ A YMCIO A.

Bmecro kommexcHbix wactubix permenutt XM (1) u XN (t) crenyer saars
neficteuTenbHbe YacTHble pemenua X\ V(1) = ReXN(H) u XMV(t) =
=Im XM(t).
Mpumep 11. Haittu obiuee pelresue cucremsl
z1(t) = x1 + o,
To(t) = —2z1 + 3zo.

< XapaxkTepucTU4eCcKOe ypaBHeHue

1-2A 1
-2 3-2A

-

UMCET KOMIIJIEKCHO CONPAKEHHbIE KOPHU A1 o = 2+1. Jlna HaxompeHus cob-
CTBEHHOIO BEKTOPA, COOTBETCTBYIOLLET0 KOPHIO A = 2 + ¢, H0JIiy4aeM CUCTEMY

(-1 -y + yM =0,
—2N + (1-i)pM =0.

llonaraa y§)‘) = 1, Haxonum yé)‘) =141, rT.e.

1 1 ;
M = N () = (2+i)t
v = (14) w xW = ()] ) e
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Ozrcrona mapa melCTBUTENLHBIX YACTHBIX PEILICHUN MMEET CAeYIOIUl BUI:

21
Ny 1 (240t _ e“' cost _ cost ot
)(1 (t) - Re((l + l) € T\ (cost — sin t) “\cost —sint e

2 o i
Ay 1 (2+i)t) _ e“*sint _ sint o
Xy (1) _Im<(l+i>e “ \e*(cost +sint))  \cost +sint -

Oxonuarensso (cm. dpopmyay (15)) noayuaem obmee peureHve

X(t):Cl( cost >e2t+02< sint )e”:

cost — sint cost +sint

_ Cicost + Cysint 2
=\(Cy +Co)cost + (Cy - C)sint ) €+ P

B) A — KopeHb kpatHoctu r > 2. Coorsercrsyromee 3T0My KOPHIO pe-
uteHue cucrems! (13) uierca B Buxe BEKTOpa

o 4ot 4. 4ol
1 2 -
XN () = ag ) 4+ 0(2 4.+ a.(zr)tr ! e (16)

)

o +aPt4 . oD

) .

K03 PUNUEHTBI KOTOPOro ai]), i=1,..,n; 7 =1,..., 7, onpemeiamrca
U3 CUCTeMBI JUHEMHBIX yPaBHCHUN, NOIyYaroeicA NprupaBHuBaHueM Ko3g-
(GUIMEHTOB IPU ONHHAKOBBIX CTENEHAX ¢ B Pe3ylbTaTe MONCTAHOBKY BEKTOpa

(16) B ucxomnyo cucremy (13).
IIpumep 12. Hatitu ofiuee pelieHue CUCTEMBI

iy (t) = 2z) — 2,
Z2(t) = 4y + 6z5.

< XapakTepucTu4yeckoe ypapHeHue

2-x2 -1
4 6-2A

\:(,\—4)2=0

uMeer sopedb A = 4 kpatHoctd r = 2. [loaromy uiueM pelesue CUCTEMBI B

BUIOE
_ z1(2) _ fa1 + Bt
x00 = (240) = (o )
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IoxcrasnaeM 3T0 BHIPAKEHUE B HCXOMHYI0 CHCTEMY U COKpamaeM Ha ett:

B1 1 201 — g 261 — 44
4 4 t.
(ﬂz + 5\ 8, day +603) T \ 4B, + 68,
IIpupaBEnBan k03¢ PUINEHTHI IPU OMUHAKOBBIX CTENEHAX t, NOAYUAEM:

B1+ 201 +a2 =0,
B2 — day — 2ap =0,

26, + B2 =0,
—28y — 48, = 0.
Tlonaraa a; = Cy u B = Cy, umeem B2 = —2C, u ay = —2C, — Cy. Taxum

obpas3oM, obliee pelreHne CUCTEMbl MEeT B

Cy + Cat
= YN () = 1 2 4t
X () = X() <—2(01 +C3) - 202t) e P

Petunts caenymwoinve cucTeMsbl JUHEHHBIX n1(depeHIaIbHbIX
ypaBHeHUH ¢ mocToAHHBIMU K03 duumnenrtamu. Tawm, rme maHbl Ha-
YJajbHbIe yCIOBHUA, KPOME 001I1ero pereHusa, HalTH COOTBETCTBYIOIIIEE
JaCTHOE pelleHue:

10.431. & =y, § = —2z + 3y.
10.432. z =z + 3y, y=—z +5y; z(0) =3, y(0) =1.
10.433. £ = 3z — 2y, y =4z + Ty; z(0) =1, y(0) =0.
10.434. & = 2z — by; = 5z — 6y.
10.435. 2 =z — 4y, y =2 — y.
10.436. z = —z + 2y, y = —2z — 5y; z(0) y(0) =
10437. 2=y, y=12, z2=u; z(O)—y() 0=1
10438. z =y+z2, y=z+z, 2=z+vy;
z(0) = —1.
10439. 2 =z -2y —2, y=—z+y+z, 2=2—2.
10.440. & = 5z + 2y — 3z, § =4z + 5y — 4z, # = 6z + dy — 4.

5. Jlumelinbie HeomHOpomHbIe cucTeMbl. HopMmanbuan nuHelHaA HEOmHO-
ponHada cucteMa gudpepesunagbHblX yPaBHEHUl MeEeT BULI

)
0) = y(0) =2,

I = au(t)xl + (112(t)l‘2 + ...+ aln(t)xn + f1 (t),
Ty = a9 (t)z1 + ag2(t)z2 + ...+ agn(t)xn + fo(t),
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rIe 0o KpaitHeit mepe onHa u3 GpyHkuui fi(t) He paBHA TOKIECTBEHHO HYIIIO.
B maTpuuHoit popme cucrema (17) umeer Bux

X(t) = A@Q)X (1) + F(t), (18)

T
rae F(t) = (fi(t), f2(t), ..., fa(t)) . MuTerpuposanue cucremsr (17) Mom-
HO IIPOBOIMTH METOIOM MCKIIOUeHUA (CM. Ipumep 3), OIHAKO HHOLIA TPENo-

4TUTeNLHee HaiiTU npemBapuTensHo pemuenue Xo(t) coorsercrsyromwelt (18)
OIHOPOIHON CUCTEMbI

X(t) = A1) X (¢) (19)

u waroe-1160 yactaoe pewesue X (t) cucremsr (18). Torma ofiuee peruenunc
cuctemsl (18) nmeer Bun

X (1) = Xo(t) + X (2). (20)

Ecau ussecrtsa gpynmamenranssaa cucrema Xi(t), k=1, 2, ..., n, pe-

weHuit ogHopogHo# cucremsr (19), To obwee pemenne X () MomHO HafiTH
METOLOM BapHALUU IPOU3BOJbHLIX NOCTOAHHLIX. MIMeHHO, nosnaras

X(t) = Cu(t) Xk (t), (21)
k=1

onpenensem ¢pyurnuu C(t) noncranosro#t (21) 8 cucremy (18). Yautsinas
TIPH 9TOM PaBEHCTBA '

Xi(t) — AW)Xr(t) =0, k=1,2,...,n,

NPUXOOUM K CUCTeME YPaBHEBUN OTHOCUTEILHO C’k(t):
n .
> Cr(t)Xk(t) = F(1). (22)
k=1

U3 sront cuctemsl vaxooum Ck(t) = ¢k (t) u, uurerpupys, noaydaem ¢yHk-

uun Ci(t) ¢ TOYHOCTHIO [0 NPOU3BOALHBIX nocToAHHbIx. llomcraBasaa ux B

(21), noayuaem uckomoe obiiee pelteHre HeomHOpoaHoM cucTemsr (18).
Mpumep 13. 3Haa pyHIAMEHTAILHYIO CUCTEMY pelIeHUi

Xi(t) = (i) e, Xy(t) = (_;) et

OOHOPOIHOI CUCTEMBI
Iy = 6.1'1 + Zo,
To = dx1 + 212,
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HaliTh ofluee pelIeHue HCOOHOPOAHOH CHCTEMBbI

T, =6z + 12 + ¢,
To = dxy + 2x9 + 1.

< Bocmonbayemca MeromoM BapHauMH IDPOU3BOJBHBIX NMOCTOAHHLIX. [in
dyuruuit C;(t) 1 Cy(t) cocraBum cucremy Buna (22)

Ci(t) G) e’ + Cy(t) (_;) el = G) .

G = e, G = Lt

Hattua

6
U IPOUHTErPUPOBAB, HONYYUM

r

2 1
Ci (t) = - (Et + 49) e + Cy, Cg(t) = -éte_l + Cs.

Takum ob6pa3oM, obLiee pelleHne CUCTEMDI 3alIUILIETCA B BUIE

X(t) = (_ (452t + 29) et +Cl) G) e’ + (%te“ + Cg) <_;> et =

2t 2
— L\ -1 t _7 - ;13
7T 49
Ecnu koad dunuentst a;;(t) cucremst (17) mocToAHHEL, T. €. ai5(t) = a4,
i,j=1,...,n,a pyusnuu f;(t) UMEIOT BUL MpOUSBEICHUH
(P(t) cos Bt + Q(t) sin Bt)e™, (23)

rae P(t) u Q(t) — MHOTOWIEHBI, TO YACTHOE pelreHue X (t) MOAHO HAHTH

METOJIOM HEOIpeeleHHbIX K03 GHIMeHToB, 3amucas X () B Bue, aHAIOrHY-
HOM (23), ¢ y4eToM COBIaJEHMA UM HECOBNANEHUA Yncea & £ i ¢ KopHAMHU
XapaKTEPUCTUYECKOr0 ypaBHEHHUA.
Caenyer uMmers B BULY, 4TO eCii kK — HAaubOJIbILAA CTEIIEHb MHOTOUIEHOB
P(t) u Q( ) B(23) u A = @ + il — KOpeHb KPAaTHOCTH T XapAKTCPHCTHYe-

CKOTO ypaBHEHHMA, TO 4acTHOe pemtenue X () uuierca B Bume

ot*t + i th e
X’(t) —Re | ¢! ")’20tk+1 + ’yzltk + oot Y2, k41 oM

7710tk+1 + ’Ynltk R e PN |
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IIpumep 14. Hatitu uactHoe peilleHune CUCTEMbI

= -2+ tzv
To = a1 + et
-2 -1
< Tak Kak XapaKkTepHUCTUYECKOe ypaBHEHHe 1 NS 0 uMeeT KOpHU

A1,2 = =i, MIIeM yacTHOe pelleHHe CHCTEeMBbI B BHAE CyMMbl MHOTOW/IEHA
BTOpO# cTenmenu u dyukuuu suga De':

T = A1t2 + Bit+C;, + Dlet, Iy = A2t2 + Byt + Cy + Dzet.
MoncTapaAA 3T GYHKIUY B 3aIaHHYIO CUCTEMY, IOJyIUM PABEHCTBA

2A,t+ B1 + Dlet = —A2t2 — Bot — Cy — D26t + tz,
2A5t + By + Dqet = A t? + Byt + Cy + Dyel + et.

TlpupaBHUBaA K03( ULIMEHTH! IPY OAMHAKOBLIX CTeNeHAX ¢ u mpu e, mody-
YUM CUCTEMY

241 =-B,;, By =-C3, D;=-D,, 1-A4;=0,

24, = By, B, =Cy, Dy =Dy +1, A =0.
Orcrona A1 = Bg = Cl = 0, Ag = 1, Bl = 2, Cy = —2, D2 = 1/2,
D, = —1/2, n uckoMoe YacTHOE pellleHNe NMeeT BUL
1
Ir = 2t — ’2"6t,

1
$2=t2—2+§e‘. >

Mpumep 15. Haittu obiuee perenue cucreMsl

X(t) = AX(t) + F(t),

_ 2 -1 _ t+1 3t
rJleA—(1 4)"F—<2t>e‘
< XapaKTeprCTUYECKOe ypaBHEHUE

. 1 4_/\|—/\ —6A+8+1=(A=-3) =

umeer KopeHb A = 3 Kpat”octd 2. (OOuiee pelleHue OOQHOPOLHOM CHCTEMbI

<at+ﬂ

muem B Bume Xo(t) = Lyt +6

)CBt, HOICTaBUB KOTOPOE B OJHOPOMHYIO
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cucTeMy M cokpamas Ha e3f, umeem

3 at+f B (2 -1\ [at+p
yt+46 )= 4 yt+4)°
Tonyuum cucremy

3(at + B) + 8 =2(at + B8) — (vt +9),
3yt + )+ 6 =at+ B+ 4(yt +9),

U3 KOTOPOH C/IAYIOT 1Ba He3aBUCHMbIX COOTHOIIEHMA @ = —y U f+a = —4.
lonaran a = C, u B = Cy, umeem y = —Cy u § = -Cy — Co, 1.¢.

. _ Cit+C: 3¢
Xo(t) = <—Clt - (C, + C2)) .

Tax rar F(t) comepmut MHomutens e, mpuuem A\ = 3 — KopeHb xapaxTe-
PHCTHYECKOTO YPABHEHHMA KPATHOCTH 2, TO MIEM JacTHOE pelleHHe B BUIC

F(t) =t <A1t2 + Blt+D1) Gt <A1t3 + Bt + Dlt) Y

Ast? + Bot + Dy "\ Ayt3 + Bst? + Dot

Ait+ B
2 1 1) 3t
(aHeBBnnet (A2t+32)e )

Monctasup X (t) b 3amaHHYIO0 CHCTeMY U COKpPaTHB Ha eS| moayuaem ma-
TPUYHOE PABEHCTBO

(A1t3 +Blt2 +D1t> (3A1t2+2Blt+D1
A2t3 + B2t2 + Dot 3A2t2 + 2Bst + Do

_ (2 -1\ (At + Bit* + Dyt L[t
—\1 4 Agt3 + Byt? + Dot 2t )7
KOTOPO€ MOKHO 3amKicaTh B BUIE PABEHCTB

A3 +Bit? + Dt + 3A1t% + 2Byt + D) = — Aat® — Bot? — Dot + t +1,
—A2t3 _B2t2 —Dot + 3A2t2 + 2Bst + Dy = A1t3 + B1t2 + Dyt + 2t.

CpaBHuBas K03( UUMEHTHI IPU OIUHAKOBBIX CTEIEHAX ¢, NI0Jy4aeM CUCTEMY
ypaBHeHHU!

A+ Ay =0, A+ Ay =
B1+3A1+ By =0, B,+ By—34;
Dy+2By+Dy=1, Dy+ Dy —2B,

D1=1, D2= 0.

i
I
Moo
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Haxomum Dy =1, D, =0, By =0, B, = 3/2, A, = —-1/2, A, = 1/2.
CaemoBareiabHo,
1
~ —§t2 +1
I 3t
X(t)=t 1 5 1€

—t2 + =t
50 *3

1 ucKoMoe ob1ree pemcHue 3anuueTcA B Buae

1
B Clt+C2—§t3+t
X(t) = Xo(t) + X (t) = et

1 3
—Cit = (C1 + Cy) + §t3 + 5t2

Hatitu pewicHus ciaemyrominx CUCTEM YPABHCHUIMA:

10.441. £ =3z — 2y + t, y = 3z — 4y.

10442. =z —y, y=z+y+e.

10.443. & = 5z — 3y + te?!, § =3z —y + €.

10444. £ =z +y — cost, Yy = —2x —y +sint + cost.

10.445. & =y +tg?t — 1, § = —z + tgt.

10.446*. = 2z + 3y, y =4z — 2y.

10.447*. Bemectno A pasnaraerca Ha nsa Bewmectsa P u (). Cro-
pocTh 00pa30BaHUA KAKIOr0 U3 HUX MPOIOPIMOHAILHA MAacce Hepas-
gomusiuerocAa seumecrsa A. Haiitu 3aroHbl M3MEHEHUA MacC T U Y
BemecTs P u () B 3aBUCMMOCTHY OT BPEMEHHU £, €CJIM YEepe3 yac TOCJIe

a 3a
HAavaJjia Mpolccca PasioReHUA T = 3’ Yy = 3 @ -— NEePBOHAYAJIbHAA
Macca BeujecTsa A.

10.448*. MarepranbHaA TOYKA MACCHI 7 IPUTATUBACTCA LEHTPOM
O ¢ cwioii, TPONOPUMOHAJBLHON PACCTOAHUIO. [|BUMCHYME HAYMHACTCA
U3 TOYKKM A Ha PACCTOAHUU G OT UEHTPA C HAYAILHOH CKOPOCTHIO Vg,
nepreHIuKyIApHOR K orpeaky OA. Hailtu TpackTopuio ABMIKEHUA.

§ 4. 1eMeHTBI TEOPHH YCTONIMBOCTH

1. OcnoBuble monATHA. IlycTh 3amaHa HOpManbHAA cucTema aud depeH-
LHMAJIbHBIX ypaBHEHUN

1 (t) = fi(t, Ty, 22y ..oy Tn),
:i:Z(t) = f?(t) L1y T2y ovvy (L'n),

.............................

-’bn(t) = f7l(t1 Ty, T2y ..., l'n)

(1)
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. T
¢ HaMAIBHBIMU YCAOBUAMY B To4Ke to. Pemenue Xo(t) = (¢1(t), ..., @n(t))

cucremnt (1) Hasvisaerca ycmotuusbim no Janynosy, ecan HadA 1H060ro
€ > 0 mnatimerca rtaxoe d(g) > 0, uro A BcAxoro pemeHua X (t) =

T
= (z1(t), ..., Tn(t)) TOI e CHCTEMBI, 3HAYEHUA KOTOPOrO B TOUKE fp yIO-
BJIETBOPAKT HEPABEHCTBAM

I.’ti(to) - gDi(to)| < 5(5), 1=1,2,...,n, (2)
14 Beex t > to CIpaBeNIuBbl HEPABEHCTBA
|zi(t) —@i(t)| <e, i=1,2,...,n. (3)

Ecau e npu cronp yrogHo mamoM 6 > 0 xora Obl [iIA OQHOrO perie-

Hua X (t) HepaBeHcTBa (3) He BLINONHAOTCA, TO pelueHue Xo(t) HaspiBaeTca
HEYCMOUUUBHIM.

Ecau perenuc Xo(#) He T0Jb10 yCTORIUBO, HO, KPOME TOTO, IIPY YCIOBUH
(2) ymoBaeTBopseTr COOTHOLIEHHIO

lim |z;(t) — ()| =0, i=1,2,...,n,

t—+o00

TO 3TO pelleHHUe HA3bIBAETCA ACUMNMOMUYECKU ycmoﬁuuebm.

Mpumep 1. UccmenopaTh Ha yCTOMYIMBOCTD pereHne auddepeHIain-
Horo ypasnenua © = ar (a € R), onpenmenAemoe HauaJLHLIM YCIOBHEM
To(to) = Co.

< Ecam a # 0, To pemenue umeer Bun
.’L‘()(t) = Coea(t_tO)A

Mycts x(t) = Ce®(t~t) — npousBonbHOE pellleHMe 3TOTO ypaBHEHHHA,
ymosiersopstotee ycaosuio |C — Cy| < § = €. Torma npu a < 0 nomyuaem

|z(t) — zo(t)] = |Cettt0) — Cpet(t=to)| = eat=t0) |0 — Cy| < ¢,

OTKy 2

lim |z(t) — zo(t)| = |C = Cy| t—l»iToo ealt=to) =

t—+400

T.€. pelIeHHe aCUMITOTHYECKH YCTOHUMBO.
Ipu a >0

|2() — zo(t)] = e* 7| C ~ Co|

MOKeT ObITh CKOJIb YTOMHG OOJBIIMM YMCJIOM NP AOCTATOYHO OONBILUX .
3HauuTt, npu a > 0 pelredue HeyCTONIMBO.

Eciu a = 0, To pemrenne nmeer sun xo(t) = Co.
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Ilan Beawroro perenna z(t) = C ¢ yeaosueM |C — Cp| < § = € umeem
j2(t) — 20(t)] = |C — Col <.

Ho
Jim e (t) = a(t)] = C = Col #0,

a [OTOMY pelleHHe YCTONYNBO, HO He ACUMIITOTUYECKH yCTOWYMBO. >

Hccaenopanne Ha ycroifumsocts peuicnun Xo(f) cucremsr (1) momer
SLITh CRCOCHO I HCCJCHOBAHMIO HA YCTHAUMBOC1L TPUBHANLHOLO (H3I1€DOrs)
PELIeHUA —— MOUKY NOK0A HEKOTOPOH CHCTeMbl, aHaJornyHul cucreme (1)
(cM. 3amauy 10.454). ’

Uccnenosats Ha yCcTOHYWUBOCTL PELICHUA CJACAYIOIUMX ypPaBHEHUH
U CLUCTEM YPaABHCHHI:

10.449. 3 = t(z — 1), z(0) = 1.

10.450. & =t — 1, z(0) = —1.

10451. 2 =2 +y, y=x—y; z(0) =y(0) = 0.

10.452. z = -2z — 3y, y =z +y; z(0) =y(0) = 0.

10453. s =z —y, y=ay—2, z2=az—1z; z(0) =y(0) =
=2(0)=0, a€eR.

10.454*. Hanucarb cucremy nudepeHuuaibHLIX YPABHEHU, HC-
CJIEIOBAHMWE HA YCTOMYMBOCTHL TOYKU IIOKOH KOTOPOIl DPABHOCUIILHO
MCCJIEIVOBAHUIO HA yeToiunBoCTL pemenua Xo(t) cucremst (1).

10.455. CchopmynupoBaTh OnpeneseHus yCTOWYHUBOCTH, aCHUMIITO-
TUYECKOH YCTOMYMBOCTY U HEYCTOMYMBOCTH AJIA TOYKH IOKOA CUCTEMLI
Iu( dhepeHuradbHBIX YPABHEHHI.

2. lipocretinme THIbI Touek MokodA. [[;17 neciIcIOBaHUA HA YCTONYMBOCTD
TOYKM MOKOA CHCTCMBI JIBYX JMHEHHBIX OTHOPOIHbIX AUQQepeHUraANbHbIX
YPaBHEHHII C NOCTOAHHLIMHU KO3 PHUNHUEHTaMU

T= anx -+ ayey.
Y = a1 T + azy,

an (112‘
23 (122!

#0, (4

Hano fOCTaBHTh XapaKTEPUCTHICCKOE YpABHEHITe

a;p — A ap

= A7 - p = ()
az1 azz — A A — (a1 + ax) A+ A =0

u HaflTHh ero KopuH Al ¥ Ao, B 1abn. 4.1 FIPUBCTICHA KAGCCH(DIIKAMA TOICK
IIOKOsE CIICTCMbI (4‘, B 3aBXCHNVOC ™ O KopHelt A, Xy ¥3APALTCPUCTINMNZCIKOT)
YpanHenia.
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Tabauna 4.1
Topuu A1, A2 XapakTep TOYKM NMOKOA Yerottuunocts
TOYKH NOKOA

Hettersurens- | Ay <0, Yemotuuenii Acumnroriyeckn
HBIE: A2 <0 y3ea ycro#yusa
M # M

A1 >0, Heycmotivuebitl Heycrottunsa

A2 >0 y3ea %

A >0, Ceduao Heycrotiunsa

A2 <0

=
=

ICm\mncxcmme: <0, Yemotuuenii Acumnrornyecku
A= a+if, B#0 poxyc yerottunsa
=a—18 /CC)DJ

a >0, Heycmotuusbii Heycroityusa

B#0 Poxryc d

a =0, Lewmp Yeroituusa

B#0 '
JleiteTRuTCID- A0 Yemotuuenil ysea Acumnrornyeckn
HBLIN, KPAaTHOC- ycToliyuna
T 28
A=A = A

A>0 Heycmotuuebli ysea Heycroitunsa

Z

>
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MTpumep 2. Oumpemenuts Xapakrep ¥ KCCIEIOBATb Ha yCTOHYMBOCTD
TOUKY IIOKOA CHCTCMDL

T = -2+ ay,
y=z+y

B 3aBHCUMOCTH OT mapamerpa « (a # —2).
<1 XapaKkTepucTUICCKOE yPaBHCHUE

l‘z_A =Nt A—(a+2) =0

1 1-A

L

1
HUMEET KOPHU Ap » = + 5\/9 + 4a. Uccnenya nopeneHud KopHed Ap, Ao

2
B 3aBUCHMOCTH OT [apaMerpa & ¥ UCHoiab3yA tabiu. 4.1, noayqaem:
ecmn o < —9/4 (ropHn kommiexcHsle, Re\; 2 < 0) — ycTOfquBbIR
¢doxryc;

ecin —9/4 < a < —2 (KopHM mefCTBUTENLHBLIE W OTPULATENbHBIE) —
YCTOHUMBBII y3eu;

ecin —2 < a (KOPHM HeHCTBUTENbHbIE M PAa3HLIX 3HAKOB) — CeMIOo,
TOYKa MOKOA HEYCTOuuBa. D>

Onpexenursh xapaKkTep TOYEK MOKOA CJIELYIOIUUX CHCTEM:

10.456. x =z + 2y, y= -3z +y.

1 1
10457, & = ~22+ 3y, §= 22+ 5.

10458. 2 = —z + 3y, y=—x+ 2y.

10.459. = = —y, y =1z — 2y.

10.460. © = —6z — by, y = —2z — dy.

10.461. z = —x + 2y, y = —2x — 5y.

Onpenesutn, Npy KAKUX 3HAYEHUAX MapaMeTpa ¢ TOYKA MOKOA
CUCTCMDI YCTOMYUBA.

10.462. 2 = az —y, y =2 + 2y.

10.463. z = -3z + ay, y = —ax +y.

10.464*. UccuenoBaTh Ha yCTOAYMBOCTD PEILUCHUE YPABHEHUA yIIPY-
rux soncbanuit i + 2ad + B2r =0 (a > 0).

10.465*. IlycTs 3amana cucrema n IMHERHBIX I1U( QepeHunaIbHbIX
YPABHEHHH C MOCTOAHHBIMU K03() pUIUEHTaMU

n
€T, = E ai5Tj, 1= 1, 2, ceey T
=1

Ilonaaarb, 4TO CCJIM BCE KOPHU XAaPAKTEPUCTUYCCKOro ypaBHEHUA 9TOM
CUCTEMbI MMEKT OTPUUATECJIbHYIO )IefICTBHTeJIbHyIO 4acTb, TO TOYKa
IIOKOfI CUCTCMbI ACMMIITOTHYCCKU yCTOﬁ‘IHBa. Eciu me xora 661 OOV H
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U3 KOpPHEH XapaKkTIePUCTHUYECKOTO YPABHEHUA MMEET IOJOKUTEILHYIO
IEHCTBUTEIBHYIO acTh, TO TOYKA IOKOA HEYCTOMYMBA.

Ucnonnsya pesynprar 3agadu 10.465, ucciaenoBath Ha ycroityu-
BOCTb TOUKY NOKOf KaA0H U3 CJCAYIOIIUX CHCTEM:

10.466. 2 =2z, y=3z+2y, z2=—2—y— 2.
10467. 2 = 2z —y, y=x—2y, z=x+3y — 2.

3. Meron pynxmst Janyrnoa. ITOT METON B IPHMCHEHUH K aBTOHOMHOI
cucTeMme

et (5)

roe fi(0,...,0) =0, i =1,2,..., n, COCTOUT B HENOCPCACTBEHHOM HCCJIE-
NOBAHMM YCTONUUBOCTH €€ TOYKH IIOKOA MPU MOMOLIH MOAXOAAIIUM 06pasoM
nonobpanHoit Pywxyuu Janynosa V(xy, ..., x,).

Bepun! caenyromue Teopems! JanyHosa:

Tcopema 1 (06 ycroftuusoctu). Ecau cywecmeyem duddepenyupye-

mas pynsyua V(xy, ..., T,), y0084eMBOPAOUIGA 8 OKPECTIHOCTIU HANAAG
K00pdunam caedyrouum Ycao8uiM:
a) V(ry, ..., zn) 20, npunen V =0 anwo npux; = ... =, = 0;
v 2 0V
6) — = > —filzy, .., zy) <0
) dt igl Ozif’( 1, ) n)\ )

mo mouxa noxoa cucmemvt (5) yemotnusa.

Teopema 2 (06 acumnroruueckoit yerouusoctn). Ecau cywecmay-

em Jdufgepenyupyeman Pynwyua V(cy, ..., T,), ydosaemeoparwwas 6
OKPCCMHOCTNY HAUAAL KOOPOUKAT CACOYOUUM YCAOBUAM:
a) V(zy, ..., zn) 20, npuven V =0 avwop npuz) =... =2, =0,
dv n oV dv
6) — = —fi(zy, ..., xn) < 0, npuvesms — = 0 avwdv npu
) dt 121 OIL‘ifl( 1 ) n) X 4 dt P
Ty =...=x2, =0,

Mo mouxa nokoa cucmemvt (5) acumnmomuuecku ycmoduusa.

Teopema 3 (oneycroiiunBocty). Ecau cywecmeyem dufdepenyupy-

emaq pynkyua V(zy, ..., Tn), y0064€MBOPAOULAL 8 OKPECTNHOCTIU HAUAAG
KOOPOUHAT. YCAOBUAM:
a) V(0,...,0) = 0 u ckoav y2odno 6au3ko om nanaaa Koopduwam
uMeromea mouky, 8 xomopuir V(xy, ..., T,) > 0;
n d‘/
0) Eld‘—; = g:l g%fi(ml, cen ) = 0, npuuest il 0 suwv npu
Ly =...=x, =0,

mo monxa nokoa cucmembl (5) neycmoivusa.
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Mpumep 3. C nomouisio dpynkmuu JIAnyHosa uccaenosaTh Ha yCTOH4U-
BOCTb TOYKy NOKOA CHCTEMbI
T=-T+y,
y=-2y° -1
9 2 dv
< B wauectBe dyuxuun Janynosa Bosemem V = z° + y*. Torma P
= 2z(—z + y) + 2y(=2y% — ) = —2(2® + 2y*), u dyusuua V smecre ¢
dv
s YIOBJETBOPAET YCJIOBUAM TeOpeMbl 2. 3HAYUT, TOUKA NOKOA CUCTEMBI
ACUMITOTUYECKH yCTOHuuBa. >
ITpumcep 4. UccaenoBatsh Ha yCTONYMBOCTD TOYKY MOKOA CHCTEMbI

T =z(2 + cosz),
y=-y.
2 _ .2 dv 2
< BosbmeMm dyurnmiwo V(z, y) = z° — y*. Toroa e 2z°(2 + coszx) +
0 T

+ 2y? = 2(222 + y? + 2% cosz) = 2 (a:2 + 222 cos? 5+ y2) > 0 scrony,
KpOMe Havana KoophauMHAT. KpoMe TOro, CKOMb YTOOHO OIM3KO K HAvally
KOODIMHAT HAMOyTCA TOYKM, B KOTOPbIX V > 0 (Hampumep, BOOML IPAMOIH

y=0 V =2z%>0). CrenosareanHo, BHIMOTHCHDI YCJIOBHA TEOPeMbI 3, U
TOYKA IIOKOA HeycToiiumusa. >

06wero Meroga nocrpoenud ¢yHruuit JIanyuosa "e cymecrsyer. B npo-
CTEeMIINX CIy4asaX ee caemyer UckaThb B pume: V = ax?+by?, V = az +by?,
V = az® +by*, nogbupas nammemanmm o6pasom nocToAnHbe a > 0 u b > 0.

Ipumep 5. UccnenoBarh Ha ycTONYMBOCTD TOYKY HOKOA CHCTEMBI

3
¢=-z+5y+ 3zy3,
y=-z-— ly - 2x2y2.

3

< Oyurmuio Jlanynosa 6ynem uckats B suge V = az? 4+ by?, a > 0, b > 0.
Torma nmeem:

av _ 3 3 Yy 2,2\ _
dt—2ax(—x+2y+3xy)+2by( T 3 Zmy)—
9.
‘ =- (2aar2 + gbyQ) + (zy + 22%y*)(3a — 2b).
3 dv 9 9
llomaraa b = —a, noayuum, uTo i —a(2z* + y*) < 0 npu BcAKOM

a > 0. U3 TeopeMbr 2 BLITEKAET, YTO TOYKA IOKOA CUCTEMbI aCUMIITOTHYE CKU
ycrofiuusa. >
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MCCJICJJ,OB&TL Ha yCTOﬁ‘IHBOCTB TOYKHM MOKOA CJACAYHUINX CHCTCM:
10468. i = —z —y —2° — 9%, y=x—y+ .

10.469. & =y + 23, ¢ = —x + 15

10.470. © = zy*, y = —z*y.

10471. & = —y +2°, y=ax+y°.

. 1. . 1.
10.472. & = y + z%y% — Zm", y = -2z — 223y — —éy‘*.
10.473. © = =22 + 4xy?, 7§ =y + 22%y.

4. YeroffumBocrs 1o nepeoMy npubmimenuro. [Ipennonomxum, 4o npasbie
vactu cuctemsl (5), T.e. oyusuuu fi(z1, ..., T,), ¢ =1, 2, ..., n, mudpde-
PEHIUpPYEMBbI B Hava/le KOOPANHAT NOCTaTOUHOE Yucio pa3d. Pazinomum ux mo
¢opmyne Teitopa B OKpeCTHOCTH HAYaJIa KOOPIMHAT:

n

fi(.'B], Cey l‘n) = Zaija:j + F,‘(.’Bl, Ceay CL‘n),

j=1
_0fi(0,...,0) )
TIie a;j = T a F; — ujieHn! BTOPOro nopsamKa MajJoCTH OTHOCH-
2
J
TEJBHO X7, ..., Tn. Torma ucxomHas cuctema (5) MomerT ObITH 3amucaHa B
BUIE

n

I, = E aj;x; + Fi(zy, ..., z,),

i=1
n
Ty = § anjx; + Fn(xl, BRI mrl)'
i=1
Paccmorpum cucremy
n
T; = E ajzr;, i=1,2,...,n, (6)
=1

HA3bIBAEMYI0 CUCTCMOM YDABHEHUH Nepe02o npubauncenua 1A cucteMsl (5).

Cnpaseninso crenyiomiee yTBEPARICHUE: €CIIIl BCE KOPHU XapaKTCPUCTH-
YECKOr0 ypPaBHEHHA CcUCTeMbl (6) MMEIOT OTpULATENbHLIC HeHCTBUTENbLHbIC
4acT, TO TOYKA NOKOA cucTeMsl (6), a Tamme UCXOOHOMH cucTeMbl (5) acuMm-
TOTUYECKH YCTOMUMBA; €CJIM XOTA ObI OMMH U3 KOPHEN XapakTepUCTUYECKOro
ypaBHeHUA cucTeMbl (6) UMECT MOJOAHUTENbHYIO JeiCTBUTENbHYIO YaCTh, TO
TouKa nokoA cucteMbl (6) (1 cucremst (5)) HeycToiuuBa.

ToBopAT, 4TO B BTUX CIyYasaX BO3MOKHO HMCCJenoBaHUe cucTeMbl (5) Ha
ycmotlinusocmy 1o nepeomy npubauncenuro. B 0CTAIbHBIX CAyIaAX Takoe
MCCIIe0BAHUE, BOODLLE TOBOPA, HEBO3MO/KHO, TAK KAK HAUMHAET CKA3LIBATD CA
BIMAHUE WIEHOB 2-T0 NOPANKA MAJIOCTH.
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Ipumep 6. Heeaenosats Ha yeTONYHBOCTL TOUKY IIOKOA CHCTEMBI
=2z + 8siny,
y=2—e® —3y—cosy.

< Paznaras ¢pyusuuu siny, cosy, e* no popmyae Teitnopa u Bbinensasa wieHb!
1-ro nopanKa ManoCTH, MOKEM IIEPCIUCATh UCXOTHYIO CHCTEMY B BUIC

T =2z + 8y + Fi(z, y),
y: “$“3y+F2(-”57 y)a

roe Fy, Fy -— ujensl 2-ro mopagka MajJoCcTy OTHOCUTEbHO & 11 y. Coorer-
CTBYIOLIAA CUCTECMA ypaBHeHHit nepBoro npubnmmenus suna (6) sanumercs
cienyrolM obpasom:

T =2z + 8y,
y=—z— 3y.
. —144V7
Kopun ce xapakTepuCTHYeCKOrO yPaBHEHMA Aj 9 = ————— HMEIT OT-

2
pullaTeJbHbIC NCHACTBUTEJbHbIE YaCTH. Cnenona'renbﬂo, TOYKa MOKOA 3TOI, a

TaKMKC MCXOMHON cuCTeM yCTOW4uBa. D>
Uccaecnosarh HA yCTOHYHMBOCTH 10 NMEPBOMY MPUOIHUMEHUI0 TOYKH
IOKOA CJHeNyIIIUX cucTteM I (QepeHnuaNbHbIX YPABHEHUMN:

1 1
10.474. © = —(ez -1)=9y, y= i siny.
10.475. x—57:+ycosy, § =3z + 2y — yev.
10.476. £ = Tx + 2siny, y=c¢* -3y — 1.

3 1
10.477. 2 = _§$ + isinQy, y=—y—2z.

10.478. & = In(dy +¢73%), § =2y -1+ /1 - 6z.
10.479. & = *t? —cos 3z, y = V4 + 8z — 2eV.

10.480. Iloxasars, ¥TO HCCAENOBAHUE HA YCTOWUHUBOCTD IO IEPBOMY
npUOIMIKEHUI0 TOYKU ITOKOA CHCTEMBI

7':=—4y——.1:3, y=3x—y3

HeBo3MOkHO. [[poBecTn uccaenosanue MeronoM (Gyurnuit Jamyrosa.
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Tnasa 5

5.1. Ilpubnumenue c Hemocratkom 0,1; 0,10; 0,101. Ilpubaumenue c

11 901 l

usbnitrom: 0,2; 0,11; 0,1012. 5.2.a) 13, 6) 300° ® B) —— 19800° 5.11.log; » - 3
1 1\%7 (1\'85 1 7 3

> logy /3 3 5.12. 5 =\7 . 5.13.log),q, 25 - >1. 5.18. 62

5.19. {—-1,0}. 5.20.2. 5.21.{0,2}. 5.22. (——oo, 2]. 5.23. (-o0, 1] U

y U[3, +00). 5.24. (\3;~4). 5.25. [1 —\%ﬁ, -1 J:/_\/E].

5—-+v13 5—vd H+vV5

\2 5.26. <—oo, 5 ) U ( 7 5 )
5.27. (oo, —1]. 5.28.2) {1,2}C{1, 2, {1, 2, 3}};
6) obe 3amucH BEPHLL 5.29. A = {0, 1, 2}.
0 2\ X 5.30. A= {1}. 531. A=1{1,2,3,4}. 532. A=
={-2,-1,0,1,2}. 533.A={1,2,3}. 5.34. A =
= {n/2, m, 3n/2, 2r}. 5.35.Cm. puc. 51. 5.36. Cm.
puc. 52 (rpaHuI@ 3alUTPUXOBAHHON 00/1aCTH HE NMPUHAMJIEHKUT MHOMECTBY ).

Puc. 51

5.37. Cm. puc. 53. 5.38. CM. puc. 54 (1uTpUX0BaA IMHUA HE NPUHALJIEHAKUT

v Y

=y

7
X7
A - —-1 o 1
// <
. AN )
Puc. 52 Puc. 53

MHOmecTBy). 5.39. CM. puc. 55 (rpaHuuna 3alITPUXOBAHHOM 06/1aCTH He IpH-
HapnemuT Muomectsy). 5.40. Touwa (2, 2). 5.41. Cm. puc. 56. 5.42. Cm.
puc. 57 (rpaHuna 3alITPUXOBAHHOM 06IACTH HE MPUHAIERUT MHOMKECTBY ).
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543. AUB = {-5,3,4}; AnB = {4}; A\B = {-5}; B\ A = {3}.
5.44. {2, 4,8}. 5.45. {8k|k € Z}. 5.46. {1,2,4}. 5.47. {24k|k € N}.
549. AUB = (-1,4); ANDB =

=[1,2; A\B = (-1,1); B\A = y

A

=(1,4). 5.50. (0,1). 5.51.[0,1/4] U WS
U [1/2,1).  5.52. {0} U (1/2, 1). N %&N\\\
5.53. [0, 1/4) U (1/4, 3/4) U {1}. \\}

® > —1‘/&\
X \

y ) N g2 204 1
-12 o X \ &y\

N\

—

(o]
o)

-

Puc. 54 Puc. 55

5.60. Z; {-1,0,1}. 5.61. {n € N|n # 3k, k e N}; @. 5.62. {z € Rjz =
= 1/n,n € N}, {1}. 5.63. a) Bce rouku maHHoro wpyra; &; 06) Bce
TOYKM KOJbLA MEKIY NAHHOH OKPYRHOCTLIO M KOHLUEHTPHUCCKON OKDYRHO-

CTBHIO BABOC MEHBIIEro paguyca, &; B) BCE TOUKM Kpyra; LUCHTP Kpyra.

Puc. 56 Puc. 57

5.73. a) min X ne cywecrsyer; max X = 1; 6) [1, +00); (—o0, 0]; sup X =
=1; infX = 0. 5.74. 1/2; ne cywecrsyer; 1/2; 0. 5.75. 1; —=1; 1; —1.
5.76. He cywiecrsyer; —5; 0; —5. 5.77. He cyuiecrsyer; ve cymecrsyer; 0; ne
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cymectsyer. 5.78. He cymectsyer; e cymectsyer; 1; 0. 5.79. sup X = /2.
5.83. a) UcTunHo; 6) 10/KHO; B) MCTUHHO; T') d0kHO. 5.84. Jomuo. 5.85. Hc-
tuHHo.  5.86. Jomuo. 5.87. Hctunno. 5.88. Mcrunno. 5.89. Jommo.
5.90. a) Ucrunno; 6) ucrunHo. 5.91. a) McrunHO; 6) MCTHHHO; B) JIOMKHO.
5.92. a) f(xo) = 0; f(zo) #0. 6) f(zo) = 0AVz(z # z0 = f(z0) # 0);
f(xo) # 0V (f(mo) = 0AIz(z # 0 A f(z) = 0)). B) Jzo(f(z0) = 0) A
AVz(z # 20 = flz) #£0)); Va(f(z) Z0)V (371, 32(z1 # 22 A f(71) =
= f(z2) =0)). 5.93.a) IMVz € X (< M); VMIze X (z> M)
6) (me X)A (Ve € X (m x)), (m¢ X))V (3z € X (z < m)).

B) (Am € X)A(Vz € X (m € 2)); Vo' € XIz € X (z < o).
5.94.a) 3k €Z (n=km); Vke€Z (n#km). 6) (2|nA3|n)=6|n;
(2|mA3|n)A6¢{n (Bameuannme. Tak Kak MCXOZHOE BLICKA3LIBAHUE
MCTHHHO, TO ero oTpuuanue Jomuo.) B) Vn €N (n|p= (n =1V n =p));

dn € N (n|lpA(n # 1An # p)). 595. R = ‘/;—— 5.96. V =
_ S%V/16m2 — S?

_3 — .2 2
) Y 597. S = 4tga. 5.98.v=a(t—tg); s= 2(t to)?;
s—v—,rnetZtO
2a
( x%h a—>b
<z <
p—Y 0z ——
5.99. Spnns = 4 ho 4+ 2T OR a;b<x<“;b,
a+b, (a—2)?h a+bd
- <
| 2 h a_b 2 <z<a
1 A
5.100. V = Z7rh(4R2-h2), D = [0, 2R]. 5.101. a) S = R 4R? — 12,
= [0,2R]; 6) S = 47rR2sin-(§~cos2 %’ D = [0,7]; B) S = 4nR? x
x cosfsin® B, D = [0, n/2]. 5.102. 0, —6, 4. 5.103. —1, 0, 1, 2, 4.
5.104.0, a®~1, a®+3a2+3a, a® —3a2+3a—2, 16a3—2. 5.105.1, i+i
T 2 r—1 1+=x

- ) , , . 5.106. D = (-3, +o0), E = (—o0, +00).
24z 14z z+1" 1-=x
5.107. D =(—00,5/2), E =[0,+00). 5.108. D = |J [47%k%, n?(2k+1)2],
keNu{0}
E = [0,1]. 5.109. = [-3/2,5/2], E = [0, «]. 5.110. D =

:kgz<2?ﬂ (3k + %) 2n (3k 5)) E = (=00, In3]. 5.111. D = [~1, 1],
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E=1[0,1]. 5112.D = (2,3), E = (—oo, Ig ﬂ 5.113. D = [-1, 1],

&
I

= [0 1]. 5114. D = [0,2], E = [1,27]. 5.115. D = (=00, +00),
= [1/e?, +00). 5.116.G = [0,4). 5.117. G = [1,2]. 5.118. G =
= (~00, 0)U(1, +00). 5.119.G = (0,1/2). 5.120.G = (1, 3]. 5.121. G =
= [0,v?2/2). 5.122. Dy = {-1}, Dy = (-1, +), D_ = (—o0, —1).
5.123. Do = {~1,2}, Dy = (-1,2), D_ = (=0, 1) U (2, +00).

1 1 1
5.124. Dy = {x € R]x =an € Z\{O}}7 Dy = ;{{0} (%’ om + 1)’
ne

&

D_ =

1 1

nEZL{{O} (2n+ T 3n+ 1)). 5.125. Dy = {1}, D4 = (-0, 0) U
U (1, +00), D_ =(0, 1). 5.131. f(z) = 22-2. 5.132. f(z) = T+ T
5.133. f(z) = sinz. 5.134. Yernan. 5.135. Hu uernas, Hu HC‘IETHaH
5.136. Hu uernaa, um neuernasa. 5.137. Hewernan. 5.138. Hu uernas,
Hu HewerHad. 5.139. Hewernaa. 5.141. T = 27/7. 5.142. T = w/2.
5.143. Henepuonuueckan. 5.144. Henepuonnueckaa. 5.145. Hemepuonuue-
ckan. 5.146. T = 67. 5.147. Ecau a = 0, 1o o6paTHag QyHKUUA HE CyLie-
creyer; ecim a # 0, 0y = z-b_ obparHas gyHKuuA u D = (—o0, +00).
5.148. O6pataas y = ¥z + la, D = (-0, +0). 5.149. O6paTHas He cy-
mectsyer. 5.150. O6patnan y = 53’, D = (—o0, +0). 5.151. O6pat-

1—-z
T T #

3
# —1. 5.154.a)y = —/z+1, D= [—Z’ +o_o>; 6) y = vV +1,

Hasg Yy = 210g2 T, D = (0, -|-OO). 5.152. O6paTHafI Yy =

D= [—%, +oo>. 5.155.a) y = arcsinz, D =[-1, 1]; 6) y = 7 —arcsinz,

r, =<0, 1
D =[-1,1]. 5.156.y = 5.157. a) y = - arccos (2z — 1),
z/2, z>0. 2
1
=1[0,1; 6) y = 7~ Earccos(2x—1) =1[0,1; By =7 +
+ %arccos(2:z ~1), D=1[0,1]. 5.159. fog=1-122 go f=(1-12)%

5.160. fog ==z, :z>0, gof=0. 5161. fog ==,
47, x€l[-m,—7/2),
go f z, RS [—71-/2a 71'/2],
z—m z€(n/2 7]
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5.162. fog =0, gof = g. 5.163.2) z; 6) z/v1 + 3z%. 5.164. f(u) = u,
u = 22, 5.165. f(u) = sinu, u = cosv, v = /z. 5.166. f(u) = 2%,

u=sinv, v = z%. 5.167. f(u) = arcsinu, u = e¥, v = Yz. 5.168. f(1 ):
= siny, u = 2Y, v = 2% 5.169. f(u) = w3 w = V% v = tgt,

t = log, a. 5.171.{(i;—+k7r, %+k7r){k€Z}. 5.172. {(~1,2), (1, 2)}.

5.173. {(2km, kn) |k € Z}. 5.174. {(km, 1) |k € Z}. 5.175. a) Ilpaman,
[POXOOAIIAA YCpPe3 HAuaj0 KoopouHaT u ueped toury (1, 2); 6) mpamas,
napasiensHasa ocu Oz, npoxopmman yepes toury (0, —2); B) mpamas, npo-
xonAuasa ucpes toury (0, —1/3), mapannensuasa Ouccentpuce 2-ro u 4-ro
KOOPAMHATHBIX yriaoB. 5.176. a) Ilapaboma y = 2, cMelneHHAn BAOIL 0CH
Oy »uu3 Ha 1; 6) mapaboma y = x?, pactanyraa B 2 pasa saoxas ocu Oy,
cMeieHHas Baoas ocu Ox Bopaso Ha 1; B) mapaboma y = x2, oTpameHHan
orHOcuTenbHo ocu Oz, cmatas Baoas ocu Oy B 2 pasa, CMELLEHHAs BIOIb 0CH
Oz Bnero Ha 2 u Booas ocu Oy Beepx Ha 3/2. 5.177. a) TunepGona y = 1/,
cMelneHHan saoan ocu Oy Buu3 Ha 1 u ooas ocu Oz Bupaso Ha 1; 6) runep-
6omay = 1/z, orpaskenHas orHocuTenbHo ocn O, pactanyran Baoan ocu Oy
B 2 paaa, cMemeHHas uoab ocu Oy BHi3 Ha 1/2 i Broas ocu Oz Biieso Ha 1.
5.178. a) Cunycouna y = sin x, c;katas B 2 pasa Baoab ocu O U cMCLIEHHAA
Ba0in ocu O BieBo Ha 7/6; 6) cuHycompa y = Sin T, OTpasReHHaA O0THOCHU-
rensHo ocu Qx, pactanyrasa Booas ocu Oy B 2 pasa, PACTAHYTadA BIOIbL OCH
Oz B 2 pa3a u cMeteHHan Booas ocn Oz Bripaso Ha 277 /3. 5.179. a) Taures-
couna y = tgx, pacrauyrasa saoas ocu Oy B 3 pasa, pacTAHYTaA BAOAb OCH
Oz B 3 pasa u cmemeHHana Baoas ocu Oz BireBo Ha 37/4; 6) TaHreHcouna
y = tg T, oTpaskeHHasa oTHOCHTenbHO ocu Oz, c:raTas BoJsL ock Oy B 2 pasa,
cigataa Booas ocn O B 2 pa3a W cMelueHHasa Baodn ocn Ox BICBO Ha 37 /4.
5.180. a) I'pacdux ob6paTHOM TpUrOHOMETpHUecKol (GyHKWHM y = arcsing,
pacTAHyThI Bodb ocu Oy B 4 pasa u cMeweHHbIA Broaps ocu Oz BIpaBo
Ha 1; 6) rpadur GyHKRUMHE y = arcsin T, OTPaKEeHHBIT OTHOCKTEIbHO ocu O,
cmaThiil Ba0ab ocu Oy B 3/2 paza u cMerueHHbI Baoas ocu Oz Biaeso na /2.
5.181. a) 'padux obpaTHON TPUrOHOMETPH'ICCKON (DYHKIMH § = arctgz, o1-
pakeHHbIN oTHOocHuTeabHO ocu Oz, pacTaHyThil BIoaL ocu Oy B 3 pasza u
CMelICHHBIN Broab ocu O BacBo Ha 5/2; 6) rpaduk GyHKumH y = arctgz
cmaThii Broas oct Oy B 5/2 pasa 1 cMelucHHSIi Baoas ocu Oz BIpaso Ha 6.
5.182. a) I'padur nokazareavHolt OyHKUMM y = 27, OTpPaKEHHBIY OTHOCH-
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TenbHo ocu Oy u cMemeHHbIR BOoab oc Oz Bupaso Ha 1; 6) rpadur QyHK-
nud y = 2%, orpameHHbI oTHOCUTEnbHO ocu Oy, cmatel#t Booab ocu OT B
2 pasa u cMmeweHHbIN Bombs ocu Oz Bupaso Ha 1. 5.183. a) I'padur nora-
pubMuueckolt GpyHruuu y = lgz, cMemenHbit Booas ocu Oy BBepx Ha 1 u
BIoab ocu Oz supaso Ha 1/10; 6) rpaduk dyuruuu y = lgx, oTpameHHbIi
oTHOcHTenbHO ocu O, cMeleHH I Bromb ocu Oy BBepx Ha lg 2 u BOOaL 0CH
Oz Baeso Ha 4.
-2z, z € (—o00, —2],
5.184"). y = < 4, z € (-2, 2],
2z, 1z € (2, +00).

(z+1)2 -1, z€(~o0,0],

z2, z € (0, +00).

1\? 23 1
—6(w+—1§> o T € (—6,0).

—(z+1)2+1, z€(~o0,l],

&mmyz{ 6CVF%>{;§’xE(’wV%]UN+ﬁ%

5.188. y =
Y (z+1)? -1, ze (L, +00).
5.189 2(:’5—1), IE(_OOa 1],
189, y =
0, z € (1, +00).
- 7 9! S ("007 "2) U [3/27 +OO)7
5.190. y = vt
- = -2, 3/2).
24—, T €(-2,3/2)
1
- - »_2’
212 TE(-00 -2
1
5191y =] -1+ ——, z€(-2,0
3
gt z € (0, +00).

1) 3mecs u namee Ko BCeM aHATOTHUHBIM 3aavaM BTOTO maparpada B oTBeTe (paK-
TUYECKH NMPUBOLUTCA TOT BUI MCXOXHON QYHKUMHM, U3 KOTOPOTO y/&Ke JIETKO NMOJYYHTH
ee rpaux.



364 OTBeTs! 1 yKa3aHuAa

5.192. Ilpu z € (~o0, 0) — mpamaa y = —1, npu z € (0, +00) — npsaman
y=1l,mpuz =0 y=0. 5193. llpu z € [n, n + 1), n € Z, — npaman
y=n.5194.llpunz € [n,n+1), n€Z, —npavMan y = — n.

27 —1, z € (—o0, 0],
5.195. y =
2®—1, 1z €(0,+00).

3+ 42, z € (—o0, —1],
5.196. y = { /1 o+
(5) +2, ze€ (-1, +00).
lo 3 —x), € (~o0, 3),
5.197. y = { g2 (3= ), z€( )
logy /s (z = 3), z € (3, +0).
log, (z + 1 1,0
5.198. y = g ( ) € (-1, 0],
logy (z+ 1), z € (0, +00).
™ 3T
x+z—-2k7r, xE[QkW—I 2km + } k€ Z,
5.199. y = W . _
x+z—(2k+1)7r, T€ ((2k:+l)7r—- R (2k + )7 + ;1—)
3z — 2%, z€ [21%, (2k+1)1§-],
5.200. y = - - ke Z.
3z— (2k+1)m, z€ ((2k+l)§, 2k + 1)3),
V2 cos (x - g—), z € [2kw, (2k + V)7],
5.201. y = - ke
V2 cos (:c+ Z)’ z € ((2k + 1), 2(k + 1)m),
— arct -1), € (—o0, 1],
5.202. y = gla—1), zel ]
arctg (z — 1), z € (1, +00).
m 7r
z, z€ (2k7r—;2-,2k7r+§),
5203.y=4{ O, =g+k7r, kez.
7r T
-, me(2k+1 5(2k+1)7r+§),
ctg (z ) [ m——, kr+ ]
5.204. y = o . kez
—ctg(x ) ( 4, k+1)7r—Z)
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%, z € [-7,3]

5.207. Ocu xoopaunat. 5.208. Kpupas, ciMMeTpUUHASA 0THOCUTENHHO 00€rX

1
5.205. y = —2—(1 —cosz). 5.206. Orpesor mpamoit y = % +
5

ocef KOOPIMHAT; B NMEPBOi UeTBEPTH — vYacTh napabomst y = —(z — 1)2 4+ 4
npu z € [0, 3] u uacts mapabomnt y = (z — 1)2 — 4 npu z € (3, +00).
5.209. Ksagpar ¢ sepumnamu (1, 0), (0, 1), (-1, 0), (0, —1). 5.210. Kna-
mpar co cropoHaMu x = +1/2, y = +1/2. 5.211. Kpusas, cummerpuunan
OTHOCUTENLHO 00eux ocelt KOOPOHHAT U GMCCEKTPUCHI MEPBOCO U TPEThEro
KBanpaHTon; b obnacru G = { z,y)z20,y>20,z> }ﬁ*nyqy—x 1.

5.212. [{pusas, cuMMeETPHUYHAA OTHOCUTEIHHO 00eMX 0Ceil KOOPOWHAT; B Mep-

1 1
BOM KBAaOpPaHTe NpH ¢ < — — OTPE30K NpAMOIl T = ——, Opu y > — —
pay 5 I

2 2
3 2 5 4
oTpes3ok mpsmMoit y = 1 — Z 5.213. 0, . 0.214. 2,0, 6, O,

V3 2’3
14 17 20 27r Tr 8t 13w 1ldmw

... 5.215. — —, —, —, ... 5.216.
107 5 8’ 117 3 b) 5 b 7 ) 3 b 3 b 3 b 3 b) 3 b

—1)n on
5217, 7, = T 5218 2, = 14 (<1)". 5219, 1, = 5 z -
n_

n+1
-1 m+1

5.220. 2 = ncos N 5901 4 = (c1 2L 5o 4 =
2 2n —1

-1
= sin (n_4)_7r 5.223. Hauboabwuuit unen z3 = 4. 5.224. HaubGoapmumui

U\I

wieH Ts = e. 5.225. Haubonpmuunit wien z9 = 1/6. 5.226. Haumennnit
yjleH o = —22. 5.227. Haumenommuit unen zg = 24. 5.228. Haumenn-
wuft wien a3 = —9/8. 5.229.a) 34 >0 Vn € N(jz,| < 4A);VA>0
In € N(lzn] > A). 6) VN € N(z, < Zpy1); 3In € N(zp 2> zpga)-
B)Ve >0 INeN VNeN(n>N=|z,~-a|<¢); 3e>0 VNeN
dne Nn > NAlzp,—al 2¢). ) VE>0 IN e N Vn € N(n >
>N = |zp,] > E); 3E>0 VN €N 3n € N > NAJz,| < E).
n) Ve >0 3n € N(lzp —a| <¢€); e >0 Vn € N(|lz, —a| < ¢).
5230.a) a =1/3, N=3;6)a=1 N =10; B) a = 0, N = 999,
r)a=5/7, N=3. 5.231.1/3. 5.232. -5/9. 5.233. 0. 5.234. —1/2.
5.235. 0. 5.236. 0. 5.237. +oo. 5.238. 0. 5.239. 3/2. 5.240. —1.
5.241. 1/2. 5.242.1/3. 5.243. 0. 5.244. 1. 5.245. 1/6. 5.247. fIzaacrca.
5.248. He asnnerca. 5.249. He apaserca. 5.250. flBanerca. 5.251.1/3, 3.
5.252. 0, \/—/2 1, —v2/2, ~1. 5.253. 7/6, —n/6. 5.255. inf {z,} =

= lim z, = lim 7, =1, sup{z,} =2. 5.256. lim z, = inf {2,,} =0,
n—00 n—oo n—00
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lim z, = 1, sup {z,} = 5/4. 5.257. llocienoBaTenbHOCT, HEOTPAHHUEHA
n—o0

CBEpXY U CHHBY; hm Tn = 400, lim z, = —oo. 5.258. inf {z,} = —/3,
' n—oo

3 — 3 1

sup {z,} =2v3, lim z, = —%, lim z, = % 5.259. inf {z,} = — =

n—00 n—00 2’

5.264. VE >0 36 >0

N W

. 1 —
supf{za) = g0 Hm o= g i e =
n

O0<|z|<éd=>|f(z)|>E). 5265.VE>0 3§>0 (-d<z-1<0=>
= |f(z)] < —E). 5.266.Ye >0 34 >0 (jz] > 4 = |f(2)] < ¢).
5267.VE >0 3A>0 (z> A= |f(z)]> E). 5268.YVe>0 36>0
0<z<d=|f(z) <e) 5269.Ve >0 A >0 (z|] > 4 >
= |f(z) -2/ <¢€). 5270.VE>0 3A>0 (z < -A=> f(r) < -E).
5271.YE >0 3A>0 (z < —A = |f(z)] > E). 5.272. -2. 5.273. 2.
5.274. —oo. 5.275. 0. 5.276. Foo. 5.277. 0. 5.278. m/n. 5.279. 322
5.280. 6. 5.281. (a — 1)/3a>. 5.282.1/4. 5.283. +oo. 5.284.n. 5.285. 0.
5.286. —1/2. 5.288. 3/5. 5.289. 1/6. 5.290. v/2/2. 5.291. 1/(2/z).
5.202. 3. 5.293. +00. 5.294. 1/2/3. 5.295. 1/n. 5.296. m/n. 5.297. 3/2.
5.298. 39/2/2. 5.299. 0. 5.300. 1/2. 5.301. —7/4. 5.302. 2. 5.303. 3.
5.304. 7/3. 5.305.1/7. 5.306.3/4. 5.307.2. 5.308. (a2 —/32)/2. 5.309. 0.
5.310. —a/7. 5.311. —/2/4. 5.312.1. 5.313.0npun > m, 1 npun = m,
+o0o mpu n < m. 5.314. 4. 5.315. 1/2. 5.316. 25/16. 5.317. < 3ame-

1 1
var, 4To w = log, (1 + z)'/®, u BOCIONL3OBABIINCH HEMPEPHIB-
Hoctbio OyHEuuu f(z) = log, =z (cM. 3amauy 5.381), MomeM 3anucaTh:
: loga (1 +l‘) 1 1/ : 1/ —
al:l_r)l}) — = ;E)r})loga (1+z)/* =log, (mh—% (14 z)/*) =log, e. >

5.318. Yxazauwue. Cnenars 3ameny a® —1=y. 5.319. Yraszanue. Cue-

aarb 3amedy (1 4+ z)®* —1 = y. Torma aln(1+4z) = In(1+ y). Caenosa-
- (1 ¢ -1 1

remmo, SFD =Ly y () pgon 0 5 g9q, 0
T z In(l+y) T

5.322. e71/2. 5.323. 3. 5.324. 2. 5.325. 1. 5.326.Ina. 5.327. alna.
1

5.328. p log,e. 5.329.a—b. 5.330. 1. 5.331. —1/2. 5.332.¢e. 5.333. 1/e.

5.338. +1, —1. 5.339. —00, +00. 5.340. +00, 0. 5.341.0, +o00. 5.342. 7/2,

—m/2. 5.343.0, —1. 5.344.2, —-2. 5.345. -2, —2. 5.349.3/2. 5.350.2/3.

5.351. 1. 5.352.3. 5.353.1. 5.354.3. 5.355.1/3. 5.356.1/2. 5.357.1/2.
5.358.1/2. 5.360.0,97. 5.361.5,03. 5.362.1,15. 5.363. 0,88. 5.366. — 1n 10.
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5.367. 3. 5.368. —2. 5.369. 2/3. 5.370. 8/9. 5.371. 3\/5/2‘ 5.372. 3.
5.373. 1. 5.374.1/2. 5.375.2/3. 5.376. 2. 5.377.1/6. 5.384. A = 3.
5.385.a = 2. 5.386. b = wa/2. 5.387. x; = 0, 2 = 1 — TouKU paspnina
Broporo poma. 5.388. x = 5/3 — Touxa paspsia nepsoro poxa. 5.389. x =
= (0 — Ttousa ycrpanumoro paspnisa; f(0) = n. 5.390. z = 0 — Touka
yerpanumoro paspbiea; f(0) = 1. 5.391. £ = 0 — Touka ycTpaHUMOro pas-
puiBa; f(0) = 1. 5.8392. ; = 2, 3 = —2 -— TOYKU DPa3pbLIBA BTOPOLO
poma. 5.393. x = 0 — Touxa pa3spniBa mepsoro poma. 5.394. z = -2 —
TOYKA Pa3pbiBa MEpBoOro poxa. 9.395. £ = 2 — TOuUKa pa3pblBA MEPBOCO POAA.
5.396. £ = 0 — Touxa ycrpanumoro paspeisa, f(0) = 2; z = £1 — Toukm
paspeiBa BrOporo poma. 9.397. z; = 0 — TOuKa yCTPAHMMOTO Pa3phIBa,
f(0) = —=1; £ = 1 — Touka ycrpanumoro paspmia, f(1) =0; z3 = -1 —
TOYKA pa3pbiBa BTOpOro poma. 5.398. r = 0 — Touka ycTpaHHUMOrO0 pa3pbIBa;
f(0) =1/2. 5.399. £ = 1 — Touxa paspoisa nepeoro pona. 5.400.z =1 —
TOYKa pa3peiBa mepsoro poma. 5.401. © = 2,5 — Touka pa3pbiBa NMEPBOTO
poma. 5.402. x = w/4 — TouKa paspniza mepsoro poma. 5.408. (Ve >0
Vzg € D 36> 0(jz —zo| <6 = |f(z) — fzo)] < e)) A (35 >0Vé>0
3z, 2" € D (Jz' —x"| < §A|f(z') - f(z")| > €)). 5.411. PaBromepHo Hempe-
poiBHa. 5.412. He asnaerca pasHoMepHo HempepbiBHOH. 5.413. PasHoMepHO
uenpepoisHa. 5.414. He apiserca pasHomepHo HempepoiBHOR. 5.415. Pap-

" HoMepHO HempepbiBHAa.  5.416. He aBnscrca paBHOMEPHO HenpepbIBHOM.
5.417. He siBnsierca paBHOMEpPHO HenpepoiBHOit. 5.421.947i. 5.422. —3+41.
14
5.423. —4i. 5.424. —29 + 22;. 5.426. TE); - %z 5.427. 7. 5.428. EZ
7

3
5.429. ~2+5i. 54302 =2,y = 3. 5.43Lw = 1/3, y = 1/4. 5.432.2 = 1,
29 =1. 5433. 2, =2+1, 2y =2—1. 5434. 2y = 1 +it, zo =t, t € R.
3 3 5 B 2
5.435. cos?ﬂ +isin ?’r 5.436. 2 (c<)s33’I +isin %i) 5.437. cos-g- +
2 , 6
+ isin?ﬂ‘ 5.438. cos-?%r + isin%r. 5.439. cos%'f- +isin -771 Vraza-

gue. Onpemeauts yroa ¢, ymosaeTsopAroinuit ycaosuam: ¢ € [0, 2m),

CUS (P = — COS Z,;—, sin g = sin Z;— 5.440. cos %}1 sin % 5.441. 2 cos ——17:1 X
7r 1 3 T 17
— — ). 5.448. a) —47. = + ;2= 10 — 2. —— — —4.

><((‘0b14+l,Slr114) 5.448. a) Z,2+t2, 6) 10 — 2z, 1!

5.450. g - 2i. 5.451. — + 4. 5.453. Cosur Ha Bextop a = {-2, 0}.

= w
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5.454. Cosur Ha Bextop a = {3, —1}. 5.455. Ilosopor Ha yroa /2 mpo-
THB 4acoBOif cTpearu. 5.456. Hlosopor Ha yroa /4 mo wacoBoit cTpeke.
5.457. CuMMeTpuA OTHOCHTENHLHO Hayasja koopauHat. 5.458. omorerua c
LIEHTPOM B Hauaje KoopauHat u Koddduuuentom k = 2. 5.459. Ilosopor Ha
yroa 7 /4 n1poTuB YaCOBOH CTPENKHU C HOCAEYIOLIeH TOMOTETHEl C LEHTPOM B
Hauaje KOOpAUHAT 1 K03¢ pumuerTom 1/ V2. 5.460. OrpameHue 0OTHOCUTEb-
HO DeHCTBUTENbHOM ocu. 5.462. a) CymMMa KBagpaToB myaroHasel napalieno-
rpaMMa paBHa CyMMe KBaipaToB ero cropoH. 6) Y kasanue. Bocmnoanso-
BaTbCA TomgecTsoM a). 5.463. llonymiockocrs > 0. 5.464. llooca 0 < y <
<1. 5.465. Ilomoca |y| < 2. 5.466. Buyrpennocts kpyra paguyca 1 ¢ ueHTpom
B Hauajle koopouHaT. 5.467. Onpymuocts 22 + (y +1)? = 4. 5.468. Koabuo
Memmy oxpymHocTAMU Y1 (T +2)2+y2 =1u v (z+2)?+y%2 =4 (1 ue
NpuHaLIeRUT Koabuy). 5.469. D = {(z, y)|y? > 1 — 2z}. 5.470. llpaman
2r+y+ g = 0. 5.471. Cexrop, orpaHnyYeHHbIH dyuamu [; = {(.7:, )|y =
=0,z 2 O} uly = {(:r, yy==z,2z 2> 0} (ay4 [} He NPUHAIVIEMUT CCK-
topy). 5.472. Cexrop, orpaHuyeHHbId aydamu [} = {(1:, Y]jy==zz< 0}
uly = {(z,y)|y = -z, 2 < 0}. 5.473. Ocv Oz. 5.475. Hetarctg (24/7)
5.476. 13¢i2ret8 (=12/5) 5477, seilarcte (4/3)+m) - 5478, \/eilm-arcts (1/2)),
5.479. i(a+37/2) 5 480. 2sin g-ei("/'z) pu sin% > 0, —2sin %ei(’””’/z)

npu sin% < 0. 5.482.2) 24e~("/2), g-; 6) 16ei(77/4) | 2¢~i(7/2) 5,485, 32i.

~

1
5.486. 2. 5.487. 512(1 —iV/3). 5.488. -. 5.490. ) L(3cosi + cos3p);

RNy

1
6) Z(3 sinp — sin3¢). 5.491. 4cos® ¢ — 3cosy. 5.492. 3sin — 4sin® .
5.493. cos® p — 6 cos? @ sin® p +sin® . 5.494. 4sin ¢ cos® p — 4 cos psin® .

5.495. KopHu 2-it cTeneHu u3 equHULbL: 27 = 1, 2o = —1, KopHH 3-it cTeneHu
V3 1 V3

U3 eOUHULLL 27 = 1, 2o = —§+z—2—, 23 = ) —17; KOpHU 4-11 cTCIeHu
U3 emuHHULbLL: 27 = 1, 290 =4, 23 = =1, z4 = —i. 5.496. :l:ﬁ(l+i).
5.497 i-‘/—§(1+i) iﬁ(l—i) 5.498. cos (% + 2—”k)+isin (12+ 37—%)
T 9 ’ 2 5 e 6 9 6 9 )’
k=0,1,...,8 5499. £=-(1 +iv/3).
5.500. v/2 (cos (-2”71 + ;;-k) +isin (57{4- + g—k)) k=0,1,2 3.

g Ty 20) disin (T4 2T _
5.501. \/i(cos(4 +5 k) isin (7 + % k)) k=0,1,2, 3, 4.
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5.502. /2 (cos (1 + zIc) +isin (1 n gk)) k=0,1,2 3,4, 5.

1873 18
% — 1 2% - 1
5.503. 25/2 (cos(——5——)E +isin (——Sﬁ> k=0,1,23, 4.
. . 2
5.505. Sn(ne/2)cos(n+ 1)ef2) g Sin2np o0, sin g
sin (p/2) 2sinp sing
, 1 V3, . . .
5.508. —12i. 5.509. ;£ i 5510 ~2+i, -3 +i. 55IL1+4,
1 3 1 3
2-3i. 55121, — :l:i-\—g—-—. 5.513. —1, - % z—*g—_ 5.514. 1, -3,

—142i. 5515, (-1 +V2) £iv2, (-1 —+2) +iv2. 5.516. 2,5 =
= 234 = +£3i. 5.517. 44, +v3i. 5.518. £2i, +v/5i. 5.519. £(1 + i),

1 /3 .
i{'/i(cosg—ising). 5.520. 5(u:i\/ﬁ), ~1, -—Q‘C(lii\/i), ~/3.
a+ 7k

5.521. +1, +i, +v/2(1+4). 5.522.z = tg

a = arctga. Yraszauue. [lonomuts a = tga, £ = tgy u BOCNOIL30-

,k=0,1,...,n—1, roe

BaTbCA TPUTOHOMETPUYECKOH (opMoit KoMILIekcHOro uncia. 5.523. (z — 1) x
x(z+1)(z2+1). 5.524. (22 — 2v/2+ 1) (22 + 2v/2+1). 5.525. (22 —z +1) X
X(22+2z+1). 5.526. (27 +22+2)(22+22+5). 5527. (z—1)(22+ 2+ 1)

~

5.528. (2% — 22 + 5)(22 + 8z + 20). 5.532.2 —i. 5.533. —1. 5.534. %i.

7 14 —1-5;
5.535. — = +—i. 5.536.1. 5.537.0. 5.538.c0. 5.539. 00. 5.540. — 5
11+ 36

3
5.541. S-(3+1). 5.542.1+ie. 5.543.

5.553. 0. 5.554. 0. 5.555. 1—1—; 5.556. 0. 5.557.

. 5.544. e3(cos 2 + isin 2).
1- Z9

- 21

Tnasa 6

6.1. 0,331. 6.2. 0,5. 6.3. —1. 6.5. (Az)? — 2Az. 6.6. e(e®® — 1).

6.7. log, (1 + Az). 6.9. ——2-‘ 6.10. ——1— 6.11. 2*In2. 6.12. %log2 e.

z3 2/z
6.14. Yrazauue. Bocnombaosareca tommectsoM:  zf(xo) — zof(x)
= (zf(z0) —z0f(2)) — (w0 f(z) — 20 f(0)). 6.15. fL(~1) = =2, fi(-1) =
= fL(1) =0, fi(1) =2. 6.17. f.(0) = f.(0) = 0. 6.18. f' (0) = -1,
fL0) =1. 6.19. fL(0) =1, f,(0) = 0. 6.20. Yxazanue. Oynsuun

1 8 252"
y = sin - He uMmeer npeperna npu x — 0. 6.21. -2 + gxs. 6.22. — af .
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6.23. —z% + ;23 + % 6.24. (xfn?' 6.25. 1—(;31?2;")7’"1 6.26. 2z x
x (321 +122%-31). 6.27. \7(;—_7;; 6.28. —ﬁ_ﬂl—)- 6.29. —ga\/—_
+ # 6.30. % 6.31. ﬁ 6.32. \/I(Tiﬁ)?
6.33. % 6.34. —q\% - # 6.35. 2V/z2(3Yz + 5).  6.36. % x
(i gm), | e - TR
\/_COS? 2\;¥ _ ;i/—_‘ilc’;:; . 6.39. Hiim. 6.40. 2\1/;X

X sinT + /T cosz. 6.41. \/_(2ln:z—3") + \/—5(——3’ln3>

1 2:17—x2 2¢cos®x — 3
6.42. 1 . 643, —
z? (3 0gy T + o 2) + e

cos? ¢
V£ (192° + 9a) 9a) 2z

63/ (25 + a)? -46. _(1+:r,2)\/1——:1:4'

: ; %
6.47. g—cos %’l 6.48. —4sin-§r-. 6.49. 24z(1 + 42%)%. 6.50. ——2

"oVl 3z

6.44. sin~2 (r + Z)' 6.45.

1 2 cos 4:
6.51. - sinx. 6.52. o8 x(\/l —sindr++/1+ sindz). 6.53. arcsinlnz +
2 | cos 4z
1 1 3sin2x
+ . 6.54. - cosz. 6.55. — ot 6.56. 2ze~2(1 + 2).
1-1n’z 2 41 +sin’z
1 /3 LT, 2x 5 1 2z
6.57. —e cos - —sin— |. 6.58. vVz* +a. 6.59. ——. 6.60. - .
3 3 3 cos T 1—z4
6.61. - — ——. 6.62 2t 1 .
(x2+4)/arctg (z/2) 3.1"‘ cos?(z +l/x)\/ 1+ tg (1+1/z))°
1 =z T cosr 1
63. —- —sin| 2sin - ). 6.64. — . 6.65. ————.
6 3cos3sm( qmg) 4 e o 31 1 22)
Va2 — b2 214222
6.66. Tt Deoss S8n (sinz). 2\/*(1 +x). 6.68. —e7 " 972
1 1 o
6.69. 22/In7 nlx In2. 6.70.2Y5"* 2 1n2. cosz - sgn (sin ).
n’z
6.71. 3% - 2*In3-In2.
2 1 ' e\/ln(uw2+b.'v+c)(2am +b)

6.72. 1 . 6.73. ————. 6.74. .
£10 rin2-In2z 2y/In (az? + bz + c)(az? + bz + ¢)

6.75. - ==, 6.76. 6.77. chz.
(2+22)y1 - 1311(tg\/1+r

\/!{*” 172 '
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1 1 - T —
678, she. 679, ——. 680 ———. g1, (L= 11T
ch g sh” z (z + 1)
2
6.82. 10 — 2z — 22 ' 6.83. — 220"+ 9z +1 '
322 {/z2(z +2)2(z — 1) 2z + 2 (z — 1)5(2z + 1)*
112 — 7z — 582° + 4822 .
6.84, LT 70 Z 980 A8 s se(nz —1). 6.86. 277 2% x

4/z—1/(z +2)3{/(z - 2)3
1 3+Inz
= : 87. (VT)V® . 88. (Inz)!/*
X <x+lnx ln2>. 6.87. (V) ( ¥ ) 6.88. (lnz)!'/*® x

l1-Inz-Inlne . , ]
——%m—xn-rﬁ. 6.89. (sing)dresin® —\/Ill—i_l_—xl_gf—+arcs1nx ctgx)

6.90.2%" 2%~ (1+zna(inz—1)). 691 22 (m o+ — - 21”).
zne Inz T

1 x
6.92. 2% t1(1 + Ing?) + 227 . 2° (— +1n2- lnx) +2% In2-2%(Inz + 1),
T
x> 0. Yrazauwue. Halitu npousBonHyio Kammoro cjiaraeMoro.
1+2v1+cos?z
2v/1 + cos? z(cos? z ++/1 + cos? x)

TIPOMEKRYTOIHON TepeMeHHON B3ATb U = cos’z u mance BOCIONBL3OBAThCA
arccos T
HpaBwioM au((epeHupoBaHUA CI0KHON GyHKkuuu.  6.94. —

X
V1 -—z2

L2 ) )
zarcsine™® +e% (1 —e~227)1/2

6.93. —sin 2z

. Yxaszaunue. B xayecrne

x(2Inarccosz + 1). 6.95. —2ze™" (1= c-2%y32
~*ln
6.96. —(—1“—+—Cr2;‘f)—2(4a—x arctga™® + a2 — 1). 6.97.a = 2, b = 0.

Yxaszanue. Yenoua HenpepeiBHOCTH lim f(z) = lim f(z) u nudde-
z——0 z—+0
pernupyemoctu f' (0) = f} (0) cocraBnAwT B COBOKYIHOCTH CHCTEMY ABYX

3

ypaBHeHUit orHOCcHTeNbHO a 1 b. 6.98. a = —=, b=
: 2 1 2 4v/z+/
6.99. 22 6.100. —— ‘/_ tiVvE LV

Y/(1—202(1 - 29)? 8Tz + VI\Jz + VT + VT
1— m/(m+n) n/(m+n)
6.101. —— (n ° (2 .
m+n 1+z l1—-=2

. . .
6.102. — sin 2z cos (cos 2z). 6.103. — ot TL8TT g 404, (9) x
cos"t1(mz)  cos”mz b

b\“ ra\t (b—a a n 1
- - In - ’ . 6.105. . 6.106. ———
% (1‘) (:r) ( z T8 b)’ ¢ >0 5 zlnmz 6106 3z2 -2’

2tgz(1+tg? )
1+tgtz

3
2] < /3. 6.107. 2rlog;ectg (27r:1:+ -725) 6.108.
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1 1

6.109. — . 6.110. (sinz)***(ctgzcosz —sinzInsinz). 6.111. 5 X

zln®z Ly '
X (\/E)Si“zl' <Sin 2zInz + = :1:) 6.112. 2‘»(1:n veosz (14 /cosz Ina).

T
1 1

3 -
113, ’ — 114, ——.  6.115. e %(a - ).
6.113. th°z (1+ 5sh ) 6.11 192 15. e *(achaz — shaxz)

$ h 1

6.116. q_g%}sa_:ﬁ 6.118. -—z—\/JT_—T 6.119. cos(z — 7k), ecan = €

€ (rk, m(k + 1)), ecin me = = 7k, 10 y_(7k) = -1, ¥/, (vk) =1, z € Z.

6.120. z > 0 ,x < 0; y(0) = -1, ¢ (0) = +1.

1+ 22’ T Tl 4 a2

6122 ~1, 2 <0 —e7%, 2> 0. 6123. 1, 2 <0 ——, > 0. 6.124.0,
T

2¢' +42° - 362> +54 [ 3 -2
3(1 —x)2(9 — z?) 3+ )%
n .
6126.y = 5 —2—.  6.127. a® - 2% -alna.  6.128. (log, a)® x

i=1 L — U,

|z| > 1; 2ze~%"(1—22), |z| < 1. 6.125.

1
X (—171—— —Inlog, .L') 6.129. cos z cos (sin z) cos (sin (sin z)).
T

Nz -1
6.130. (—) s 6131 -2 (1+1n?3).
T T
. 1 ina in2
6.132. a cos az cos bx + bsinaz sin bm 3zosb; In3 + sin® az
cos? bz cos? bz

6.135. p(z9). Y razanue. Bocnons3oBaThca onpencieHUeM MpOU3BOIHOMN.

6136 L@ Y@V @) o @ @)9E) - p@ (@)

Y@+ Yz + 2 ()
()P (z) f'(Inz) f'(z)
6.138. 9 (x)¥ “( "(z) Iny(z) + —=——=]. 6.140. . 6.141.
( e : f@)
6.143. f'(f(x)f'(x). 6144, 3.  6.1d5. —1.  G6.146. Ve
3 e T a2 Y
z(y® — 22°) y
6.147. =1 6.148. —, /=, 6.149. ———.
y(2y? — z2) z 2(1+1Iny)
T g Ygi T(9Y
6as0, Sy tersing gy ¥ gase 2T gie
e¥cosz — e* cosy x 2y(1 - 27)
1—y% 1 —-1-22 T+y yl—2z%—y?
6.153. 1/ . 6.154. . 6155 L —— <
1-221-/1-¢2 T—y zl+z2+92
yzlny—y y 1
156 2——2—2  6.157. =. 6.160. * . . OyHE-
6.15 syl —z . 0. Tl Yrazanue. OyHK

nua y = chz, z € (—o0, +00), He uMcer 0OpaTHOMH, MOITOMY CIeXyeT
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paccmaTpuBath ABa npomemyrra (—oo, 0) u (0, +00), Ha KamEOM H3 KO-
TOPBIX 3amaHHaA (YHKIMA MOHOTOHHA M, CJIEOOBATCIbHO, MMCCT 00paTHYHO.

1 1
6.161. log, ¢ - ctgz. 6.162. ————. 6.164. ————. 6.165

V1i+8z "14ec@ T 14+ 6a2(x)

a(z) 1 5 1

6.166. ——. 6.167. ————. 6.168. 3t — —. 6.169. —.
a(z) +log, e 1+Ina(r) 2 69 3t

9t .
6.170. — == 6171 9341 6.172. —gctggo. 6.173. 2cos?t X

t 2
x(cos2t — 2sin2t). 6.174. 1. 6.175. 7 6.176. gln2ctg2t.

PR a=vi)"

6.179. — b th t. 6.180.1. 6.181. —1.

6.177. - ———. 6.178.
2v/4 — 1— t(1— )3

4 2

6.182.2+1/3. 6.183. —~.6.184. —2 cos 2z. 6.185. ——6x—~ 6.186. — —x
3 (1+z4)? 3ln2

z? 41 3z (1 +2z%) arcsinz
— . 6.187.2¢7* (227 — 1). 6.188.
@12 e™" (22° —1). 6.18 (1= 22) (1 - 22)5/2
1 1 1

1
6.189. zV*-1(2 +1 ~lnz+ = - : -
T (2 + 11x)(4 ne+ 5 4\/5+2\/1—c(2+1nm)> Yraza
Huc. Bocnonb3osaThea morapupmuueckoit npomssogHott. 6.190. y'(0) = 3,

y"(0) = 12, y"(0) = 9. 6.191.2. 6.192.6. 6.193. y( y=1, y(O) In2,
2 1 1 1
' 2 '
y"(0)=In’2-1. 6.194.y' = — '(_2), = x4f (_Z) :c_ﬁf"(ﬁ)‘

T z
e f'(e*) f1e®) ") (e
6.195. y Y= - . 6.197.y' =
fey V= (erf(er) e T Pl !
rnal ! 2 2 n " foy 2 !
_ uwu'+ov ,,:(u + v*) (uu" +vv") + (u'v — wv') 6198, 4" = ¥
Vu? + 02’ y (u? + v2)3/2 Y u
v’ wu —u'? " —v'? m!
- y' = i 6.199. (T—r;-——)—xm‘", ecan n < m;

0, ecitn n > m. 6.200. (klna)"a*®. 6.201. sin ) Yrazauue. y' =

= cosz = sin( g), = (sm (m+ g—))’=cos (:L'+ §)=sin(x+7r)

|
moro 6.202. (—1)*! (=D 6 203, 2”‘1005(2a:+n—7r). Ykasza-
AL 2

1+ cos2z 2n/!
uue. Bocnoabsopathea GopMymoii: cos’z = ———. 6.204

2 . . om.
(x—1)%0—(z —2)%° 6.207 1-3-5...37(79 — )

(x2 — 3z +2)51 10201 —gz)20/T—g

MONb30BaThCA paseHcTBOM 1 +2 = 2—(1—1x). 6.208. cosz- (209 —x —x?) —
— 15sing-(22+1). 6.209. ¢?(z? +397+360). 6.210.4y/2Zsin (1‘ - %)e—x.

6.206.

Yrasaunue. Boc-
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8! log2 e

6.211. . 6.212. zshz 4+ 100chz. 6.213. Yrazauue. JJokazaTens-

24c3(ad—be)

&5
p? 2 — rev¥ 2(1+y)?
_S =

CTBO IPOBECTH METOIOM MaTeMaTHyeckoi nHoykuuu. 6.216. —

6.217. —48. 6.223. ——. 6.224. ¥ ————.  6.225.
y® (1= zev)3
1 24 (x-1)7? 1"
ol +12/) ($3 )). 6.227. ——EL
21+ , U
@1 ° € (1, +00). 6.231. ——

2 2 _rrm
6.232. 2(1/+t ) nan 2sec®zx, T € ( X 2) 6.233
2/3

€(0,a). 6.235. 72 +y—3=0, z—Ty+71=0.

6.226.

6.230. —ctg®t mum

T 7
—92sec? (__ _.).
niu sec’x, T € 2 5

. ————— um
3acost tsint
a

3013 /ai s — gl
6.236.y—-5=0,z+2=0. 6237.2-4y+4 =0, dz+y—18 = 0.
6.238. y -2z =0, 2y+z=0. 6239.z2—-y—-1=0, z4+y—1=0.
6.240. 2z —y+3 =0, z+2y—1 =0. 6.241. 7z — 10y + 6 = O,

10z + 7y — 34 = 0. 6.242. y = 0, (1T+4):c+(7r-—4)y—112? = 0.

6.243. 5z +6y—13 = 0, 6z—5y+21 = 0. 6.244.z+y—2 = 0. 6.245. arctg —2—.
6.246. Mo(1/8, —=1/16). 6.247.y = 2> —z+ 1. 6.249. 2z —y —1 = 0.
6.250. 4z — 4y — 21 = 0. 6.251. 3,75. 6.254. B touxe M, (0, 0) yroxn pasen 0
(napabonsr kacaiorca) u B Toure My(1, 1) yroa arctg = 6.255. arctg T
6.256. arctg 2v/2. 6.257. 7/4 u 7/2. 6.260.2/+/5.

6.262. < Ecnn wpuBaa 3amaHa ypaBHeHueM r = r(p), TO OEKapTOBbI KOOP-
IOMHATBI TOYeK M 3TOit KPUBOH KAk (GYHKIUU YINIA ¢ DAIOTCA BbIpAKEHUAMH

z=r(p)cosp, y=r(p)sing.
Orcroma OM = r(p)cosp-i+r(p)sing-j, r.e. Bexrop p(1, tgy) KoLIMHE-
aper OM. Berrop 7(1, y,) ABIAETCA HANPABIAIOLIMM BEKTOPOM KacaTelb-

ot TT', a Tar Kak
Yo _rsm<p+rcos<p r+r'tgep
zl, r'cosp—rsing o —rtgy’

Yp =

10 BexTop e(r' — rtgy, T + ' tg ) KommHeapen T. ClenoOBATENBHO,
(p,e) _ r
lp| - le] 2 4 (r)2’

o ted /1 —cos’8 r >
OTK = — = —
yua te cos? @ r!

cosf =
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1
6.263. 0 = arctg . 6.264. 9: g+2cp 6.265.2) t, =0, t, =8 6) ¢ €

€ (0, 4)U(8, +00); B) =3 3+\f 3 V3). 6.266. —awsinwt.

6.267. 242.  6.268. 1—787r. 6.269. awe’?. 6.270. vy = —2awsin2p, v, =

= —2awcos 2. 6.271. B tourax (3, 16/3) u (-3, —16/3). 6.272. 47r?v u
8nrv. 6.273. 2wpan/c. 6.277. (Ay); = 1,261, (dy); = 1,2, (Ay); =
= 0,120601, (dy), = 0,12. 6.278. As = 2zAz + Az?, ds = 2zAx.
6.279. ds = f'(t1)At ects nyrs, xoropoiil Obu1 611 mpoiineH Touxoit M 3a
IPOMCARYTOK BpCMeHH Al Ipu PABHOMCPHOM ABM/KEHHH CO CKOPOCThIO f'(t).
6.280. ds = 0,1, As = 0,08. 6.281. a) 0; 6) g+ km. 6.282. Panencrsa
a) U B) HCBO3MOMKHBI; DABEHCTBO 6) BO3MOKHO B C/y4ae JIMHEHHON (YHK-
mn (oM. 3amagy 6.276). 6.283. 2cm. 6.284. 3cm. 6.285. 2v/a? — 22 d.
6.286. rsinxdzr. 6.287. arctgrzdr. 6.288. Inxzdx. 6.289. arcsinzdz.

2 2(y? — 222 da :
6.290. lfi g.201, "W 200 dx o o0, —i/g dv. 6.293. &
. T

5y4 y(2y?% — a?) ev—1
2 _ .
6.204. =L an. 6.205. —_Sn@+y) o 6.206. 1Y 4o
y? 1 +sin (z + ) T—y
1 l
6.297. — LYY 4 6908, a) 0,05: 6) 0,805 ) 0.2. 6.299. 2,93.

x sin (zy)
6.300. 1,2. 6.301. AV =~ 27rhAr. Yrasauue. llockoabry h nocroauna,
T0 v ABIAeTcA GYHKUHEH OXHOTO apryMeHTa 7 v = whr?.

6.302. AV ~ — —Ap. Yrazauue. llpu nocroannom T' obnem V asan-
p

ercA (OYHKOUCH TONBKO ONHOrO apryMeHTta p: V = RT—

6.303. —ab? sin (br + c) de? = — b2y da®. 6.304.3°% ln‘)(?r In3—1)dz>.
6.305. 2= )sine -2z Coq"d 2. 6.306. 20 dz”. 6.307. 2(31U 397:_;;
T _
V1 —x2 .z + arcsinz . )
6.308. ——— dz®. 6.309. —z(1+ 2%)~3/2 da?.
a(l +a?)sinz 2 dz? R dx?
6.310. — 3 dz?. 6.312, ——. 6.313. —
(1 + a?sin® 2)3/2 (z +2y)? (y — b)3*
112 T — 2
6.314. 61((1—]%’—3%—. 6.315. (ﬁ_—ay)oi%a— 6.316. f(z) paspnibHa npn

z=0¢€[-1,1]. 6.317.0. 6.319. Yxazauue. [I[posecrn noxazarenscTBo
MeTOOOM OT MPOTHBHOIO, NpenBapuTCILHO yCTAHOBUB, TO IIPOHU3BOIHAA JIC-

BOIf 4aCTH YpaBHEHU WMEET eMHHCTBEHHbII ICHCTBUTCIBHLIN Kopeus & = 1.
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6.320.Y xazauwue. [[posecTu 1oKa3aTensCTBO METOIOM OT IPOTHBHOIO, IPEI-
BapUTEJILHO YCTAHOBUB, YTO NIPOM3BONHAA JIEBOH YaCTH yPaBHEHHA He UMEET

meficTBUTENbHBIX KOpHeH. 6.321. Ywasauue. F(b) = F(a). 6.322. ¢ =
= 1/\/.‘;. 6.326. Y ka3 auuc. Bocions3oBatsca pesynbraTom 3agaun 6.323.

6.328. £, = 1/2, & = 5/3. 6.329.0. 6.330.1/3. 6.331. T gm—n,
Ina—1Inb n

2
332, ———— . 6.333. 1. 6.334. 2/3. 6.335. ——. 6.336. a2/b2.
6.332 e Tnd 6.333 6.334. 2/3 Y a?/

6.337. 2. 6.338.2/3. 6.339. —1/2. 6.340. 2. 6.341. 9/50. 6.342. 1/2.
6.343. 1/2. 6.344. 0. 6.345. 1/2. 6.346. —co. 6.347. cos3. 6.348. —2.
6.349. 1. 6.350. 0. 6.351. 0. 6.352. 0. 6.353.2. 6.354. 0. 6.355. -+00.
6.356. 1/7. 6.357. a. 6.358. 0. 6.359. —1. 6.360. 0. 6.361. 1/12.
6.362. —1. 6.363.2/3. 6.364. 1. 6.365.1. 6.366. 1. 6.367.c. 6.368. 1.
6.369. 2. 6.370.1/e. 6.371.1. 6.372.1/e. 6.373.1. 6.374.¢7 . 6.375.¢2.
6.376. c. 6.377.1/\/c. 6.378.1/e. 6.379. -9+ 17(x + 1) — 9(z + 1) +
+2(z+1)%. 6.380. 7+ 11(z — 1) + 10(z — 1)® + 4(1 + 6(z — 1)) (z — 1)%;
a) 0 =1/4; 6) § — mwoboe meficrurensHoe uucao; 8) 6 = 1/4. 9
6.381. P(~1) = 143, P'(0) = —60, P"(1) = 26. 6.382. 1+ 3 SR

21
T 60.1: :1:3 .'125

T X1~ WA A Ay i (U ik
et ar” i AR ) a t
in (8 1)(m/2 3 a2

+sm( T+ (n+1)(r/ ))xn+1’ nHequHO;E—x—+x——...+(—1)"/2x
(n+1)!

1 3!
2" sin (02 + (n 4+ 1)(x/2))
><(n—1)J2r 4 (n+ 1)! x+11,n-xenzz- (n+1)(r/2))
. - cos(bx +(n+1)(w
6.384.1-— + 2 — (=1 ‘)’2(n_1)!+ n+ 1)

+1
21 T =

2 4 n 6 ] 5
n HedeTHo; 1 — z +:z:__ _+(_1)n/2§_+cos( z+ (n+1)(n/ ))
n! (n+1)!

+1

4| xn ,
z? " znt!
. 638.z——+... 1"1
7 YeTHO S.2- 5+ +(-1) (n 1)1 5 6a)n
z8 2P /2% T

6.386. x — T + R + (=1)(n=D/2— +Rn+1(x), ™ HESETHO; T — — +

.’L‘S xn—l n
+ 7 ‘.+(—1)"/2n 1 + Rpt1(z), n gerno. Y ka3anue. OcraTounsiit
YJIeH 3amucaTh B 00LIEM BUIE.

6.387. 14+ 2oy do=D o

, x> —1.

1! T +-~+a(a—1)”7;(ya—"+1)xn
ala=1)...(a-n)(1+6z)° "1
(n+1)! z

+

z>—1.
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2 4 6 2n
6.388. 1 — 1—2-+ 2;} o1~ x. 3 +...+(—1)n2:.nl. Yrazanue. B pa:sn:_
mennu e no gpopmyne Marmopena (cm. sanauy 6.382) momomurs u = ——];2—.

2z)%  (2z)4 oy (23)2"
6.389. 2<(2,) (4!) b (-1) —(23)!

. 1
sin?z = = (1 — cos 2z) 1 BOCIIONBL30BATLCA Pe3yabTATOM 3anaun 6.384.

2
(5];)211-*-1 2

5¢  (52)° n T
S0P 6391 22+ L
7 o T T gy 8 nety

x4 .’176 2n

12? 1 =z
- T+ (- — 6.392.2(1
e tEgt o tEDT Ty 639 (+

28 Zoas
1-3 28 a1 1:3...(2n = 3) 2"
+23-3!83+"'+(_1) ST o ) 6.393. 2 — (z — 2) +
_9\4 3 2 si 3 .
N Gl WPV L UL - b
(1+6(z —2)) 3 cosilz
®  z* 99z +66°2° (z—-1) 3
395, = — e 6.396.1 - “—— 4 =(z - 1)2 -
6395. ¢ + T+ T A _2) 7 tgle b
5 35 (z—1)*
16 128 (1 4 6(2 — 1))*?
1 3 5 &t
2,012. 6.398. a) — ; 6) — .
I‘) 70 3 a) 16 (1 +0$)5/27 6) 81 (1 +0$)8/3
B) 1/2. 6.401. Y kazauue. Bocrions3oBaTsca pasiomeHneM (QyHKIMH 10

).YKaaaHne.SanncaTL

6.390.

4

+(z - 2)? - (z - 2)° +

. 6.397. a) 0,842; 6) 1,648; B) 0,049;

6.400. a) 1; 6) 1/2;

dopmyae Teitsiopa B OKPECTHOCTHM TOYKM To OO0 WIEHA NOPAIKA k BRIIOYH-
renpHO. 6.402. f(zo) = 0 — mMuHmMyM, ecim p(xo) > 0 U n yerHoe;
f(zo) = 0 — makcumyMm, ecin p(zo) < 0 U n yeTHoe; IKCTPEMyMa HeT,
eciu n HederHoe. 6.403. Y xasaHue. BocnonbsoBaThca nepsbiM 10CTATOU-
HBIM yCiIOBMEM 3xcrpemyma. 6.404. Ha (-1, —1/v/2) u (1/v/2, 1) y6ur-
paer, Ha (—1/v/2, 1/v/2) Bospacraer; Ymin = ¥(—1/v2) = —=1/V2, Ymax =
= y(1/V2) = 1/2. 6.405. Ha (—co, —1) u (0, 1) Bospacraer, Ha (—1, 0)
n (1, +00) ybbiBaeT; Ymax = y(—1) = y(1) = 1. 6.406. Ha (0, 1) u
(1, ) yGMBaeT Ha (e, +00) Bo3pacraer; Ymin = y(e) = e. 6.407. Ha

™ ™ ™
(3( - 1), (Gk + 1)) yObiBaer, Ha (E(Gk +1), §(6k + 5)) BO3pac-

TAET; Ymin = ¥ (2k7r + 5) = 2km + (% - \/5) ~x 2km — 0,685, Ymax =

=y(2lm+5§> =2(k+1)7r—(%—\/§) ~ 2(k + 1)7 + 0,685, k € Z.

6.408. Ha (0, 2) yOwiBaer, Ha (2, +00) BO3pacTaer; Ymin = y(2) =
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=2(1-1n2) ~ 0,61. 6.409. Bospacracr Bo Bceit 001acTH ONpeneIeHN.
6.410. Ha (Z—(Bk -3), ;—E(Sk + 1)) BO3pacTaer, Ha (g(Sk +1), g(Bk + 5))

s ! 2 .
YObIBAET; Ynax = Y (2k77l'+ —) = C2I‘"<en/‘l£> =~ 1,5562L”, Ymin =

y(2k7r+ %—IE) = —C2k"(6"/4\/7§) ~ —1,55e2k" k€ Z. 6.411. Ha

(0, 1/e) y6uiBaer, ua (1/e, +00) Boapactaer; ymin = y(1/e) = (1/¢)'/¢
~ 0,69. 6.412. Ha (—o0, 0) yOemaer, Ha (0, +00) BO3PACTAET; Ymin
= y(0) = 2. 6413. M =3, m = —-24. 6414. M = 8 m = 0.
6.415. M = 06, m = —1. 6.416. M = 1, m = 0,6. 6.417. M = 2,
m =2~ 126 6418. M = /4, m = 0. 6.419. M =1, m = —1.
6.420. M =1/\/e =~ 0,61, m = -1/\/e~ —0,61. 6.421. Y xazanwue. Pac-
eMorpeTs PyHKEUU0 y = e® — (1+) u N0Ka3aTL, YTO y HEe CYIIeCTBYCT equH-

I

Q

Il

bu.
CTBCHHLIA MHHUMYM: Ynin = ¥(0) = 0. 6.425. %%—:—;1_)}—2(:. 6.426. |AP| -
1 2
100 2 1 T
= (500 — 7§—> KM = 442 3 kM. 6.427. x = ;1%, y = 2 (p— x— W?T)
2w ah 4

8
6.428. a = 3 6.429. T 6.430. ma3. 6.431. Q—iwrgh. 6.432. §7r7'3.

2
6.433. 5%13‘ 6.434. 2r2. 6.435. N(1, 1). 6.436.z = RV3, y = R/V2.

6.437. Pazmenntsh 0TPE30K mOMOJIAM.

6.438.7 = RHVE + H . 6.439. h = (e%/3—d?/3)3/2,
(VR? + H? — R)(VR? + H? + 2R)

6.440. Ha (—o00, 0) —- Boinyrsocts BBepx, Ha (0, +00) -— BLITYKIOCTH BHU3,

M (0, 1) — toura neperuba, k = 7. 6.441. [padux BCiooy BLINYKILIA BHUS.
6.442. Ha (—00, 2) — BbINyKIOCTH BBEpX, Ha (2, +00) -~ BHIIYKIOCTH BHUS,
M(2,0) — rouxa meperuba, £k = 0. 6.443. Ha (—o0, —1) u (1, +00) —
BLINYKAOCTH BHM3, Ha (—1,1) -— pemywaocts seepx, Mi(—1, ¥/2) n
M (1, \3/5) —-— rouxu neperuba, k; = ko = 00. 6.444. I'padux Bcrogy BLI-
nykabit sBepx. 6.445. Ha (—oo, —1) — suinykaocTs pBepx, Ha (—1, +00) ——
BpIIyII0CTH BHU3, M (—1, 1 — e™%) — Touka meperuda. k = —e~2 ~ —0,14.
6.446. Ha (—o0, 0) -— Boinykaocts Beepx, Ha (0, +00) — BBHIIYRJIOCTH BHUS,
M(0, 0) — Touka neperuba, k = co. 6.447. Ha (0, 6‘5/6) — BBIIYKJIOCTD

5
sepx, Ha (e~%/® 400) — BemmyraocTs BHN3, M (c“s/ﬁ, 1- - ,“5/6) —

wo

Toura meperuba, k = —36‘5/3 ~ —-028. 6448. a = —=, b = g
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6.449. —=. 6.451. Yrazauue. Ecim xyp — abcuucca Touku meperuda,
6v/2 \
10 To tg o = 2. Torma yd = y2(zo) = x2sin’ o = %2. 6.452. ¢ = 2,
4+ x5

1
y=1. 6453.y =z — 3 6.454. ¢ = 0, y = 1 (upasan), y = —1 (qe-

Ban). 6.455.y = 3z + g (npasan), y = 3z — % (nesas).  6.456. z = 0,
1 1
y = 2z, © = —1 (nepan). 6.457.y = 0. 6.458. z = oY=z + -

2
(£V5,0) — touku mepermba. 6.462. Ymax = Y(£1) = 1, Ymin =

= y(xv3) = y(0) = 0; ( \/6_5? : 25/_<6 5\/_ 3>2> ’

(i 6 +v/21 6+\/§T(6+\/2_1
5 20 5

6.459. y = -1, 6.461. ynmin = y(0) = -1, (ﬂ:l, —ﬁ> u

2
—3) ) — touku neperuda. 6.463. ymax =

— y(=v3) = V3, oim = 9(V3) =~V (0,0) (i@, ¢l‘/—‘§-) _

2 16
2
Touku neperu6a. 6.464. ynin = ¥(3) = —; (0, 0) — Toura neperuda; z = 1
2
ny = rte acuMnToTsl.  6.465. Ymax = ¥(0) = 0, Ymin = y(V4) =

4 2
5\3/1; <——\3/—, —5\3/§> — TouKa meperuba; £ = 1 m y = v — acumn-
torel.  6.466. (0, 0) — rouxa neperu6a; £ = 1 u y = T — aCUMNTOTHI.

0T, e = 0(VD) = ~3 VA, voin = 3(0) = 0; (V2 3V2) —

Touka mepermba; ¢ = —1 u y = T — acumnrorkl.  6.468. Ymax =
1 1

=y(l) = 3 (\3/_, 6\3/Z> — rouka meperuba; T = —v2uy = 0 —

aCUMIITOTHI. 6.469. (0, 0) — rouka meperufa; = = *lmy = 0 —

V4

aCHMIITOTEI. 6.470. Ymax = ¥(0) = 0, Ymin = y(— \/_) = -3

, \/z" /2(7 + . 3 V/45)?
(_ TV \/g+\/_ )(/7 )_

TOYKHU nepemﬁa z =1ny=0— acumntorer. 6.471. (0, 0) — TOYKa Iepe-
ruba; T = -2, ¢ = 2, y = 0 — acumnrorsl. 6.472. ymax = y(—3) = —4,5,
Ymin = ¥(3) = 4,5; (0, 0) — Touxa neperuda; T = V3, z=V3 y=1z—
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acuMnToTel.  6.473. ymin, = y(-1) = —1/3; (—\3/_, —\3/4_1/6) — TOUYKa
neperuba; r = V2 u y = 0 — acumnrotol. 6.474. ymin = y(0) = —1,
(£v/3/3, =1/2) — rouru neperuba; y = 1 — acumnrora. 6.475. (0, 0) u

(V/4/2,1/3) — rtouru nepermba; * = —1 u y = 1 — acuMuTOTHL
6.476. ymax = y(0) = 2, (&1, ¥/2) - - Tousu meperu6a; y = 0 — acumn-
tora. 6.477. ymin = y(1) = —1; (0,0) u (2,0) — rouxm neperuba.

6.478. Ymax = ¥(0) = 2, Ymin = y(£1) = V4. 6.479. (0, 0) — rouxa
neperuba; £ = —1, * =1, y = 0 — acumnrorer. 6.480. (0, 1) u (1, 0) —
Touky meperuba; y = —r — acumnrora. 6.481. (0, 0), (&1, £V2) —
Toukn neperuba. 6.482. (0, 0), (1, +£+¢/2) — rouxn neperuba; y = 2r —
acumnrora. 6.483. (0, 0), (%1, £V/2) — touxu meperuba; y = T — acum-

tora. 6.484. (0, 0) — Touxa neperuba; y = —1 — gesaa acumurToTa,
y = 1 — npasaa acumnrora. 6.485. y,in = y(—%) =1; (0,0) —
TouyKka neperuba; T = —¥/2 — acumnrtora. 6.486. Ypax = y(0) = 0,

Ymin = Y(2) = V16, (—\3/LI, —/2) — rouxa neperuba; v = VA uy =z —
acuMnToTsl.  6.487. Ymax = y(—v6) = —3/V/2; (0, 0) u (3, 3/25) —
Touku neperuba; £ = —v/2 u y = & — acumnrorsl. 6.488. ymin = y(0) = 0;
(£v/2, 2/v/3) — rouku meperuba; y = T — IpaBaA aCUMNTOTA, Y = —& —
nesaa acumnTora. 6.489. (—v/2, 0) u (—1, —1) — Touxu neperuta; z = O u
y = 1 — acumnrorer. 6.490. Ynax = y(1) = 1/V/4; (¥4, $/0,16) — rourn
neperuba; r = —1, y = 0 — acumnrorel. 6.491. Ymax = y(—V3) = 0,
Ymin = ¥(V3) = 0; (V2, 1/V2), (=V2, —=1/v/2) — touku neperuta; z =

= 0 — acumnrora, y = 1 — npaBsasa acUMNTOTa, Yy = —1 — J1€BasA aCHMIITOTA.
6.492. Yimin = ¥(0) = 0, Ymax = yY(£V2) = 2; = = +£1 — acumnrors,
Y = T — IpaBad aCUMOTOTA, Y = —Z —— JjeBad acumnrora. 6.493. yn.x =

=y(0) = 1, Ymin = y(£1) = 0. 6494 Yoy = y(0) = 2V2, Ymin =
y(£v2) = 0; (%1, 1) — Touxu neperuba. 6.495. ymin = y(% + 2k7r> =

V2, Ymax = ¥ (% + 2k7r) =2 (:%ﬂ + km, 0) — TOYKU Neperuba,
3

ke Z. 6.496. ymin = y(zr-+2k7r) = ﬁ, Ymax = y(——+2k7r) =

4 2 4
= - _\%_5; T = :%n + kw — acuMmnrorst, £ € Z. 6.497. ymin = y(0) = 0,
T

T
y = -5 1 — nesaa acuMmnrTora, y = 5 1 — mpaBaa acuMITOTa.
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1 3
6.498. ymin = y(1) = = + %, Ymax = Y(=1) = —=+ o7, (O, ZT-) — TOUKA

2 4’ 2

N | ==

neperu6a; y = g + 7 — IIeBaA acUMNTOTA, Y = g— — mpaBaA aCHMIITOTA.
2++2 .
6.499. ymax = y(1) = e, (—él/——, 6‘/2) — Tourn meperu6a; y = 0 —
1 1
acumurora.  6.500. Ymax = y(l) = 7=, Ymin = y(_l) = - 07 0)7

Je ﬁ; (
V3

+v/3, £~ | — Touru neperuba; y = 0 — acumntora. 6.501. ypax =
eve

e
2 ;
=y(l) = ;13-, (1 + £, (2F \/i)e"(”‘/j)) — touku neperuba; r = 0 —

2
1
aeBaa acumnrtora, y = 0 — acumnrora. 6.502. ynmax = y(£1) = o
3 1 ‘
Ymin = y(0) = 0; (:l:lg——, 36"3) u (:l:\/i, ie"/z) -— TO4KM meperuda;
y = 0 — acumnrora. 6.503. ymin = y(1) = ¢; y =  + 1 — acumn-

1
Tora, = 0 — mpapaa acumnrora. 6.504. ymax = y(V2) = —

v2e’

1 [5-V1T 1
Ymin = y(—\/i) = ""\7—%, (:': ——2—, :}:5 5+\/T7€—(1/4)(5+\/ﬁ)>
u (:l:\/ %, :l:%\/S - \/1_76‘(1/4)(5“/17)> — rouxu meperuba; y =

= 0 — acumnrora. 6.505. ymax = ¥(=2) = —4v/e, ymin = y(1) = —1/e;
(0,4, —1,6¢~%/2) — roura neperuba; x = 0 — neBanA aCUMOTOTA, Y = T—3 —
acumnrora. 6.506. (1, e2) — Touka meperu6a, z = 0 — npasaA acMMNTOTA,
y = 2r + 3 — acumnrora. 6.507. ynax = y(£1) = 2/v/€, Yymin = y(0) = 1;
(£v2 VB, (3 VB @=V2) u (£V2 1 V3, (3+ Ve eHa2)
touru meperuba; y = 0 -— acumnrora. 6.508. ynin = y(1) = e2, z=0—
npasan acumnTora. 6.509. Ymax = ¥(v3) = 3v3e 732, ymin = y(—=V3) =
= —3v3e7%/2; (0, 0), (%1, £e~'/?), (£v/6, +v/6e3) — rouru neperuda;

y = 0-— acumnrora. 6.510. (0, 0) — Touxa neperuta. 6.511. ymax = y(e) =
1 3
=—, |ey/e, —= ) — roura neperuda; * = 0 u y = 0 — npasbIC ACUMITOTHI.
o ( Ve, 5 \/5) p y P
1
6.512. ymax =y | = | = —e; * = 1 — acumnrora, = 0 u y = 0 — npassic
e

1 1 1 3
acuMntotel. 6.513. ymin =y (%) = —i; (m, _@) — TOYKA nepe-
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5
" 65/e5

u y = 0 — npasere acuMnTorel. 6.515. Yymax =y (

1
ruba. 6.514. Y. = y(Ve) = Y (\6/6_5 ) — rtouka neperu6a, T = 0

1 1
g) =2 Ymin = y(1) =

-0 (6—1,5—\/1',75 213_\/56—3—\/5) u (e—l,s+\/1_,23 = 3‘/56—34-\/5)_
b) b 2 b 2
touru meperu6a. 6.516. Ymax = y¥(0) = 0, ymin = y(Eve) = 2¢; z =

= £ 1 — acumnrorsl. 6.517. ymax = y(1/€?) = 4/€*, ymax = y(=1) =

0, Ymin = y(_l/.g?) = —4/e2; (0, 0), (ﬂ:%, :i:—\}—é) — TOYKH IIepe-

ruba. 6.518. ynax = y(0) = 0; z = 1 — acummrorsl. 6.519. ypax =
5-vVi3 /5 — 13\ 2% 5-vi3

= y(ie) = 1/62: Ymin = y(il) = 0; (:1:6 6, (T e 2 3

54+v13 /54 13\? _5+/13
(ie 6 (%——) e 2 — touku nepernba; z =0uy=0—
1 1/e
acuMnTorbl. 6.520. Ynin = ¥ (—) = (—) ~ 0,69, Boinykmaa BHU3, y — 1
e e

npu z — +0, r.e. M (0, 1) — Toura nperpawenua. 6.521. ymax = y(e) =

= e'/¢ ~ 1,44; (0,58, 0,12) u (4,35, 1,4) — rouru meperu6a; y — 0 npu

z — +0, T.e. M(0,0) — roura mperpawesus; y = 1 — acumnrora.
x x

Yxrasanue. Tousu neperu6a ynopaersopaior ypasresno In? — +2z1n = —
e e

—z =0, ux MOKRHO He HaX0IUTh. 6.522. x =0 — TouKa yCTPaHUMOrO0 pa3pbIBa

(y-(0) = y4+(0) = e), QpyHruun yOLIBAIOLIAA, BLINyKJIAa BHU3, T = —1—

BePTUKAJILHAA acUMITOTa, ¥ = 1 — acumnrora. 6.523. r = 0 — rtouka ycr-

PaHUMOrO pa3peisa, y = 0 — acumnrora. TOUKM BKCTPEMYMOB yIOBIETBOPA-

10T ypaBHeHuio tg x = . Touxu ncpernba yIOBIETBOPAIOT YPABHEHUIO tg T =
2x

T g2
6.525. Tmin = —1luput =1 (y(1) = 3), Yymin = —1luput = -1 (z(-1) = 3);
napa6ona ¢ BePLIMHON B HauaJe KOODAMHAT, OCh KOTOPOit — NPAMaA y = T

Y xaszanue. Toukn sKxcTpeMyMOB 1 iepern6a MOKHO HE HAXOIUTD.

(x>0, y >0). 6.526. Zmin = Ymin = 1 mpu ¢t = 0 (Touxa BO3BpaTa);
y = 2o — acumnrora mpu t — +o0o. 6.527. Acrpouna (cm. 1. 1, ron. 1, §3,

puc. 18). 6.528. (—1 - 37, -1+ —321) — MaKCHMYyM, (1 —-3m,1- %T) —

MuHUMYM, (—37, 0) — Toukra meperuéa, y = U y = T + 6 — ACHMMITOTHI.
6.529. TpexaenectroBan posa; D = [0, 7/3]U[2n/3, w] U [4n /3, 57/3]; axc-
TpeMyMeL IIpu @ = /6, ¢ = 5n/6, ¢ = 37/2. 6.530. Kapauouna, nomoc —
TOYKA BOBBPATA, Tmax = r'(0) = 2a, rmin = r(7) = 0. 6.531. D = (0, +00);
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JIMHUA CIUPATLHO 3aBUBAETCA BOKPYT NMOJIOCA, ACHMITOTUUCCKH K HEMY MpHU-
6ammance; (v2m, 1/2) — roura neperuba; noanpHan och (¢ = 0) -— ropn-

30HTanbHan acumnrora. 6.532. Jemnuckara Bepuymnm (em. r. 1, ra. 1,

1 -2
§3, puc. 12). 6.533. Ipmvan a:-;— =¥ 5 = % 6.534. B miocko-

ctn Ozy nyra oxpymuoctd 22 + y2 = 2 memay touxamu (1, 1) u (0, V/2),
npoberaeMasd nporuB uacoBoil crpensu. 6.535. llpasaa BerBn runepGomni

2 2
x z
1—6 . —g— =1, y = —1, npoberaeMas CHU3Y BBEepX, €CAH CMOTPETH OT HauaJja
KoopauHat. 6.536. B nnockocru Ozy napabona y = —(Gz — 2%), npoberac-

Maa ciaesa Hanpaso. 6.537. BunroBaa nuuua r = coqt y = sint, z = t.
6.538. Acrpouna 22/ +y*/3 = 22/3 2 = 0. 6.539. lunua nepecevenus uu-

2

auHApoB y = z2, z = 13, npoberaeman cnusy sBepx. 6.540. Kpueas Bueii-

AN — IMHUA TepeceueHus c)epbl ¥ Kpyroporo uuauumpa: o2 +y%+2%2 = 1,
2 2
. . T
2 +y? = z. 6.541. daunc 5+ 11/—6 =1, z = 2. 6.542. Ipammsr mpo-

feraemaa mapabona y = z2 + =z, z = 3. 6.544. llpamaa 42 + 3y = 0,
z=0, v=231—-4j. 6.545. Ilapaboaa (B naocroctu O1y) y = l(123r - z?);
v = 3i+ (4 -2, Vo = 3i+4j, Vli= = 3i+2j, V= = 3i,
V]i=3 = 3i — 2j. 6.546. lMurnouna (B miocroctn Ozxy) z = 2(t — sint),
y = 2(1—cost); v =2(1-cost)i+2sint-j, Vlj=r/2 = 2(i+j), v|i=r = 4i.
6.547. 0,61 —0,8j. 6.548. %(21— ). 6.549. a) cost-1—sin2t-j+ cos2t-k;
6) (cost—tsint)i+(sint+tcost)j+k; B) (1—sint)i+j+cost-k. 6.550. a) i;
6) 12i — 2j - 2 k. 6.551. 1+ 3t2 + 5t 6.552. (3t2 — 2t)i + (3t* — 2t)j —
2

V5

. d
— 2tk. 6.553. cost(i + 2uj + 3u’k). 6.554. a) 5225 = —cost-i+etj+ 2k,
r = —i+j+ 2k; 0) d‘zr (2sint + tcost)j + (2cost — tsint)k
dt? li=o \ a2 - L cos t)j s ,
d?r ) L ' . .
Eﬁ‘t:o: 2k. 6.555. W = 2sint-i+2c0st-§; Wlimry2 = 2§ Wli=n = —2j.
4(t -2 -
6.556. w = —2j wr = ""‘—‘—-—-—(———-)_—. w,, = C—-—-—————— pu

, ;o
Vat? =16t + 25’ VAt? - 16t + 25
d _—
t=0 w, = —1,6, wn =1,2. Yrazanue. w, = Elti wy, = Juw? —w?,
1
6.557. w = 1+——__...,.-=1,w = ——=;nput =0 w =1+j,
\/é J n /———2t+l pu J

wy = 1. 6.558. v + 22 = 1, y == 2 (;acarenvuan); 2 — z = 3 (HopMaibHAA
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r—-2 y-8/3 z2-4
1 T2 4
+ 12z — 70 = 0 (HopmansHaa mwiockocts). 6.560. y =z, ¢ = a (Kacarein-
-1 y-3 =z-4

12 T4 03
(racatenvHan); 122 —4y+3z = 12 (HopManbHaa mwiockocTs). 6.562. z -1 =
_y+l  z-2
T
wrockoctn). 6.563. K|z=0 = 2, K|;=1 =

mI0cKocTs). 6.559. (racatensnan); 3z + 6y +

Haa); y + z = 0 (HopManbHaa miaockocts). 6.561.

(sacatembnan); 8z + 10y + 7z = 12 (nopmanbHan
2

—=. 6.564. K, = 3, K; =
55 4 7

1 3
=1/9. 6.565.3//2. 6.566. 1/2. 6.567. —=. 6.568. K = ——————
/o V2 / 2v/2 4asin (p/2)’
3 3 (92*/3 4+ 1)3/2 (b'z? + aty?)%/?
I{|¢=n = E 6.569. a 6.570. a) 621/ ; 6 Ty .

(btz? + aty?)3/? (a?sin? ¢t 4 b? cos? t)3/?
6.571. a) \3/|azy|" 6) T = b .

a® _ (a*+1r?)3/? In2 1
. 6.573.2) —;6) 1) g574, . Vka-
)50 e ( 2 ﬁ) Yra

3anue. CoctaButh BbIpazeHue KPUBU3HbL! K U HANTU €€ TOYKY BKCTPEeMyMa.
2

6.575. (% —1“22> 6.576. (0 ;) z2+(1 - %)2 = “I. 6.577. (0, %)

1\? 1 1 1\?
2 —Z) =2 6578. [-1.e—2)- 2 et 1) =2
x +(1 2> 1 6.578 ( 1, e e)’ (z+1) +(y e+e> e

6.579. (g—, 0); (z - E)2 +y? = 1. 6.580. (ma, —2a); (z — ma)? +

6.572. 4a sm -

2
— Q5 4
+(y + 20)% = 16a2. 6.581. a) X = = 29“‘" Y = 15“‘"6: L6y x23 _
- Y23 = (20)%3; B) (X + V)23 + (X = Y)?/3 = 2a%/3. 6.582. Y =
X . 4 1 1
=ach>—. 6.583. X? = —Y3 6584.7=—=(i-j+k =—=(+]
ach— 6.583. X 27Y 6.584. T \/g(l jtk), v \/§(1+J),
1
= —(-i+j+2k); -1 = —(y — 1) = 2z (racaTenvHan); T = vy,
B \/6( j ) 1 (Jl ) ( ) Y
z=0 (maBHan Hopmanb)' _x__—-l_ = y_;__ = ; (6unopmans). 6.585. 7 =i,

u:~—j+k,,6:——j—k,y_2 z = 4 (racarenvHan); y—2+2 = 0,
i+l = ( )iy

x = 7 (tmaBHasa HopMamb); Yy +2z =6, ¢ = 7 (614H0pmanb). 6.586. T =
2i+j+2k), v=-(-i-2j+2k), 8= (21—23—1{) x;2 =

(rmaBHaa HOpMaJb);

Q| =

Z_l(acaenbuan)-ﬂ—i—z_l
g e 1 T 2T T2

LW =
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T—2 y z~1 |
- - = L = ounopMmannp). 6.587. 1 = —=(1+j+4k), v =
(6unopmans) ,——18( j )

2 -2 -1
1 1 -2
= - 5(2i+2j -k), 8= %(i“j); z—1=y-1= z 1 (racarenn-
-1 - -2 -1 -1 -2
Ha); = 5= Y 5 L Z—l (rnaBHaA HOpMaib); z = y——l =z 5

(6bunopmans). 6.588.z+2y = 3 (compukacaroLancaA II0CKOCTD); 2 = 1 (HOp-
MalpHaA MI0CKOCTh ); 22 —y = 1 (cnpamasaioman miockocts). 6.589. y =z
(CompuKACAIOIIAACA INIOCKOCTD); & + Y = 7/v/2 (HOpManbHAf MIOCKOCTH);
z = 0 (cnpamasarowaa miockocts). 6.590. 7 =1, v =k, 8 = —j, y = 0,
z = 1 (kacarenbnana); ¢ = 1, y = 0 (r1asHaa HopMams); z = 1, z = 1

(6unopmann); y = 0 (compukacarolnanca MIOCKOCT); £ = 1 (HOpManbHaA

1

II0CKOCTB); 2 = 1 (cnpamuAiomas muockocrs). 6.591. 7 = \—/—5(21 -3j),

1 1 r—1 y—2 z-3
v=-——=(14+2j+5k), 8 = —=({+2j—k); = =

\/36( j ), B \/{;( i -k — 7 5
r—1 y—-2 z-3 -1

(xacarenpuan); =5 = 3 (taBHAA HOpMalb); 4 =
y-2 z-

3
5= T (6unopMais); = + 2y —z — 2 = 0 (conpuxacaroianca nioc-

KOCTh); 22 — y = 0 (HOpMaIbHAA MWIOCKOCTD); T + 2y + 52 — 20 = 0 (cpam-

V2 V2

NAKIEAA WI0cKoCcTh). 6.592. K = ———, 0 = —————; mput = 0
& ) Gt © T T

2 4 241
K:Q,g:—i. 6.593. K = 2 Mi_’az___i__;
4 4 (9t + 412 +1)3 94 + 92 +1
1

mput =0 K =2, 0 = 3. 6.594.K=0‘=§-(t-2:1—)‘2‘;np14t=1
1 2t 2t

= = —. 6595. K = ———— = - . t =1
K=o=1q1 65 eerr 77 ey ™

2 2 V2 1 9yt +4y5 + 1

=2 5=—2 6596.K=Y2 g=2. 659T. K =,/ 2L %Y T~

K 9,0 6.596. K 3,0 3 6.597. K W+ L)
6y V14 3 .

_ =1 K=—= = ——. 6.598. w = 2j+4tk

9y4+4y6+1,npuy 3\/3.,0 7 6.598. w J+4tk,

dv v?

wr = 4t, w, = 2; w;li=1 = 4. Yxazauue w, = PR

6.599. Iapa6ona y* = x; 2'(t) = 2t +i. 6.600. lpaman z —y = 2;

2'(t) = ¢'l. 6.601. Bepxuan nonyokpymuocts y = V4 — x2; 2/(t) = 2iet.
6.602. dununc z = 4cost, y = 2sint; 2'(t) = i(3e* —e~ ). 6.603. papan
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‘2 2

BeTBb rUIEpPGOJIbI 1_6 - yz- =1; 2'(t) = (2+1)et — (2 —i)e”!. 6.604. Ina-

ARIBI IpOberaeMas «IpaBasy BeTb mapaboasl y = x2; 2'(t) = 2t + 4it.
6.605. Apxa mukmoumsr T = t —sint, y = 1 —cost; 2/(t) = 1 — e
6.606. JponbBenTa OKpymHOCTH & = a(cost + tsint), y = a(sint — tcost);
2'(t) = ate’t. 6.607. 7, ro'; 7" — 1'%, W'Y + 1", Yrazanue. lpen-
CTABUTL 3aKOH NBMAKEHHS B INOKA3aTCIABHON hopme z = re’ u wmaiitn
npoussonHble 2’ u z". HckoMmble BeMuMHBI CYTL K03 GUIMEHTHI npu ¥
u ie*. 6.608. Cropocts v = izf'(z). Ywxasauwue. Bocnonbsosarsea

I0KA3aTeILHON (HOPMOI KOMILIEKCHOTO 4Mcaa: z = Re'¥ u HaitTu mmpowus-

d dwd
BOJHYIO % = d—fd—j 6.609. Yxazanue. a) Hcnoanaya pesynurar npu-

mepa 9, nokasate, uro D¥(eM) = AeM maa moboro k € N. 6) Ilpensa-
pHTENbHO noKasath, uto D (eMz(t)) = eM(D + A\)Fz(t). Heitcrsurensho,
HeCJIomHOl npoBeprolt y6emnaemed, uto D(eMz(t)) = eM(D + N)z(t), u
nanee, MCHOIL3yA 10T pesyasrar, uro DF (ez(t)) = D(D*=1(eMz(t))) =
= D(eM(D + N\)F12(t)) = eM(D + A)*2(t). 6.611. —9e? sin3t. 6.612. 0.
Yragaune. e/2sint = Ime(l/2+0t, 6.613. e'(cos2t — 8sin2t).
6.614. t(18—t2) cost+(6—9t2—t3) sint. 6.615. e’ (sin 2¢+4¢(1+12) cos 2t) x
x (1 +t2)~3/2. 6.616. et(cost — 2tsint).

Tnasa 7

z8 5 @ 5,
7.1. I+C 7.2. 3:13\3/E+C. 7.3.3111‘1?'-;-!—0. 7.4. ?4-51‘ —

2 2

— Injz|+C. 7.5.a:+6\/5+31nz—75+0. 7.6.sinz+C. 7.7, 5\/a+bx+
1 2-3r __:}_ —z/3 l

+ C. 37.8.2 3¢ +C. 7.9 T~ 5 + C. T7.10. 1 tgdz + C.

1 1
7.11.%—+%+z+21n|$—1|+0. 7.12. £ sin8a+C. 113,35 cos2+C.

1 1 1
7.14. §sin2z +C. 715 2% +2® + Infz| +C. 716, —— - = + C.

7.17. —a:\/ z+C. 7.18.

1 <"“‘>/"+0 7.19. 3ﬁ——mf 4f+(’.

m\/— 2%e®
20. 2V/ax + 22+ - —= — 2 2.
7.20. 2\/azx + T+3 /a +C. 7.21. 3 +2ln|a:|+(‘ 7.22. T +C
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1
7.23. l—-2—2w+13+c. 7.24. 2% + 3sinz + C. 17.25. —2ctgz-ln]tg§l+c-

1
7.26.3tgr +2ctgr+C. 7.27. —ctgz —tgz+C. 7.28. §(a~ —sinz) + C.
7.29.a) —z+tgz+C; 6) x—the+C. Yraszauue. Hcnonsaosars Tomme-
crea: a) tg2z = sec®z—1; 6) 1—th®z = sch®z. 7.30.tgz+C. 7.31. %z +

1 V5+z

1 .
+C. 1322 +cosz +C. 7.33. S arctg 240 134 —In | Y21
V5 -z

2v5
+C. 7.36.In(z + V22 +3) —In|z + V22 - 3|+ C.

+ C. 17.35. arcsin —

\/§

7.37. In|z| + 2arctgz + C. 17.38. % + (a + b)% +abz +C. 7.39. ax +

2
+ §a2/3z4/3+§a1/3x5/3+%+6'. 7.40.z+3In|tgx + secz|—2tgz+C.
7.41. a) —ctgz — z + C; 0) a:—ctha:+C 742. Injz + V22 -7 + C.

1 z—2/2 3
In + C. 7.44. \/ B+z)+C. 745, —— x
42 |z + 22 16

h 1 1
x(3—4sinz)*3 +C. 7.46. Q.. 7.47.~3t 3x+C‘ 7.48.——In—a;+C.

1 2
7.49. %ln|a+bx| + C. 17.50. —Elnla—-btgxl + C. 751 —% X

) T 34z
2—3sm%l +C 13
7.54. %sin (ar+b) + C. 7.55. —cos(lnz) + C. 7.56. —2cos+/z + C.

1
7.57. In ltg f + E)\ +C. 158~z cth3z +C. 1.59. %e/(ﬂ 1) +C.

743. ¢ —

+ C.

x In 7.52. In|sinz| + C. 7.53.

1 . 1+ 2¢ 1
7.60. “3m3 57% +C. 7.61. 4l ‘1—21 +C. 7.62.—aalctg(e )+
+C 7.63. ! arcsin —= zv3 + C. 7.64 lln|31:+ 922 - 1| + C
. . = W 64. 3 vV .

1
7.65. —In(cosz + Vcos?z +4) + C. 7.66. Zarctg(w“) + C. 17.67. % X
1
xIn(z? +Vzt+1)+C. T.68. —lnla +b%z| + C. 7.69.

2a cos? ax
ch® z 1
7.70. 3 + C. 7.71. Fape + C. 7.72. —In|cosz| + C.
1 al/z 1 )
7.73. Zln|sh4m| + C. 174, —1 + C. 1.75. §th (z2+1) + C.
1 va--br — 1 2z
7.76. In +C. 77, —=arctg—= + C
2/a? — b2 \/a—bw—i—\/rz-i-b 2/7 gﬁ
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7.78. é—ln (422 +7) + C. 1.79. éln (® + vz +1) + C. 1.80. ﬁ- X

xIn(a® +Va?* -1) + C. T.81. ln|:v+2|,+——3——+C' Yrasanue.

T+ 2
r-1 (@+2)-3 1 . 3 x
= = - . 7.82. ¢ - — .
@12y EFTP o (+2)2 7.82. ¢ \/garctg\/g+0
7.83. = — In|z? 4|+-—ln +C. T7.84. —l-—ln az” — b +C
T 4ab jaz? +b '
1 3 + 2z
. — . 7.86. =In|z® - .
7.85. 48ln 391 + C. 17.86 5n|:1: +5z -8 + C. "7.87. 25
x +/(5z4 = 3)5 + C. 7.88. 3In(z + Vz2+1) — %ln(x2+l) + C.
1 1 b 1
7.89. —Z\/1—4w2 + —2-arcsin(2x) + C. 7.90. %arctg—aa—s + 3 X

5 3
x In (bx + Va2 + b2z2)+C. 7.91. _\E/_(FEJ“C‘ 7.92.5 YETe) +C.

1
7.93. In(e” +Ve?* +4)+C. 7.94. x — mln(? +1)+C. Yrazaune.

1 (1+2%)-2" 2° . )
= =1= . 7.95, garesine _ 2
7 11 27+ 1 1 7 +1 7.95.¢ V1 —z?+4arcsinz +
2 1
+C. 7.96.eV*"~14C. 7.97. —5\/(3 —chz)3+C. 7.98. —5\/1 —4lnz+C.
1 in2
7.99. Earcsin (2lnz) + C. 7.100. —g - sm4 ® +C. Yrazanue. sin’z =
1 —cos2 in2 1 2
=——C2i2—:. 7.101.—;:-+Slr;x+C.YKaaaHne. cos%vz—“%a—:

7.102. v/21n

T 1
tg —=| +C. 7.103. — sin? .
g2\/§’+ :1:+asm ar +C

7.104. 31—ln

sin4x

3 7 1 3
tg <£E2—+£>‘+C. 7.105. 2z + Elnltg (m+§)|+§sin2z+

+C. 7.106.2v/3 — cos?2 z+C. 7.107. —In (cos®> z + V/cos* z + 3) +
1 2

1
+ C. 7.108.In|tgz|+C. Yxazanue. prap——— 7.109. —%x

1 1
x In|cos V3z| + C. T7.110. alnchax +C. 7111 atg (az +b) —z +

3
+ C. T7.112. —lctg (3 - 3) - L 410 1118 €0 + C. 1114 1 X

3 3 ‘ 3
— 3
vi—z -l o s i —2 (e
Visor o PRy

7.116. 21n f+ 1)+ C. 7.117.€* —In(e* +1) + C.
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1 ((5z-1)2  (5z—1)20
7.118.25( TR —T +C.

7.119. —2/1 —e® + é\/(1 —e?)3 — %\/(1 —e”)8 +C.
7.120. 2( Vi +1)° “1 +2zF1-2In(Vo +1+ 1)) +C.

3
T
Tl ——— - L _ o [— Vite-V3 ¢
23 - 2f) 5(3 - ) " Bre+3
7.123. lnl l+C’ 7.124. zarccosz—+v1 — 224+C. 7.125.xsinz +
\/—

22
+ cosz + C. T7.126. ——lna:—~4—+C’ 7.127. —\/_lnx*—\/—_+C

3 2 3 2
7.128. (E— - %— +x> nz - >+ —z4+¢. 112 (2 = z?)cosz +

3 9 4

+ 2zsinz+C. T.130. —(z2+22+2)e*+C. 7.131. (23 —32%+6z—6)e*+C.
_12

7.132. - < (z2+1)+C. Yrazanue. lonomurs u = 2%, dv = ze™® dz.

1 1
7.133. —=(In*z + 2Inz + 2) + C. 7.134. -2—(:1:2 + 1) arctgz — 9:2— + C.
T

ar

1
7.135. - = . 7.136.
2cos?zr 2 tgz + C

(x — /1 — g2edrccosa
4 24
T T 3®
7.139. Zlnz - =+ C. 1.140.
TR T I

ﬁp(bsinbz + acosbz) + C.

7.137. +C. 7.138.zIn(z + V1 +22)—-VI+ 22 +C.

(zIn3-1)+C.
T
7.141. (22 —= 2z + 1) sinz+2(z — 1) cosz + C. 7.142. ztgx +In|cosz|+ C.
7.143. %(sin (Inz) + cos (Inz)) + C. 7.144. 2eV*(\/z — 1) + C. Yra3a-

Hue. CnenaTh MOICTAHOBKY T = 2 ¥ NPOMHTErPUPOBATh MO YACTAM.
1+ 22
7.145.

1
(arctgz)? — zarctgz + 5 In(1+2?)+C.

arcsinzx

7.146. — +1n d
xTr

+C
14++v1—22

2
7.147. —zctgz + In|sinz| — % + C.

2sin2x — cos2z — 5 T 1
.148. ¢~ 7 . 7149, ————— t C.
7.148. ¢ 0 +C. 7.1 22 +1) 5 arc gT +

zdz
(22 + 1)

Yrxaszaunue. llonomuts u =z, dv =
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dx 1 [ (a®+2?) —2?
7.150. I, =] —r == [T " =
150. < /(ﬂ +a2)n P (z2 + a?)" z

/ 1 /x rdr _
- a2 (.’E2 + a2 0,2 (.’E2 4 a2)" -
1

=Ty, -
a’™ "

1
;1.5 (— 2(" - 1)(:172 + a2)n—1 + 2(n _ I)In——l> =
1 xr
" 2n-1)a? ((az2 Tyt (2n - 3)In—1> :

1 x 1 x
Ih= - | — - teg — C
Orcrona 2 242 ( 342 + a arctg > +C,

I =L e 3z +—3-arct )V +o >
57 402 \ (22 + a2)? 2a’(z2+a2) 2a3 &4 '

rdr
7.151. < Tlonaraem v = Vz2 + a, dv = dz. Torna du = —————, v = z,
V2 +a

2
/\/x2+adx=x\/z2+a;— \/;;d_:&—x\/:c2+a—

(Jv +a) / / dz
- B =zvVzl+a- | Vzl+adz+a .
/ Vit +a ’ Va2 +a
OTcrona/\/x~+ad:c—— z2+a+ = ln|x+\ﬂ:~+a|+C >

d
7.152. « llomaraem u =z, dv = ——x——z—g Torna du = dz, v =

aZ -z
- va? — z2. Umeem
2
x - I
—————dr = —zVa? — 22 + [ Va? —22dz = —z/a? — 22+
VaZ — 22

a?® — z? d 5 74 / dx z?dz

— —dr = —zvV/a? - 22 +4a - .

Va2 — z2 /a2 — 22 Vaz — 22
a2

OTCl-OIla / '—‘———m dr = —-5 \/;1—2_—? + ? arcsin ‘2‘ + C.>

22
7.153. (-2~ - i) arcsin r + E\/1 —224+C. 7.154. (In(Inz) — 1)Inz + C.

3

7.155. —garctgr—%+ In (22 +1)+C 7.156. —2/1 — z arcsin/z +

+ 2z +C. 7.157. -a—:\/a2 - w2+-—a,rcsm—+0. Yxaszauue. CM. penie-

1 2z~ 1)
+C. 7.159. t +C.
6 R T T

Hue 3agaum 7.151. 7.158. —ln
T+ 5
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7.160. —gln zﬂ[;l + 11n|m2—5m+4|+0 7.161. %ln(m2—3x+3) +
-6 2
+\/§arctg \[ +(* 7.162. —ln —|+C. 7.163.2In (z* - 22+ 6) +
1 1 2 +3 1 3 -3
t C. 7.164. - arct . 1.165.
\/_drcg \/.-+ arcg 2 21n3n31_1|

+ C. 7.166. = ln
7 T

1 7 17 ’
7167, —=1nlzl— £ — 24— Inlz —
, +C 7.167 61n|1:| 2ln[z 2|+ 3 nlz— 3|+

2

1 3 5
+ C. 7.168.z——lnlzl-——ln]z+2|+§ln|x—-2|+C. 7.169.%— +

1 2 4 20 7
—_— C. 7.170. —1 —-1|+=1 2|+C.
x+1+( 1) —+ 3(m~—1)+9 nlz |+9 nlz + 2|+
7.171 ———~——1————+C 7172t 5 ¢
T 2(2? - 5z + 4)? 4 z2+2
2
7.173. ! InZ +z\/—+1+£arctg w\/— ; +C.
42 2-zv2+1 4 1-

1 z+1 3z 3

7.174. — — t .
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1

7.185. In|z| — gln(x6+1)+—————6(x6+l) +C. Yrazauue. ———$($6+1)2 =
_ (+af)—at

1 1 1
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1 _ (sinz +4) — (sinz —1)
(sinz +4)(sinz —1) = 5(sinz 4+ 4)(sinz — 1)

X 1 tga: + 2 sh 6z
7.226. In|sinz —cosz| + C. T7.227. 1 In o 73
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7.297. — 6 + T t— - 2+ C. 47.298. In|thz| + C.
th® z
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+ 1(1+x2)arctgx+C. 7.314 _n(1+a:+x)_ln |1+ 2|

. +
4 l+2 \/]_-|-:1;+:1;2
2
+\/§arctg \/_ *+C. 131 —x2+%ln(4+x)+2arctg7+0

7.316.-2;7\/;23;—”(“9“) \/——f VI r1-VE

" Tive
14+ VI a2
+C, el > 1. 7.317. ~/I—2hn YT o0 <

i

T
<z<l1 1318.2°4+C, £ >0. 7.319. 2 —In (1 + e®) —2e~*/? arctg e*/? —

— (arctge®?)? + C. 17.320. % Yrasanue. Orpesox [0, 5] pasmenurs

Ha n pasHbix wacredl. 7.321. 1. Ywasanue. Orpesor [0, 7/2] pasne-

IUTh HA N paBHBIX uacredt. IIpumeHutrs dopmyay: cosa + cos2a + ...

i 2 1)/2
sin (na/ ,)COS ((n +1)/ ) 7.322.e9—1.Yxazanuue. Orpe-
sin (a/2)

3ok [0, 10] pasmenuts Ha n paBHbIX yacrei. 7.323.2/3. Yxasanue. Otpe-
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3 3 2
N )
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a. 7.553.T =7 = ga. 7554.7 = § = ca
2 ‘ 2
7.555. ;’—‘;‘ 7.556. & %Jqsin (wt+); vy = “vo. T.55T. ¢ = 6c, 5 =
= 144 M. 7.558. 250 M. 7.559. 0,125 [I. Y kasanue. Ilo 3axony I'yka cuna

IIPONIOPUMOHAIbHA PACTAKEHUIO IpyMUHLL. 7.560. —gyrR2H?. 7.561. 3 X

N —

sh1
7.552. T = 0, § =

(G2 Rl )

I

12
1
x gyn R*H?. 17.562. —ﬁgvazH?. 7.563. i'g"/'iTH2R2. 7.564. —\/59701)2.
1 1
7.565. ege (E - E)’ eze Yrazauune. llo 3axony KRynona cuaa ssaumo-

€

o€
IecTBUA 3apANOB B NyCTOTE PaBHA F = 3 rge r — PAaCCTOAHUC MERIY
T

3apagamu. 7.566. 20661n2. Y kasanue. llpu n3orepMuyeckom mnpouecce
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v2

pv = potp. Pabora paBna A = /pdv, rIe U3 ¥ Uy — HAYaIbHOE U KOHEY-

k-1

amuabaruueckom mpouccce pu* = povf, rae k ~ 1,4 (3axon Ilyaccona). Pa-
v

4 1
6ora pasHa A = /povo dv. 7.568. — x myw?R5. 7.569. 6—0w2'ydha3.

(51
k—1
HOe 3HaueHua obobema. 7.567. Po%o. ((U()) - 1). Yrazanue. llpu

15

vo
1 2
7.570. Elz'yalh%ﬂ’. 7571 JmutyRUH. 1572, 27:;"—". 7.573. gyrR2H.

2 2412
7.574. ggvabz. 7.575. gyrRH?. 7.576. 20,625&r. T7.577. M.

w
Yraszauue. llo saxony Jmoyna-JleHna konuyecTBO TEIIOTHI, BLIAEIACMON
S 2H
uSo

~ 5,6 Mun. Y kasauue. llo sarony Toppuueniu ckopocTs ucTeyeHuA BOJIbI

NOCTOAHHBIM TOKOM 3a BpeMmA t, paBuo Q = 0,2412Rt. 7.578.

U3 OTBEPCTUA HA PACCTOAHUY T OT CBOOOIHOM OBEPXHOCTH PABHA ¥ = lU+/2g,
roe p = 0,6.

a
npal

a
2
8.1 .4 Q= /v-?nrdr:ﬁz—;/(f—r“’)drz
0

‘pr ((12 _ 7.2)2 a B

= oul 4 o 8ul’
2GmM

YR roe G — rpaBUTANMOHHAA HOCTOHHHaH Yrazgauue. lIpu-
R2

MEHUTh 3aR0H BCEMUPHOr0 TATOoTeHUA. 7.581. — = 11 muH.

32
7.582. guah\/Qgh.

7.579.

mpat

7.580.

I'nasa 8

8.1. 5 = \/p(p~w)(p—2y)(w+y—p); 0<z<p 0<y<p,
z+y < p 82V = 3le3\/7r214—52; 0<S < nl®2 8385 =
—“’+y\/ZZT__};_—2- 2 < R 85.a%4y? > R
86x+y < R%. 8.7. 2% 4+ ¢? >R2 88x;£y 8.9. -1 :c+y 1.
810. z +y < 0. 8.11. x < z? +y? < 2z. 8.12. Nlonocwr ——§+2k7r <

<< g—+2k7r (k — uenoe uncno). 8.13.0< 2 +y? < lmpu0<a<l,
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2?2 +9% > 1nopua > 1. 8.14. [[pa TynbIX BEPTUKAILHBIX yIJa, 00pPa30BaH-
HuIx opaMoiMu §y = 0 U y = —2zx, BRIOYasa rpaHuly 6e3 obIieit BepIUUHLI
(0,0). 8.15.4 < 2% +y? < 9. 8.16. Kpuponuueitnuiit TpeyroasHuk, obpa-
30BaHHLI MpAMOK y = 2 u napabomamu y> = £, UCKIIONAA BCPILMHY
(0,0). 8.17.0 < ¢ < 7. 8.18. Yactb niockocTy, 3aK/IIOYEHHAA MERLY

3 5
ny%mncp:——}nw:%,w:fnwz—f. 8.19. z? + y2 + 2% > R
820.0 < 22 + 92 < 2%, 2 #£0. 821 22 +y% — 22 < 1. 8.22. n-mep-
Heiit ky6 ~1 < o €1 (kK =1,2,..,n). 8.23. n-MepHbii snnuncoun
z? 23 z2

T A2 2L 824 f(2,1) = 1/4; £(1,2) =4; f(3,2) =0

a2 a a?
f(aa (1) 2= -1 f(av _a) = 1. 8.25. f(_37 4) = _24/251 f(l,y/fl') =
= f(z,y). 8.26.V1+22. 827. f(z) =z’ -1 2z =2y + (z — y)*

2(1 - y) y
8.28. ——=. <« O6osHauum v = z +y, v = =. Torma z = ,
1+y z
uv u? uv? w1l -v)
1+’ flu,v) = 1+v)2 (1+v)2 1+w
PEHMEHOBATL MepeMeHHple © U v B = u y. > 8.29. a) =% — 222y? + 2y%;

6) 4x2y?. 8.31. a) cos2z; 6) cos(z? —y?). 8.32. —6. 8.33. 1. 8.34. 0.
1
8.35.e. 8.36.1. 8.37. lim z =

z—0 k —

14w

Octaerca mne-

] BIOJNb mpAMo# y = kx; limz = 3

npu k =4/3; limz =2 nil)u k=3/2 limz=1npu k =2; limz = —2 npu
k = 1/2. 8.40. He umeer. 8.41. He umeer. 8.42. Yraszauwue. Paccmo-
TpeTh U3MeHeHUe T u y 1o mapabone y = z°. 8.44. (1, —1). 8.45. (m, n),
roe m, n € Z. 8.46. Jlunuu paspbiBa — NpAMbIE T = kT U Yy = M7, TIe
k, m € Z. 8.47. llunua paspbiBa — OKpyKHOCTh T2 + y2 = 1. 8.48. Iunun
paspuiBa — npamaa T +y = 0 u napabona y? = z. 8.49. Jlunuu paspniBa—
oupyatuocts T2 + y? = 1 u runepbona 22 — > = 1. 8.50. IlosepxuocTu pas-
PbIBa — KOOPAUHATHBIC ngocxogm z=0,y=0, z=0. 8.51. IloBepxHocThH
pa3puiBa — 3JIUICOUI ‘— + Z—;; + — = 1. 8.52. lloBepxHOCTh pa3pbiBa —
wonyc x2 +y% — 22 = 0. 8 53. Hosepxnomb pa3pbiBa — ONXHOMOJOCTHBIH THU-
nepbomoun z2 4+ y> — 22 = 1. 8.54. lloBepXHOCTL pa3pbiBa — ABYIOMOCTHBII

runepbosnonn 2 + y? — 2% = —1.
0z . 5 3 0z . 0%z
8.55.——:5m—15m1,—=5y—15xy,— 20z® — 30zy°,
\ Oz Oy O0x?
0%z y 5 Oz 0z _ _y 0z _ 1
3.1:6y_—45$ Y, 87 = 20y° - 30z3y. 8.56. o 2 ay—z+w,
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Pe 2 Oz 1 Pz g 2 ¥
oz?2 3’ Oxdy 2’ Oy? Or (z2 + y2)3/2’
9z _ z3 Pz 3ay’ 0%z 3z2y? 82
oy (2 +y2)3/2" 0x2 (a2 +y?)5/2’ 3335?/ (22 + y2)5/2’
323y 0z 0z 62
- . 8.58. — = (1 - —ey  “C — _p2e-Ty O
(z2 + y2)5/2 Oz (1= zy)e™®, Oy T
0%z 0%z 0z
— 2)eY, = xz(ry — 2)e™ %, — = 237 %Y. 8.59. — =
ylzy —2)e™, o 3 T(zy — 2)e™ Y, a2 =0 %
_cosy® 0z _ 2ysing® 9%z _ 2cosy® 9%z _ 2ysiny’
2 ' dy x ’ 0x2 g3 0 dzdy  =x2
0%z 2siny? + 4y? cos y? 0z 0z 0%z
gz _ . 8.60. 2 = ytlny, L = gyt 22 =
ay? T oz VMY 5y T 52
0%z 0%z
— 2T 12 — T Zz -
= y®In®y, 320y y* Hzlny + 1), i z(z — Dy*=2 (y > 0).
8.61 0z = 2z 0z % 92_2 _2(y* - 2?) %z
T o T x4y Oy a24y?’ 0x2 T (a2 +y2)2° Ozdy
_ 4y %z 2a® —y?) 8.69 0z _ ysgnz 9z _ |z
(x2 +y2)2’ 9y?  (a2+y2)?2 0z a4y Jy x4y’
%z _ 2y 0%z _ (y* —2®)sgnz 9%z _ __2aly
0z (z2 +92)2’ Oz dy (2 +9y2)2 7 Oy (22 +y2)2’
8.63. Ou _ T Pu _ 22% —y? - 2P u
dx (a2 +y?+22)3/2° 922 (22 +y2+22)5/2' Qzdy
3zy Ou z (y\* Ou zZ (Y Ou
= 8.64. 24 = _E (YY) 9w _ zZ( ¥\ Ou
(22 +y? + 22)5/2° Oz T (3:) Oy oy (a:) T 0z
= ()Y Qu _ z(z+1) (L) Ou _ 2z - 1>(y) Ou _
T x’  Oz2 z? z) y? y? z/ ' 022
Y\, 2y Ow _ 2y 0%u 1y y
AN Y -2 (Y =Ly In ¥
2(3,) Y dzdy  my (x) ' 010z T (9,) (1+Z nm)’
0%u 1 /y\= Ou Ou
U 2 () (14 2mY). 865 2L = g2t = 20y2%" — 4
By 02 y(m) ( +znl) g y223t1 4+ 3, 8y TYZ
Ou 9 24 du 0%u 0%u )
0 = 2. — 3 3 = 7 3 /4
5 3xy z°t* + D = 4xy?2%3 — 1, 922 - 2x2°t%,
0%u 0%u &u .
Z - = t4 — =12 3t2 — ¢ 344 — 92.,2.244
oz = 0watl G = 120", o Nrrriab Aa
0%u 9 3,3 O™ 0%u 0%u
= 4y%2%1, = 6zyz’t!, — = 8xyzt3 = 12zy%2%1%.
azot . Y EY By zy?* " ggor - SWET a ot~ Y
8.66. f.(3,2) = 56, f,(3,2) = 42, f;,(3,2) = 36, f;,(3,2) = 3L,

1 (3,2) = 6. 8.67. fi(1,2) = e(2e* — 1), fi(1, 2) =ded, f1.(1,2) =
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= e(6e! — 1), fr(1,2) = 8%, f,,(1,2) = 18¢°. 8.70. f/7.(0,1) = 0,

64
m _ m _ " — —_———
:t:l:y(o’ 1) - 2a zyy(oi 1) - 0’ yyy(o’ 1) = 0. 871 833 ay 6681’]
__ 6 #8-8y-n? = /-G =n? =
==+ - yrmer = \/(z - §)*(y —n)?. 8.72. o7 33 5353 =

p+dy, iy )
827 Dyt =plql. 8.78.r°cosd. 8.85. f.(0, 0) =

= f,(0,0) = 0. Yxaszanue. llposepurs, ur0 QyHKUUA DaBHA HYJTIO BO

= —6(cosz+cosy). 8.73.

Bcex Tourax ocet Oz u Oy, U UCHONL30BATh ONPEIEICHUE YACTHLIX pO-

us3BopHbiX. 8.86. Yrasaunue. lIposeputs, monbayach npaswiiaMu aud-

depeHIMpPOBaHUA UM ONpeneneHUeM YacTHOM MpousBOmHOM, uTo fL(z,y) =
¢ -y 4z%y? 2 5 ,

=y (1:2 T + @ +y2)2) mpu z° + y* # 0, f.(0,0) = 0, u, cnexosa-

rensHo, f (0, y) = —y. Orciona f;,(0, y) = f,(0, 0) = —1. Ananoruuso

Haxopum, uro f1(0,0) = 1. 8.87. Az = 0,33, dz = 0,3. 8.88. Az =

d
= 0,0187, dz = 0,0174. 8.89.dz = rar I
Va2 + 2y + Va2 +y?) a2 +y?
1 T
8.90. dz = m(l’l) dy —ydz). 8.91.dz = Ej—2 tg ?—J-(.'L‘dy — ydz).

1

8.92. du = (zy)* (— dz + - dy + In (zy) dz).

8.93. df = (z2 — x3)z7?™ "% 1 Inzsdz; + 2727 " Inzy Inzg dzy —

- d.’)$4
— 27" Inzy Inzg dag + 272770 .

T4
8.94.df(1,2, 1) = 2% = 2(2‘15“3 +249) 595829 8.96.2,95. 8.97.0,227.

8.98. 82m%.  8.99. Ymenbmmurca na 1,57cm.  8.100. Yeenuuurca Ha
617,5 cm3.
8.101. dz = 3z(z + 2y) dz + 3(2? — 3?) dy,

d*z =6((z +y)dz* + 2z dz dy - ydy?).

8.102. dz = (z dy — ydx) (x—lz + yi2> ,

d2z=2( dz? +(171-———)dxdy———dy>

(z+y)dz +zdy P -y dx? + 2zy dz dy — x° dy?

V24 2y - (2% + 2zy)3/2

8.103. dz = -
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z?dy — zy dx
8104. dz = ————75
TR
Bz = e (y(22% — y?) d2® + 22(2y° — 2°) dz dy — 32y dy?).

(z2 + y2)°/2
8.105. dz = €"¥((y> + zy + 1)dz + (z* + zy + 1)dy), d*z =
= e™(y(y? + zy + 2)da? + ‘)(z + y)(zy + 2) dz dy + z(2? + Ty + 2) dy?).
8.106. dz = (ln— - 1) dr + — dy, d’z = —~ld1 + 2d7:dy - ——d72
* 1 1 v

8.107. dz = ()x2m(y d.’E .’de), d*z = — (2372 T 22y + y2)2

x (2y(2z + y)dz? + 2(y? - 22?)dzdy — 2x(z + y) dy?). 8.108. du =
= (y+2)dz + (2 + z)dy + (z + y) dz, d?u = 2(dzdy + dy dz + dzdx).
8.109. du = e*¥*(yzdzx + zzx dy + zy dz),

d*u = e"V*((yzdz + zz dy + zy dz)? + 2(z dr dy + zdy dz + y dz dz)).
8.110. d®z = e¥(—cosxzdx® — 3sinzdz®dy + 3cosx dz dy? + sinx dy?).
8.111. d3u = 6(dz® + dy® + dz® — 3dx dy dz).
5!(dz + dy + dz)°

8.112. du = —

(x+y+2)°
8.113. d™u = ea®+tvtez (q dx + bdy + cdz)™.
8.114. d _ e? =% (2sec? t — 3(2t — 1)). 8.115. d 2 (L +Inzcos t).
dt dt xt
z  2e(z - d 2yt?) — yatet
8116, & 2 2@ y) g gy du 2l 20) —yztel g g 02
dt 2 + y? dt tx? Oz
e* dz e® +e¥(x? +1) 0z Y dz
=2 22 _ T80 T gme Z =Y %
e” +ev’ dx e +e¥ 0r  y?’+ (z+1)% dz

_y(1-2(z+1)?) 0z uz  ylv) 0z Inv LW
T4 (x4 1)2 - 8.120. oz =2u v x2 ’ay_2 z v)’

8.121. dz = ((2uwv — v?)siny — (u® — 2uv)ysinz) dz +
+ ((2uv — vH)z cosy + (u® - 2uv) cos ) dy.

9z _ o o % 9z _ _2x .,
8.122. 8m - 23'fv(u> 'U) 6 (:L__I_y)zfu(uv U), Oy - (TI + y)g u(u>8v)
— 3F (. 9z _ 201 9z _
31 (u, v). 8.;23. P (u, v) + y*fi(u, v) oy
= 2zyf)(u, v) — —y——f’ (u, v)
x? —y?

8.124. dz = (52" f}(u, v) — yf.(u, v)sin(zy)) dz —
~ (zsin (zy) fi(u, v) + 7f)(u, v)) dy



OTBeTs! ¥ yka3aHUA 405

re Moo T+ Ll ed
8.125. dz = ;2 <(.o.s yfu(u,, v) + 5 \/; fo(u, v)) (y dx — x dy).
8.126. du = (2sf, (v, y, z) + 2sf,(z, y, 2) + 2tf.(z, y, 2)) ds +
+ (2t fo(z, y, 2) = 2tf,(, y, 2) + 2sfL(x, y, 2)) dt.
ou

8.127. . = fo. (x1, 22, T3, T4) + f, (1, T2, T3, T4) gy, (T1, T2)+

5 + f;‘,(éil, T2, T3, $4)(h'zl(ﬂ71, zg, r3) + h'xs(l‘l, T2, wz)!];'n,(ﬂfl, -’132)),
u ,

Eree v (T1, T2, T3, T4) + fr (21, T2, T3, Ta)gy, (21, T2)+
+ f1, (@1, 32, 23, T4) (W), (1, T2, T3) + B, (1, 22, 23)g,, (T1, T2)).
0z 1 0%z
8.132. = y? i (u, v) + 2f0 (u, v) + ) o (uy v), 920,
T 1 0?2 .
=zyfl,(u, U)_ya o (uy )+ fl(u, v)— " — fo(u, v), -6—5 =22 fll (u, v) —
22 z? 62

"

or a = zy+ z-‘py

- -;2— fu,(u, v)+y4 " (u, v)+y fi(u, v). 8.133.

62
2P+ i 0ppy + f’w - 8134 o5 = Y fon Y22 fih + 2y fly +

. , , 0%u ,
+ 2yzfly + 2972 3, a 5z = TS+ 20t fiy + 2?2 My, o = 2y i,
0u " . 0%u
= zyf, zyz? T Tz 2xyz U 2 fh, ——— =
9z 9y Yfoo +xyz® fan + afly + x2fis + 2xyzfos + i + 2 f3 9207

, ‘ 0%u ‘
= ayfly + oy’ fis + ay’zfs + yfi, 9507 — vy fys + 2Py fiy + afy.?)
8.137. d*u = 4f"(t)(x dz + ydy + ~dz)2 + 2f'(t)(dz? + dy? + dz?).
8.138. d?u = a? f}' dz? +-b% £, dy?>+c? f4 d~2+2abf dz dy+2acfiy dr dz +

+ 2b('f" dydz. 8.139. d‘z = (sin’y- f' —2ysinzsiny- f’ +y?sin’z x

x flil ~ycosz- fl)dz® + (wsin2y - fl, +2(siny cosx — a:y%mxcosy) e =
— ysin2z- fl, +2(cosy- f, —sinz- fl)) dx dy + (22 cos® y - f/, + 2z cosz X
. dy yzezr — ze?¥
" 02 y e
X cosy - flf, +cos?x - fl' — xsiny - fl)dy*. o T aary UP“.
8.141. dy _‘y(.:os:z'+sm(a"‘—y)‘ 8.142. dy _zt+y-—1 g;;
dz sin(z — y) —sinx dr +y + +1°  dr?
4z +y) dy 1+ d?y 2(1 + y)2
et T g 143 Y s
(z+y+1)3 de —  y?  da? y°

?) B orrerax k 3amauam 8.134 u 8.138 uepes fi u fi; 0603HaueHE! YaCTHBIC TPON3-
somusie pyurmnn f((91(x, v, 2), w2(z, ¥, 2), ¢3(z, v, 2)) N0 MePEMCHHLIM ;i Wik

©i 1 Pj.
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dy d*y 1 % 1 9z
8.144. Z’E- e =0, Z’L‘—z et —3, @ et = 5 8.145. 3_ =1,
= y=1 y=
O 1 g4 02 o vz 0z wmetz)
9y 2 "0z T B4+2xy(z+2) Oy B +2ay(z+z2)
gaa7. 2 — _Fulw, v) + 208, (u, v) 32 __Fi(u, ) + 2y Fy(u, v)
Oz F! (u, v) + 22F)(u, v)’ Fi(u, v) + 22F'(u, v)’
e u =z +y+z v=a’+y°+2%
8.148. 9z _ ze®* fi(u, v) 0z _ zf! (u, v)

oz ny(u, v) + ze** f! (u, v)’ 8y yfjl(u, v) + ze= f! (u, v)’
zdz — z(1+ z22%) dy

roe u = yz, v = e**. 8.149. dz = s +22Y) -z 8.150. dz =

Y2z + 32?) dz + (3y* + ze*/V) dy grsy 02 _2-% 0z _ %

- y(e*/v — zy) ' or  14+2 0y 142

0%z ) 8.152. i_ 0%z =£92=_ THy+ 2

0z Oy (1+2)3° 0z2  0z0y  Oy? (z+y+z-—1)3%
4

8.153. d%z = a222z3 ((y* —b?) da? —2zy dz dy + (2% — a?) dy?). 8.157. g% =

3 dz 5 d% 3 d’z 5 4z T
R i TR Vel P

d*y = 4z? + 5y?) d2?, d?z = —(52° — 2%) dz?.

8.159. du = (y‘“)d‘“(y"’)dy, dy = (x—u)d$+(m—v)dy,
zT—y Y-z

o= —dhu= (x——Q—gj)-E((y—U)dszr(y—v+u—z)dwdy+(v—a:)dy"’).
0z

8.161. % = uv? +u?v, é = wv? —u?v. 8.162. 5 = gcosucthv, g—; =
= gsinucthv. 8.163.dz = e~“((vcosv—usinv) dz+(ucosv+vsinv) dy).
8.164. d;: —3:2vdz+3(u+v)dy 8.165. ‘Zf Z:o. 8.166. ‘Zf -
8.167. T3 + df 0. 8.168. —%—;fﬁ' 8.169. w = r5".
8.170. % = g—. 8.171. gf .—.ua‘zzgv. 8.172. w = gz—l;+ ;13%+ %g—’r‘.
2 2
8.173. w = 32’2‘+-13%b—2—+p S:n2eg£+%g%+ct)§egz 8.174. ‘g—’: =0.
8.175. -‘32—2 = 0. 8.176. ?,:2 +6‘12;’v

4
25y3 2522

+y=0.

=2w. 8177. f(zx + h,y + k) =
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= zy® +y?’h+2zyk+2yhk +zk®+ hk?. 8.178. Af(z, y) = —h?+2hk+ 3k
8.179. f(z,y) =12+ 15(z - 2) +6(z — 2)2 + 3(x - 2)(y — 1) = 6(y — 1)% +
+ (z-2)3 -2y —1)3  8.180. f(z+h,y+k,z2+1) = f(z,y,2) +
+h(2r+y+3)+k(z+4y—22—1)+1(62—2y—4) +h?+2k> + 31 + hk — 2kl.
8.181. f(z, y, 2) =8 —8(y+1)+4(z—2) + (z = 1)2+ (y + 1)2 + (2 = 2)? —
-2(z-1)(y+1)-2(z-1)(2-2)—-2(y+1)(z—2). 8.182. f(z, y) = 1+y +

5—,(3/2 —-:l:2)+ ; (y® = 322y) +0(p®), tne p = /22 + y2. 8.183. f(z,y) =
=zy+ ‘(my —a%y) + o(p*), rne p = ﬁt;ﬁ 8.184. f(z,y) = 1 -
—(z— 1)+(y D+ (z-1)2+(z-1)(y-1)~(z-1)° +(z=1)*(y - 1) +0(p°),
e p=+(z-1)2+(@y-1)2 8185 f(z,y,2)=(z—-1)+(y—1) -
- %(.1: -1)? - -;(y ~1)2 422+ 0(p?), tme p= \/(z — 1) + (y — 1)? + 22

8.186. z = 1 + g(az -1) - %(y -1) - g(m -1)2 - %(y - 1) +v(p?),
rme p = /(z—-1)2+(y—1)2 8.187. zqun = -9 mpu z = 0, y = 3.
8.188. zpax = 1/64 mpu z = 1/4, y = 1/2. 8.189. 2y, = —4/3 mpu
z =0, y = —2/3. B crauuonapuoit touke (2, —2/3) skcTpemyma Her.
8.190. 2y =30 npu z =5, y = 2. 8.191. zpjy = 10— 18In3 opu z =1,
y=3. 8192, zppiy = 28 upn z = 2, y = 1; Zmax = 28 npu z = -2,
y = —1. B cranuonapusix touxax (1,2), (—1, —2) srcrpemyMoB Het.

8.193. zmin = 0 npu z = y = 0. B cranuonapubix Toukax (—5/3, 0), (1, 4),
(1, —4) sucrpemymos Her. 8.194. zyin = 0 npu = = y = 0; Zmax = 2¢7!
npu z = +1, y = 0. B crauuonapusix touxax (0, £1) skcTpeMymoB Het.
8.195. zpax =2 npu x =y = 0. 8.196. upiy = —ldnpuz =2, y = -3,

=1. 8197 umax = 1/7" mpuz =y = 2z = 1/7. 8.198. umin = 2°/* mpu
=24 y =212 » =293/ 8.199. YpasHenue onpeneaser nse GyHKIUU,
U3 KOTOPHIX O(HA HMEET MAKCUMYM (Zmax = 6) mpu z = -2, y = 1, npy-
raa — MUHUMYM (Zmin = —2) 0pu £ = —2, y = 1; B TOYKAX OKPYAKHOCTH
(z+2)% + (y — 1)? = 16 samnaa u3 91ux GyHKOMH UMEET KPAeBOi IKCTpe-
MyM z = 2. YKa3aHue. YKazaHHbIe DYHKIUU ONPENEIAIOTCA ABHO PaBEH-

crBoM 2z = 2+ /16 — (z + 2)2 — (y — 1) u onpencaeHs TOALKO BHYTPU
Ha oxpymuoctu (z + 2)% + (y — 1)? = 16, B Toukax KoTOpPOH 00€ PyHKUUK
NPUHUMAIOT 3HA4YeHue 2z = 2. JTO 3HAYEHME ABIACTCA HAWMEHLLIUM /A
omHOH QyHruuu U HaubonbwinM niA apyvron. 8.200. YpasHenue ompenesser
IBE (QYHKIMM, U3 KOTOPbIX OIHA UMEeT MUHMMYM (z,n = 1) npu 2z = 0,
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y = —2, a mpyraAn — MaKCUMYM (Zmax = —8/7) mpu ¢ = 0, y = 16/7.
8.201. zyin = ~19/4 mpu z = y = —3/2. 8.202. zpip = 2mpu z =y = 1.
8.203. zpin = —1 — 2v/2 npu x = —1/\/5, y= 1/\/5; Zmax = 1 — 2v/2 npu
T = 1/\/5, y= ——1/\/5. 8.204. zpin =0mpu z = 1, y = 0; zmax = 1/27
mpu z =y = 1/3. 8.205. zpmin = —V5 mpu z = 25, y = —1//5;
Zmax = VO mpu & = 2/v/5, y = 1/v/5. 8.206. upmi, = —18 mpu z = —4,
Y= —2,2=4; Upax = 18mpuz =4, y =2, z = —4. 8.207. upin = 4
mpu z =y =0, 2 = £2; Upax = 16 mpu = 4, y = 2z = 0; npu
r=2=0, y= 43 sxcrpemyma Her. 8.208. oy =28 mpuz =y =2=2.
8.209. umax = 2 B Toumax (2,1, 1), (1,2,1), (1,1, 2); umin = 50/27 B
roukax (2/3,5/3,5/3), (5/3,2/3,5/3), (5/3,5/3,2/3). 8.210. Yrasa-

2 +y3 + 23
Hue. Uckath MUHUMYM GQYHKIMU 4 = —————— Opu  + Yy + 2 = S.

8.211. a) zyaus = 6mpu z = 1, y = 0; 6) zyaue = S upu z = y = 0.
8.212. zyaue = 6mpuxz =3, y=0unpuz =0, y = 3, zyaunw = —1 Ipu

1 1 1
z =19y = 1. 8.213. zyaus = 2 opu ¢ = y = ﬂ:ﬁ; Zuanm = —3 npu

1 2 1 2
r=-y==x—. 8214. zyuu6 = —=NpU T = —= ::i:\/j;z,l =
y \/5 an6 3\/5 p \/g’ () 37 Zuanm
2 1 \/5
= ——=npu xr = ——=, Yy = £4/=-. 8.215. a = Ya- Va- /a- Va.
375 ™ 7 3 Va-a-a-a
8.216. Ky6 ¢ mumHoit pebpa a. 8.217. Ky6 ¢ mmnoit pebpa dv/3. 8.218. Koop-

IOUHATHI HCKOMOIN TOYKU PABHBI CPEOHUM apubMeTHYecKUM KOOPOUHAT Bep-

2R 2R R
wuH. 8.219. [J1uHBI CTOPOH napajulesienuiena —= . 8.220. Oau-

2\/_H

HBI CTOPOH IapaJlIesIenuIena TR 3 —R, 3 . 8.221. PaBuobenpeHHbIH

TPEYTrOJbHUK C JUINHONH GOKOBOH CTODOHBI ﬁa—/i. 8.222. (—12/5, —3/5),

(12/5, 3/5). ¥Yraszaunwue. locTaTouHbIE YCIOBUA 3KCTPEMYMA 3aMEHHUTh
V31 —1+\/§> Yka-
V2 o2 )
3anue. Bocnonb3oBarscA BeIpaeHHeM ILIOIIAAM TPEYroJbHUKA Yepes Ko-
OpPOUHATHI ero BepuiuH. 8.224. x =y =2z = YV +26.
8.225. 1 = mizy; + moTs + ~'+mn$n, — iy + may: + ...+mnyn_
mp+mo+...+my my+ma+...+my,

reoMerpuyeckumu coobpamxenuamu. 8.223. C (

sin 1
= —. ¥Yrasauue. QueBunno, touka M, B KoTOpOIi J1y4 nepe-

8.226.
sinB vy
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XOIUT U3 OMHOM cpensl B OPYIYI0, IOMKHA HAXOOUThCA Memny A, u By, npu-

a b
qem AM = o BM = EES—E, AM = atga, BiM = btgB. Iponoa-

AMUTEJILHOCTH IBUMEHHUA Jiyya paBHa . 3amaua cBomuUTCA
vy cosa  vycosf

a

K OTBICKaHUI0 MUHUMyMa Qyuruuu f(a, B) = npu ycio-

v cosa v cosf

Bnn,lq'ro atga + btgB =c. 822T.a=(3. 8228. [, :1,: ... : I, =
1 1

= R_l : R_2 H R—n Yraszanue. Halttu MuHuMyM QyHruun

f(Il,IQ,...,I") = I12R1 +I22R2+ +I,,21Rn npu Il +I2 + ...+In =1

/4 y—71'/4_z—1/2_6

8.229..:«1)x—y—2z-l—1=0,w__1 =" — )z +ez—
z-1 y—m z—1]e Ta 1
-2=0, = = . 8.230. ——. 8.231.cosa = —=,
I 0 e 26 AV
2

cosfB=——, cosy=——=. 8.232.4r+y+22—-78=0. 8.233. a) 22 +
ORI -

T — Y- z - x—

Ty — = = = : — = =
+ Ty 25z+4 10, 3 - _5,6)m+y 4z =0, T
= o =0, 2= =2 rowe (0,0,0) 5 = 4,
r y z+4 z—2 y-10/3 =z+4
rT_Y¥_ —4)). 8.234. = = :
370 (B Toure (0, 0, —4)). 8 T 3 1

8.235. B Tourax (0, +2V/2, F21/2) KacareibHble IIOCKOCTH NAPAJIeIbHbI
mnockoctd Ozz, B Touwax (£2, F4, £2) — mnockoctu Ozz, B TOUKaX
(£4, ¥2, 0) — naockocrn Oyz. 8.237. a) xcosywp + ysingy — ztga = 0,

T — T COS Yo Yy — To Sinyg z—TocCtga .
fo _ - = g ; 06) arsinvy — aycosvy +
€OS o Sin @o —tga
T — Ug COS Vg Y — Up SIn Vg Z —avg
+ ugz = augvy, - = = . 8.238. cosp =
asinvg —acos vy Ug
2b2()

= — y Ka3daHHUE. yFJ'IOM Memay OBYMf IIOBEPXHOCTAMH B TOYKe
ava? + b?

UX NepeceyeHrs Ha3bIBAETCA YTOJI MEKAY KacaTeIbHLIMU I1JI0CKOCTAMM, IIPO-
BEJeHHBIMU K 9TUM NOBEPXHOCTAM B HaHHOK Touke. 8.239.Y kazanue. Ilo-
BEPXHOCTU HA3BIBAIOTCA OPTOrOHAALHBIMU, €CIM OHU IepeceKarTCA IOm
IPAMBIM YIJIOM B KON TOUKe JUHUY ux nepecevyenud. 8.240. M3onuposan-
nan touka (0, 0). 8.241. ¥Yzex (0, 0). 8.242. Uzonuposannaa rouxa (0, 0).
8.243. Toura Bosspata 1-ro poma (1, 0). 8.244. Toukra BosBpaTa 2-ro poma
(0, 0). 8.245. Touxa camonpurocHosenud (0, 0). 8.246. (0, 0) — m3omupo-
BaHHaA Touka, eciu a < 0; ysen, eciu a > 0; Touka Bo3spara 1-ro poxma,
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ecin a = 0. 8.247. Yzen (0, 0). 8.248. Touxa Bosspara 1-ro poma (0, 0).
8.249. Yrnosaa touka (0,0). Yrasauwue. Ilokazats, uto l_i)rpwy’ =0,
T

lim0 y' =1, 8.250. Touxa npexpamenus (0, 1). Yraszanuc. Ilokasars,
—r— 2

uro lim y = 1. 8.251.y = — —. 8.252. 2% + y® = p*. 8.253.z = £R.
z--+4+0 4 4
8.254. Orubazometi wer. 8.255.y = —ga;?. 8.256. z2/3 4+ y2/3 = [2/3,
3
8.257. y% = — _T_ 50 8.258. a) IucKpyMHUHAHTHAA KPUBasa y = 1 ABIAETCA

orubaomet 1 MHOKECTBOM TOYEK Ieperuba JaHHOTO ceMeHcTBa; 6) DUCKpU-

MMHAHTHaA KPUBAafA DACIagaeTcA HA MpAMLIC: Y = T — 7 (orubaroman) u
y = x (MHOMECTBO TOYEK BO3BPaTa 1-ro pona); B) AUCKPUMHHAHTHAA KPUBaA

=1 ecTh MHOECTBO TOUEK BO3BpaTa 1-ro poma u He ABIACTCA Orubarommeit;
) OMCKPUMUWHAHTHAA KpUBafA PACHamaercA Ha npaAmbie: T = —a (orubaro-
man) u z = 0 (MHOmecTBO y3108). 8.259.a) 1r, 0,0043%; 6) 1mm, 0,12%;
8) 1/, 0,066%. 8.260.1) A =0,002um, § = 0,008%; 2) A = 30Mm?, § =
= 2%. 8.261. Mepsoe. 8.262. a) 0,05, 0,14%; 6) 0,005, 6,25%. 8.263. 29,2
u 3,2. 8.264. 1) 5,373, 0,0004, 0,0074%; 2) 5,73, 0,0026, 0,048%; 3) 5,4,
0,0274, 0,51%. 8.265. 202 - 10~%, 188 - 10*, 600 - 103. 8.266. a) [Isa,
41 - 10%; 6) omun, & - 1072, 8.267. He MmeHblie, ueM ¢ IByMA 3HAKAMI.
8.268. He menbiuze, ueM ¢ Tpema 3Hakamu. 8.269-8.273. Ykaszaunue. Boc-
nonb3oBathea dopmymoit (1) §4. 8.274.185,7. 8.275.1,3-102. 8.276. 71,88.
8.277. Brruuranue npoussectu Hemn3a. 8.278. 61,6. 8.279. 512 - 10.
8.280. 3,3. 8.281.3-10. 8.282. 66 - 10%. 8.283. 7,397. 8.284. < 127 cm2,
< 8,3%. 8.285.~ 0,48. 8.287.< 0,17 mm. 8.288.2,740,1r/cm®. 8.289. Ilo
NPUHOMIY PABHBIX BIMAHUN R M3MEPUTH C OTHOCHTEIBLHON MOTPEUIHOCTHIO
0,25%, a Beicotry H c orHocurennHo#t norpewHocthio 0,5%. 8.290. 127,
8.291. 4. 8.292. 4. 8.293. llo upuHIMNy PaBHLIX BAUAHUN T MOAKHO B3AThH C
TpPeMA BEPHLIMU 3HAKAMHU B Y3KOM CMBICIE, PAAUYCHI UBMEPUTEL C TOUHOCTHIO
1o 0,8 cM, a obpasyroiny — ¢ TOYHOCTHIO 0o 1,25 cM.

I'nasa 9

8 T 1, 14 a® 3
9.2 3 9.3. i 9.4. :?—ln TR 9.5. —4—(77 +4). 9.6. ™ 9.7. y = x,

=243, z=1, =2 98.y=2°, y=2-2% z==1. 99.2+y =2,
)

z=\/4-9y2, 4y=0,y=2 910.y =, y=v2-22, 2=0, z = L
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T

4
flz,y)dz. 9.12. [ dz [ f(z,y)dy +
[*]

y+3

dy / f(z, ) de.
v

&
w\b
~
—~~
&
<
N
&

1l
Me—

@ \/a_g] a\/i /202 —

:/dy / f(:z:,y)da:-l—/dy / ny(z,y)dx.

0 -Jay a —v/2a2—y

a vaz 2a V2az—z2
9.14. /d:c / f(z, y)dy+/da: / flz,y)dy =
0 0

a 0
a a+\/(;2_——3/_2-
- / dy f(, y) da.

0 y2/a
a V2azr—z2 2a V2az—z2

9.15. /da: / flz,y) dy+/dm / flz,y)dy =
0 Var—a? a 0
a/2  (a—/a2—4y?)/2 a/2 at++/a2—y?2
C = /dy / f(z, y)d:l:+/dy / f(z, y)dz+
0 a=y/a?—y? O (a+Va2-ay?)2
a aty/a?—y?

wfa [ s

a2 o\ Ja?_y?
9.16. Tlo nepemeHHO! z; 00JacTb MHTErPUPOBAHMUA OrPAHUYEHA JUHUAMU
1 24/7-6y—y?

y=-vz, y=2% c=1,z=2 9l /dy / f(z, y) d.
T a—\/T-6y—y?
0 VaFl 1 Vi—z

9.18./da: / f(z, y)dy+/da: / f(z, y)dy.

-1 —/zF1 0 —-Vi-z
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2—+/d—y 2 V16—y?

9.19. jdy / f(z, y) dx-l-/dy / f(z, y)dz+
0 0

0 244/ 4~y?
4
+/dy / f(z, y) dz.
2 0
Nz 8/3 44y2

9.20. jd:c/fxydy 9.21. /dy / f(z, y) dz.

0 2y—2

a V“2 y? 2a ay=vy
/ (z, y)dw+/dy / flz, y)dz.
0 a 0

2

[
X}

0 vz 1 -V2z 1 VaFl
9.23. /dx / f(z, y)dy+/d:v / f(z, y)dy—l-/dx / f(z, y)dy.
-1 —VaFT 0 Vi1 0 Vaz
3 10—y
9.24. /dy / f(z, y)dz. 9.26. %(ﬂ. 9.27. 112/9. 9.28. 1/4. 9.29. 1/3.
1 9/y
9.30. 9/20. 9.31.68/15. 9.32. 72/128. 9.33. f;-a?. 9.34. e. 9.35. —11¢a b2
Yrazauue.
a f(z) 0 . bsint
//r yda“dy—/.L dz / ydy = /a cos® t(—asint) dt / ydy, rae
0 0 ©/2 0
NOCJeIHUH MHTErPas NOJAYYaeTCd U3 IPCABLAYLIEro NyIeM 3aMEHbI £ = @ COS 1.
9.36. 3r%a®. 9.37. i%cﬂ 9.38. 1/4. Yrasauue. Cpennum 3HaueHMEM

1 r
Gyuruun f(z, y) B odinacti G Ha3bIBAETCA UHCHO fop, = S /f(a:, y) dx dy,
G

rae S — maomans obimacty G. 9.39. 1,63 < I < 2. Yrasaunuc. Ilo Teopeme

00 oneHie OBOKHOr0 MHTErpasa mS < / fz,y)dedy < MS, tne M —-

Haumenspuice, M --- Haubospluee 3HAYEHUA QyHKLHY B o6mactu G, S — mwio-

n/6 av3sing /2 acosg

wagb obnactu G. 9.40. 5/3. 9.41. /d(p / r)rdr +/d<,0 / f(r)rdr.

0 0 /6
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w/2 2a sin ¢

9.42. /dp / “(r cos p, Tsinp)rdr.

w/4 acosp/sin? ¢
w/4 Sintp/COS'Zf,O

9.43. /dcp / f(rcosyp, rsinp)rdr+

0
37 /4 1/sing

+ /dcp / f(rcosyp, rsing)rdr+

n/4
sin p/ cos? ¢
/ dy / f(rcosep, rsin)rdr.
3n/4
7/6  VBcosep n/2  3,/cos2¢
9.44. /d«p / 1'2)1'dr+/d<p / fr®rdr. 9.45. g(c“'l -1).
n/6 . 0
2 128 ma® 45 a?
46. =a’. —_— 4 . 4 mat. 50, — (37 — 2).
9.46 ga 9.47. 7. 9.48. o 9.49. 64 9.50 12(71' )

2/2
9.51. £a4. 9.52. / / azv) w u du.
15 a
1 / /
9.53.5/du/ (Vuv, Vuv? Ydv. 9.54. -/du/ ( —;—v’u;v)dv.
p

a —Uu

q
9.55. %/du/ f <\/% m) ’%}3 9.56. 2mab(c — V2 — 1). 9.57. 651.
P a

9.58. :8( a=8/5 — =6/5)(g8/5 — /%), 9.59. %éa?. 9.60. %(15 —161n2).

1
9.61. a®(w - 1). 9.62. Z(b2 —a®)(m +2). Yrazauue. lepeiTu k moaap-

1.
HBIM KoopauHaTaMm. 9.63. Zaz(S ~ 7). 9.64. (m — 1)a®. Yxazauue. Ile-

peiiTn 1 noaApHbIM KoopmuHataM. 9.65. a?/210. Ywazauue. Caenmars

9 D) . madb
3aMeHy HepeMeHHbIX: T =T1cos’, y =7sin“¢ (0L p £ = 5 . 9.66. —27
Yrazanue. Ilepeiitt K 00OOLUCHHBIM HOJAPHBIM  KOOPIMHATAM.

9.67. (b:’/4 a®*)(n?/* =m3/*). Yrazauuc. Crenars 3aMeny nepemen-

(¢* - p*)(0* = a?)

. Yrazauue. Coenarn
6a3b3

Herx: y? = uz, vy? = 2°. 9.68.
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4
saMeHy mepemenHpix: y2 = uz, y = vz. 9.69. —=a2. 9.70. 8/2a2.

V3
9.71. 2v/27p?. 9.72. ?&. 9.73. g\/ia? 9.74. 16a2. 9.75. 47a?(2 — V2).

9.76. %(27—5\/5). 9.77. 2a%(r—2). 9.78.1a?(v2+In (1 + v/2)). 9.79. 7/6.

16 4
9.80. 3v/27ma2. 9.81. 2a%(7 + 4 — 4v/2). 9.82. ?ab2. 9.83. §a3(2 -2).
Yrazauue. Marerpuposats B mrockoctu Oyz. 9.84. 16/15. 9.85. a3/2.

2 1 2 2
9.86. §7Ta3(3—\/§). 9.87. mabc ( - ;) 9.88. §7ra3(2—\/§). 9.89. gﬂabcx

x(2 = v/2). 9.90. 3 In3. Yxrasauue. Coenath 3aMeHy IepeMeHHBIX U =

=xy, y> = vz. 9.91. 9/8. Yxaszauue. Crenarr 3aMeHy nepeMeHHBIX

1
u=ay, v =ylz. 9.92 EW(SR2. 9.93. M, = g-a‘q‘, M, = gwa3.

_ _ a a®b T n?
994. 7 = —a, ¥y = =. 995 —. 9.96. M, = 21’ M, =1- 17

141a 8la
- 7= . 9.98. I, = 1/12, I, = 7/12.
0(7—3m2)’ Y~ 87-3ma) 12, 1, =17/
128a 21 49 35
. 90100 I, = —nat, I, = —nal, Iy = —>mat.
105 2100 32" v T gpmen fo = ggtd
mab? ma3b mab, , o, 26
R B L= . 9.102. a) —at;
, Io 4(a + b%). 9.102. a) T
ka®
5 K

6) ——a'. Ywazauwue. [=_, ://(w+a)2d:cdy. 9.103. I, =
G
I, = %kas, Iy = —Q%ka5, rme k — KO3G(QUIMEHT IpONOPIUOHATILHO-
2a—sin2aa4 I = 2a+sin2aa4.
16 T 16

1
9.106. —2—7(t2 —t1)(RY — R}). Yrazanue. Q = y(t —t1) // |zy| dz dy.

4ah?

c.  9.104. ma®/8. 9.105. I, =

9.107.

. Yraszaunue. E= //(2z+y)da:dy.
G

6 (12—2z)/3  (12-2z-3y)/4

9.108. /da: / dy / f(z, y, 2)d=.

0 0 0
a (b/a)VaZ—2z? cy/1-(2%/a?)~(y?/b?)
9.109. /da: / dy / f(z, y, 2) d=.

0 —(bfa)VaT-a?  —c\/1-(2%/a®)~(47/V?)
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2 27 V{4z—y?)/2
9.110./da: / dy / flz,y, 2)dz
0

1
9.111. /d / dy / f(z,y,2)dz. 9.112. 1/6. 9.113. 81/4.
Sl VTSR (farg?
4
9.114. a*/12. 9.115. a*/8. 9.116. 1/96. 9.117. 4/15. 9.118. §a3h.
ma 19 . 4 16
9.119. ——. 9.120. . 9.121. a*/10. 9122 ma’h. 9.123.
5 Q 7R3
9.124. ma® sin’ 5 9125.1/105. 9.126. 6ma®.  9.127. -5 (2 - V2).
mat . 8 3 32V
9.128. —. 9.129. —7R7/2. 9.130. —. 9.131. : . le-
8 6 9.129 217rR 9.130 35 9.131 - Yrazanue. [le

peTH K uMaMHApUYecKuM koopauuatam. 9.132. a3/45. Ywkaszamuue.
Hepetitn k cdepuueckum woopauuaram. 9.133. m2abc/4. Ywaszauue.
Ilepeniti k 0600iIEHHBIM chepHUeCKUM KOOpPOMHATAM 1o GopMynam: & =
= arcosypcosf, y = brsinpcosf, z = crsinf. llpu srom I = aber? cosf

19
>0, 0< ¢ <2, ~g <6« —g) 9.134. —6—7ra3. Yxkazanue. epeit-

TH K UMIAMHIPHYECKMM Koopmuuaram. 9.135. ma®/3. Yxaszauue. Ile-

3
peiiTu K chepuueckum roopmuHatam. 9.136. M = Zﬂ'yoa3, Yep = E'yo.

1 , 1
9.137. M = gﬂ")/oszI, Yep = g%. 9.138. M = —my0a%, vep = —=70.

24

31 93 4
9.139. M = —5--7T"/0a3, Yep = 1—46’)/0. 9.140. M = ’1—57T’)’0R2H, Yep =

8 1, 5 3 4 4
= — .141. = = : = —7y. 9.142. —a, —h ).
15’70 9.141. M 477 YR, Yep 1671'70 9.142 (0, 5a, 5

()
9.143. (0, %b, —h). 9.144. (o, 0, ;H>. 9.145. (0, 0, %H).

2 a2 b2 1 )
9.146. (0,0, ZR). 9.147. ~,abh +3 ). 9148 cayHR'

N

5
4 5 2mya?h b /g
9.149. §7r'yoR . 9.150. mln (a + = 1

< Hvlomonos nomewyuaa tena T B touke Mo(zo, Yo, 20) — 3TO HHTe-

d dyd
rpan U = /// z,Y, 2 o Ty z’ roe y(z, y, ) — INIOTHOCTb, T =
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= V(& —20)> + (y —90)* + (z — 20)%. Hmeem: U:fy// dx(iydzz
T

/ / / dz dy dz
=9 ———————  [lepeiileM K IMINHIPUICCKUM KOOPIMHATAM:

Vit +y? 4 22
b (a/b)VBZ=22
rdrdpdz / / rdr
= =2y [ dy | dz ———— =
7/7// Vrt 422 4 V2 + 22
1

-*—-—————27(7(121) In é+\/g—1 >
dmykH VE—a e Vel
Y
9.151. ——=(V H? + R?—H), rue k — n0CTOAHHAA 3aKOHA TALOTEHUA.
\/—

< IlpuHAB BepUIMHY KOHyCA 33 HAYal0 KOOPAMHAT, a ero ochb — 32 ock Oz,
2

IOJIYYUM ypaBHEHUe KOHyca B Buze 22 +y2 = —=22. Beuencraue cummerpuu

T2 *
Pe3yILTUPYIOLIAA CUJIa MPUTAMKEHNA Oy mer HanpagiaeHa Buosnb ocu Oz U Bbl-

pasutca unrerpaom F, = k ///zdxdydz /// zdz dydz
TR - - 2 2)3/2°
(2% +y% + 22)

MepetineM k HUIUHOPUYECKUM HOOplIl/IHaTaM
27 R H

F, =k’7/d<p/rdr / S iCZ)W = \/M \/H2+R2

0 0 (H/R)r
9.152. %fma". 9.153. —1—1677THR4 9.154. 1/4. 9.155. /2. 9.156. 4.
9.157. 1. 9.158. Pacxomutca. 9.159. Cxomurca mpu a > 1. 9.160. 4.
9.161. %ﬂ‘. 9.162. /2.
9.163. Cxomurca npu a < 1. Ywxaszanue. Haomupoears npamyw y=

1 T—€
dz d . d

= I y3KOH NOJOCKON U MOJNOMKUTH _y_ = lim [ dz —;y—.\

y)*  em0 J (z—y)*

0 0

9.164. Cxomurca npu a < 3/2. 9.165. 15/4. 9.166. 3/7. 9.167. f(z).
2 2
9.168. gln(1+y2). 9.169. —

+1 -1
si 1+y) — siny(y — 1).
Y ny(l+y) 2, " y(y — 1)

y? v
9.170. 2ye“y3 —e v /xze ve* g, 9.171. /( z(z — y) coszy — sinzy) dz.
y 0

9.172. z(2 - 3y2)f(xy) + %f( ) + 2%y(1 — y?)f'(zy). 9.174. E' =

E-F), F'l = ———— . ¥Yrasauue. [lpu Beruncnenuu F' noka-

A k(1 —k2) A
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wf2 /2
1 5 . ,
3aTh, YTO / (1—k%sin @)%/ 2 dp = - / (1 — k%sin® )2 dy, man
0 0 )
Yero MCNO/bL30BaTh Cienyiomee Toxmectso: (1 — k% sin? ) ~3/2 = e X

d , .
— (sin p cos (1 — k2 sin? ) ~1/2).

1= k2sin? p)1/2 —
x(1 = k*sin” @) =W dp

1
9.175. arctg%. 9.176. §ln 2. 9.178. F(y) cxomurca HepaBHOMEPHO Ha

[y1, y2], ecau sror mHTErpa; cxomurca mpu soboMm y € [y1, y2|, HO cy-
wectsyer € > 0 taroe, uro maa moboro B > a wmaitmerca y = y(B) €

+oo
[ rw s

9.180. Cxomurca nepasHoMepHo. 9.181. Cxomurca pasHomepHo. 9.182. Cxo-

€ [y1, y2], ma KoTOpOrO >e. 9.179. Cxomutca paBHOMEPHO.

ourca pasHomepHo. 9.183. Cxomurca nepasHomepHo. 9.184. Cxomurca pas-
HomepHo. 9.185. Cxomurca HepasHomepHo. 9.186. Cxomurca paBHOMEpHO.

1. 8 a
9.188. = In —. =
2 8 a B
1
9.192. 5\/§e""2/(4"). Yrazaunue. Hponuddepenunposars UHTErpa Mo

OF é
mapaMerpy 7y ¥ pelluTh ypaBHEeHNe 55 = ——;YF. 9.193. g In (a +v1+ a?).

1++v1-a?
—

9.189. arctg r% —arctg %. 9.190. arctg —. 9.191.In (1 + «).

9.194. 7(v1 - a2 - 1). 9.195. 7ln

T'nasa 10

10.4. y(In|1 — 22| +1) = 1. 10.5. y(1 +2) = 1. 10.6. y = 2 — 3cos.
af af of af

.q. =0, — - - it =0
10 7 f(x) y) 0’ ax < 0 ma’x? T 6$+f(x7 y) ay 9
a)y+23+322 =0; 6) y =In(z+Vr2+4) —In2. 109. 22 +y =
=zy. 10.10. 2y’ + y = 0. 10.11. 3’ = ythz. 10.12. 2zyy’ = 22 + 3°.
10.13. yy' = z. 10.14. zy’ + 2y = 0. 10.15. ' = . 10.22. y* —2? =

013. yy' =« zy' +2y =0 i 1k y° -z

=C. 10.23. Y3 + 2% -3z = C. 10.24. y*> + 2®> = C. 10.25. y = Cz?.
10.26.y = C(z+1)e™*. 10.27. arctgy—arcsinz = C; z = 1. 10.28.€% +
+e ¥ =0C. 10.29. ysiny + cosy —zcosz +sinz = C. 10.30. arctgy +

> 0—min. 10.8.
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1
+ 51n(1+z2) =C. 103l y = CeV!™®; z = +1. 10.32. y =

1
=CV1+e?. 10.33. (1 +€%)2tgy = C. 10.34. e* — 5623’ —2In|1+y| -

—1)? \ 2
_(y_é___)_:c, y= -1 1085y = -2ET 036 5+

T+ V1+ 22

+ul—m@=cxy=o.m31@£§ﬁ—z=c,z+y=ak+nm

T € Z. 10.38. 4z + 2y + 1 = Ce?¥. 10.39. %arctg —21-(4z +y+1)—-z=C.
1
10.40. (z + C) (tgi(y—z—l)—l =2, y—x—1=g+2k7r, T € Z.

Yz —y+1+2
Jlm—yri-p| VTV

+z2+C, 45 -y+9=0,42-y—-7=0. 10.43. 22 —y2 = 1. 10.44.—;-x

10.41. 4y—6x—7= Ce™%%, 10.42. 31n

x (0 +y?) +1n | = 1. 1045,y = sinz. 1046y = £o/Tn]al + C.
10.47. y = 2z(arctgCx + k), y = knz, k € Z. 10.48. 22 - 2zy - y? = C.
10.49. arcsin% - %m— Injz| = C, y = +z. 10.50. re?/* = C,
=0 1051.¢¥/% = Cy, y = 0. 10.52. ™" = Cz. 10.53. lng- =

2arcctg (In|z| +C), y = xe?*", k € Z. 10.54. y = rarcsinCr,
y=knz, k€ Z\ {0}. 10.55. y = zsin(Iln|z| + C), y = £z. 10.56. y =
=C(y? - 2?), y = £z. 10.57. 33 = —42® + Cz°(y® — 423), y = —V4z.
1058. 22 —zy +y? +z—-y=C. 1059. 24y - 1=C(y+2)? y=-2.

—2arct yt2
10.60. z+2y+3In|z +y — 2| = C, z+y = 2. 10.61.y+2 = Ce™ 823,

21
1062 5in 2 =22 = Gz +1). 10.68. m¥F% 1= 1064,y
z+1 z+3 +y

I

1
ze!~%. 10.65. Injy| + 2¢/z/y = 2. 10.66. y = -2-(152 ~1). 10.67.y =

2
= ¢ 7 (C-I- %) 10.68. y = Cz® — z2. 10.69. y = sinz + Ccosz.

10.70. y = (z+C)(1422). 10.71.y = Ce‘2”+%e3’. 10.72.y = zln T+g

1
10.73.y = (z+1)%(e*+C). 10.74. 2 = Cy+ = y , y=0. Yxazaune. 3a-
T+yl

dr dz
[MCATh YPABHEHUE B BUIP T = ; OHO JIMHEIHO 0THOCHUTEIBHO T K T
dy Y

10.75. z = arctgy — 1 + Ce~ €Y, 10.76. y = zsinz + Cz. 10.77.y =
=e*(C+Inlz|). 10.78.y = 2(Ce~*—1). 10.79.z = Cy+In’y. 10.80.z =
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1
= y—i—_C;y’ y=0,y=1 10.81.z = Cy+y*, y = 0. 10.82.siny = Ce %+
+z — 1. Yrasauue. lonomurs siny = z. 10.83. y = sinz. 10.84. y =

) 11 1 o? 1,)°
=e* —e"+-—x + = 10.85.x=ylny+§. 10.86.y = e ** | C + =z° )} ,

2" 71 2
y=0. 10.87.y = ; ~, ¥ =0.10.88.y = (cosz- /T = 3tga)~!, y = 0.
10.89. y = 2—2\/_3%—?5 y = 0. 10.90. 22 = Cesi"¥ —2(siny +1). Yxaza-

2 in?2
HUe. 3anucaTh yPaBHEHHUE B BULE ;i% = ?—Eﬁ%xim. 10.91. 42 = 22 —
—14+C/|z? — 1. 10.92. zy(C—1n’y) = 1. 10.93. 22(C—cosy) =y, y = 0.

COS T
e

3 _ & " 4 2 _ 2 2 _
10.94. y° = Fypyrr 10.95. z° = Y 10.96. z* + zy + y* = C.
10.97. 522y — 8zy + = + 3y = C. 10.98. 2° + 322y — 2xy% — y° = C.

2 3
10.99. zy — — + 3 = C. 10.100. = + x_2 -2y =C. 10.101. \/z2 — y2 +
1 T Yy y v
+ oy — = =C. 10.102. 22 + ye ® = C. 10.103. z2 + ye*/¥ = C.
)

10.104. z?cos’y + y> = C. 10.105. zsiny + ycosz + In|z/y| = C.
10.106. Bca maockocts Oxzy. 10.107. y # z. 10.108. y # n 17r.
10.109. z > y2. 10.110. y = 0. 10.111. y = 1. 10.112. y = —z.
10.113. y = %2. 10.114. z = 2p+6p> + C, y = p> +4p% y = 0
(ocoboe pewenne). 10.115.z = 2\/p> + 1 —In(1+ /P2 + 1) +Inp + C,
y = py/1+p?% y =0 (ocoboe pewenue). 10.116.z = e?+C, y = (p—1)e’.
10.117. y = Cz + %(C’2 — 2?), y = —2? (ocoboe pewerue). 10.118. z =
p?

3
=pP-p+2,y= Zp4——2—+C. 10.119. z = pcosp, y = p?cosp—psinp —

— cosp+C. 10.120. £ = 2p—Inp, y =p?> —p+C. 10.121. z = Cy + C?,

1 1
T = —%y2 (ocoboe pemenue). 10.122.y = §Cz2+——, y = £z (ocobbie pe-

2C
2
wenna). 10.123.z = % = zg—i 10.124.z = _p_%+

2 VT T (1-p)?’
1 Cp?

= —=p? ;=0 y= 1 6 . 10.125. z =
Y 5P + T=p2 y‘ , Yy =1 + 1 (ocobbie perrennn) z

1 1
=Cp—-Inp—-2, y= EC'p2 -p. 10.126. y = Cz — ok y? = —4xz (ocoboe

pemenne). 10.127.y =Cz +C +VC, y = — (ocoboe pewrenne).

4(z +1)
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10.128. y = Cz — €%, y = z(lnz — 1) (ocoboe pemrenue). 10.129. y =
=Cz+cosC, y = zarcsinz+v/1 — 22 (ocoboe pemrene). 10.130. Muueit-
noe; y = wv. 10.131. Ogsopomwoe; y = uz. 10.132. C pasmenarownmucsa
nepemeHHbiMu.  10.133. Ypasuenue Bepuymau; y = wv. 10.134. JTuneit-
HOE OTHOCUTeNbHO T; 2 = uv. 10.135. Ypasuenue B noansix muddepes-
muanax. 10.136. Ogwopomuoe; z = wuy. 10.137. Ypasuenue Bepuyman
orHocuTensHo z; T = uv. 10.138. IlpuBonAmicecs K ypaBHEHHIO C pas-
HeNAKIUMUACA nepeMeHHbIME; © = y — x. 10.139. Jluneitnoe; y = uwv.
10.140. Ypasuenue Bepuyzmm, y = uv. 10141 y = 22 — 2 + Ce%"/2,
10.142. In |y| + g =C, y=0. 10.143. %:52 cos2y +xz = C. 10.144. y =

1 — 1

= — y =0. 10.145. y = V/C + 3z — 3z2. 10.146. z = ~y% +

(x +C)cosz 4 Y T o T=RY
+Cy?, y=0. 10.147. In |z|+€*/¥ = C, £ = 0. 10.148. 1+y* = C(1~2?),

1

= +1. 10.149. z* - 2%y? + y* = C. 10.150. y = —_—
z 1 0.149. z Téyc 4y C y 1+ln:c+Cr’
y=0 (z >0). 10.151. Bz +2y — 1)(z — 1) = C. 10.152. arctg = =

= Inz? +y2 4+ C. 10.153. 2ycosz + cos 2z = C. 10.154. z? + xlny -
— cosy = C. 10.155. y = Cz — InC, y =1 + Inz (ocoboe peruenue).

1
= - = = Y —
10.156. « Coilirac .10.157. In |z| cos =(.10.158. ¢¥ = z° x

xInCz. Yraszauue. Honomnrh z=e"Y. 10.159.m =Cy*—y*(y+1)e?,
y = 0. 10.160. z+1/1 + y2 —siny = C. Y ka3anuc. 3anucats ypaBHeHue B

BUJIE — w ¥7 %Y 10.161. z+-arctg - C,z=0. 10.162.y =
dy 1 +y? \/_.;. y« x

C+1 2 2

<—+n;,§l—ll§~| tg.z;) ,y=0. 10.163.y:C2+C'x——Z—,y:—?—2—

(0coboe pewrcrue). 10.164. (2+y3)3 = C(y3—z), z = y*. Yrasauue. llo-

TOMUTD Y = z1/3. 10.165. y = +In|z? — 1|. 10.166. y°> = 4z u zy* = 4.

10.167.y = i—T. 10.168. (2 +C)?+y% = a®. 10.169. y? = +2a(z+C).
2

10.170. y = 2ch—u 10.171. 4% = —5— . 10.172. 92 = 62+9. 10.173.42 =

, 2?2 +3
: 2
=4(z—1)u (‘“;1) +98— = 1. 101743 = (s ~a). 10.175.7 = 2ev/,

10.176. 22 +y%2 = 2y. 10.177. 2 = y(3+Iny). 10.178. y? =2z + 1 — e*®

1 1 —
10.179. y = - z2. 10.180. ¢ = + <—y— —y). 10.181. y = zv/5z2 — 1.
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0+ % 10.183. 222 + 3y2 = C?. 10.184. 2% + 22 = C2.

10185, y = <. 10186, 2437 = C. 10187. T = a + (To — a)e*.
72

10.188. Yepes 40 mun. 10.189. w = 5- (3/5)4/12° (06/c); uepes 6 mun 18¢.

10.182. r

Il

YrasaHue. YpaBHEHHE HMEET BUI 2 = _kw. 10.190. Yepes 1575 ner.

dt
10.191. 3a 6Mmun Sc. Yxkasanue. YpasHenwe mveer sum wv(h)dt =

= —S(h)dh, rne w — nnowans orsepcTud, v(h) — CKOPOCTh MCTEYEHUA

Bombl, h — yposens mumkocti, S(N) -— mIOWIanL NOMEPEYHOTO CEUEHHS
cocyna, t -— spemsa. 10.192. 0,0878. VY wrasanue. YpaBHEHUC HMeeT
Bug d) = —kQdh. 10.193. ~ 50¢; ~ 15M. 10.194. ¢t ~ 0,0011c.
Yra3aHue. YpaBHEHHE HMECT BUI m%t: = —kv?.  10.195. 0,5xr.

10.196. a) 56,5r; 6) 7,844. 10.197.0,06%. ¥ kazan1c. YpaBHcHUC UMEET
sun (0,01z — 0,0004)1500d¢ = —10800 - 0,01 dz, roe = -— obbemHaaA m0aA

(B %) yrncrucqoTsl B BO3OYXE B MOMEHT BPEMCHH f.

R
10.198. i = ———— (Rsinwt — Lwcoswt + Lwe™ 1 h.
R?* + Lw a4 )2

10.199. y' < z2. 10.200. ' > 0. 10.207. y" = 0. 10.208. ——— = R%.
Yy

10.209. y” +y = 0. 10.210. "' = 0. 10.211. y = (Cy + arctgz)r —
N 3
— InvV1+2z2+Cy. 10212, y = % —sinz + Cyz + (5. 10.213. y

3 3 1
= %—ln|1‘i+Clm3+C2m2+03;c+C4. 10.214. y = §x2 lnlxl+5m3+01x2 +

2
+ Cor +Cy. 10215, Cly = Ciz - |Ciz + 1|+ Co, y = = +C, y=C.

-C
L2 e -a =1,

y=0C. 10217. y =C,sinz+Cy —x — -2-SiI12.’I.‘. 10.218. y = C1z2 + Cy +
+e%(z—1). 10.219.4C y = 4+ (C1z+Cs)?%. 10.220.y = 24C, In |y|+Cs,

- Ci |
2C; | 1—|Cll

1 Y o

C - — 10.222. C¥y = (C?x? + 1) arctg Crz ~ Cya + (- 0 2y = knz® +C
) 1 5 1

(ke Z). 10.223.y = E;e“’”’“ <.’L’ -~ —C—~) +-Cy, y = —2—+C 10.224. y =

10.216. y = Cl tg (C1£L’+C2), 2Cix + Cy = In

y=C. 10.221. y = CyarctgCiz + Cy, y = — +Cy, y =

1
—+Clln|:q+Cg 10.225. y = C(zVx? — 1-—111\:1:\/_2 -- 1|)+:c + Cs,
1/-01 (zv/1 — 22 + arcsinz) + 22 + Cy. 10.226. y = Cy(z — e~ %) + Co.

Pt
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10.227. 2y = Cjcos2z + (1 + 2Cy)2® + Caz + C;. 10.228. 2y = Cyz? —
- 2012(1}+Cl) In |.’l) + le-l-Cg.’lH-Cg. 10.229.y = Cg—(IC-I-Cl) In III) + le +
+ Coz, y = Ciz + Co. 10.230. z = 2C1p — In|p| + Ca, y = C1p® — p;

y=Ce™® y=2C. 10.231. =z = ﬂ:%(\/ﬂ— 2C1) /Yy +C1 + Ca.

v/ 241 .
10.232. —'—C"—lcy,—-l.- = Cy £ z. 10.233. ny +1 = ﬂ:Ch(Clﬁl+C2),
1
Ciy—1=sin(Ciz+Cs), 2y=(z+C)? y =0 10234 Iny =
lny —Cl
Iny + C)

10.235. ctgy = Cy + Ciz, y = C. 10.236. y = 1 +

= Citg (Ciz + Cy), In =2C1z+Cy, (C—2)lny=1, y=C.

Clx+C2, vy= c.
_z

1
10.237.y = E(Q:B'I'G.'B?)+Cl$lﬂ|$'+02$+03. 10.238. y? = 3 +Ciz +

C
+ Cy. 10.239. y = Ciz + —17_2 10.240. y = C2m6011 - (CQ/C])GCM + Cs.

10.241. y = Coze~“'*. Yrazauue. YpaBHeHHe OJHOPOIHO OTHOCHTEIBHO
(12+01)3/2
v, ', y". 10.242. y =Coe™ 3 ,y=0.10.243. y2=C12% +Cy,y = 0.

Cy
10244,y = ——2—— y =0. 10.245.y = (z—2)e®+z+3. 10.246.
V= @i oy Y y = (z—2)e"+z+ y

= _ T2 3 2 _ 1 _ 2, _ 16 _

= 5 In“z + 2x 2z + 5" 10.247. y = 5x 2z 5 10.248. y =
Y ™

— 2|z +1|—z+1. 10.249.y = —In|z — 1| 10.250. lnltg (§+g)| =

=2z +1). 1025l y = tgz, = <z < =. 10.252. y = /2.

2 2
10.253. (3 — 2)y® = 8(z +2). 10.254. y = 1 + sinz. 10.255. y =
=1-¢€% y=—-1+e% 10.256.y =1—z. 10.257. ¢ = CieP — 2p — 2,
Injt| 3 t 3

= Ci(p—1)e? —p?+Cy. 10.258. 2 = — 4 2 =<t 4O

y=Ci(p—1)e? —p°+C. 10.258. = 5 +4t2+Cl, =7 4t3+C2

10.259. 2 = (p+ 1)e? + C1, y = p’e? + Cp.  10.260. = = 3C,p* +

+lnjp| + Cy, y = 2C1p° +p; y = C. 10.261l. y = +lncosz.
1

10.262. a) y = o ¢h (Ciz + C2) mpu y" > 0; 6) (z + C3)? +y? = C}
1

npu y" < 0. 10.263. a) 4(Cy—1) = C}(z+C3)? mpu y” > 0; 6) z = % X

X (t—sint)+Cs, y = —C—l—(l—cost) mpuy” < 0. YRaaaHne./ Y dy
2 Ci-y
t
2

. z
BBIYMCIIUTH C IOMOLIBI0 noacTaHoBEU y = C sin 3 10.264. y = ach (—)
a
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! , Tme a = E 10.266. v = \/Eth (—I—C—Et>,
cosz/a q9 k m

m vVkF
= ?lnch —_

m
BaTh OTBETHI K 3amaue 10.266, monmomus P = mg. 10.268. Bpema monbema

m k m kvd

Ty = ,/-—arctgugy/—; BbicoTa monbema hmay = ——In{1+ —);
kg mg 2k mg
[ mg 1 [m

CKOpOCTh cmycka Viop = v,/ ————=; BpeMAa cnycka Iey = =,/ — X
p YCKa Ven 0 mg + k’l)g’ it y cn 2V kg

/ kVe
mg + vk N2 T 10.269. 1,75¢; 16,3m/c. Yxazauue. Hcronnso-
* g — ViVen |

. k
BaTb OTBETHI K 3ajaue 10.268. 10.270. z = ,[z2 + .
m

10.265. e¥/@

t). 10.267. 1,89 ¢, 16,6 m/c. Y xazauue. Ucnonsso-

St2. 10271, ¢ =
0

t
/ 5 | ' t? »(0)
- ——t"’ 2 [ q0272. 7 = -9 /1 dt;
o 0 = & % T 2 + u n- o(t) H

= —7 (1 at)In (1 — at)+at), z(10) = 0,54 kM, z(30) = 5,65 kv,

z(50) = 18,44 KM.

{ H H . 2R mH
10.273. —2555 ( R(H - R) + 3arcsm (l - H) + 1 )

10.274. =~ 116 4. Yxasauue. Ucnons3osars orser k 3agaue 10.273.

af 1 /z\i+k 1 yz\l1-k
10.275. =~ 11,18 km/c. 10.276. y = —{ —— | — - —— -
7 18 mat/c 76y 2(1+k(a) l—k(a) )+
ka

q (1?22 z* 51
— k = 1. 10.277. = I /=
+ T2 e < 7. Ely 4( 1 5 %)
5l4q

l2
Elymax = 38 Yrazaune. Ely' = %(Z—;ﬁ), rne E — mo-

ayms Hura, ] — MOMEHT MHEpUMH IONEpPevyHOro CeyeHusa Oallku OTHOCHU-

2 3 3 4 3 4
rensuo ocu Oz. 10.278. Ely = (ﬂ + q_l_) Fo' _ge” FUU_4

2 6
Elymax = —%ﬁ—% Yrazauue Ely" = —Fz—q—;-, rne E — MOAyIb
HOnra, I — MOMEHT WHEpPUMH MONEPEYHOTO CEUCHUA GajKkU OTHOCHTEIbHO
ocu Oz. 10.279. F = gql. Ywasauue. Ely" = F(l — z) — M

— )3 — ) 2 3 3 !

e

6 24 3 8’

Ely =
y 2 "6
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monyas H0ura, I — MOMeHT MHepHUH HOIepevyHOro CedeHUA DATKU O0THOCH:
tensto ocu Oz. 10.281. y = C1e%® + Cre®. 10.282. y = C1e%® + Cye™°.

1
10.283. y_01°°” 023:—:5. 10.284. y = C, <—a:ln 1“” —1)+sz.

-z
Cs

10.285. y = Ciz + — + % 10.286. Jlunettno HezaBucuma. 10.287. Jlu-
T

HeiiHo 3apucuMa. 10.288. JIuuefino zezasucuma. 10.289. JIunefino 3a-
pucuma. 10.290. Junefino nesasucuma. 10.291. JIunefino HesaBucuma.
10.292. Junetino nezasucuMma. 10.293. Jluneiino 3asucuma. 10.294. Ju-

HettHo 3apucuMa. 10.295. Junefino mesapucuma. 10.296. y" + y' = 0.
6 12

10.297. y" — 4y’ +5y = 0. 10.298. y"— Y+ 5y =0. 10299,y —y" = 0.

10.300. y"’ +y' =0. 10.301. "' — y" = 0. 10.302. y"' - 8y’ + 15y = 0.

10.303. " — 29" +y' — 2y = 0.

10.304. < Uz pasencrsa W (zo) = 0 cuenyer, 4T0 0QHOPOAHAA CUCTEMA JIU-

HeltHBIX anrebpaMdecKUX ypaBHEHUI! ¢ HEU3BECTHBIMM (1, 2, ..., Opn

a1y1 (o) + a2y2(To) + - .. + anyn(zo) = 0,
a1y (zo) + a2ys(To) + ... + anyy (o) = 0, (+)

aly{n )(IO).;.ang"“)(mO).;. A+ T 1)( 0)=0

MMeeT TaKoe pellleHue aj, a3, ..., &, YTO He Bce & paBHBI Hym0. DyHEK-
wA y(z) = ajyi(z) + a3y2(x) + ... + alyn(x) ABrAeTCA pellenueM HaH-
HOTO JIMHEHHOr0 ONHOPOLHOIO YPAaBHEHUA U, KaK 9T0 CJeayeT U3 PABEHCTB
(%), ymomuermopser HavampHbIM yciosuaM y(zo) = 0, y'(zo) = O,

.oy Y" H(x0) = 0. Ho TakuM me HaYaTbHBLIM YCIOBUAM YHOBJETBOPAET U
Gyurnua y = 0, Tome ABIAMIAACA PeLIeHVeM NaHHOT0 ypaBHeHuA ((yHI-
uua y = 0 ecTs peruexue 1:060r0 JUHERHOTO OOHOPOIHOTO AU( PepeHInab-
Horo ypasuenus). Orciona Ha ocHoBanuu Teopems! Komu o cymecrBoBanuu
M eIVHCTBEHHOCTH PeLIeHNA 3aKiodaeM, uto ajy1(z) + ... + alyn(z) =0
Ha (a, b), T.e. cucrema QyHruu#t y;(x), ..., yn(x) AuHEMHO 3aBUCUMaA Ha
(a, b). Ho torna Bponckuan W (zx) 3To#f cucTeMbl paBeH HYIH0 BCIOAY HA
(a, b), yT0 U TpeGoBanOCHL DOKA3ATEH. D>

y  n@)  yzr) ... ya(o)
10305 | ¥ wi@  w@) ... (@)

=0. Yxas3anue. Becaroe
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pelLeHne HCKOMOT0 YpaBHeHHUA BMecTe ¢ GYHRUMAMHU y1 (), Y2(Z), . . ., Yn ()
00pasyer AuHeHHO 3aBUCUMYIO0 CHCTEMY.

10.306. y = e® +2cosz+3sinz. 10.307. y = e + 22 4+ 3e3. 10.308.y =
= Ci2° + Coz* + %x 10.309. y = C1€®® + Cysinz + Cs cosz + €3®.
10.310. y = Ci1e® 4+ Cyz — 22 — 1. 10.311. y = C,cosz + Cyxcosz —
— sinzcosz. 10.312. y = C1e°® 4+ Coe® + 52+ 6 — e?*. 10.313.y =

1
=C) + Cysinz + Cscosz + Ee’” —sin2z. 10.314. y = **(1 + (1 - k)2).

10.315. 5" —y' 6y = 0, y = C1e%* +Cre2. 10.316.y" -2/ +y =0, y =
= (Cy +Caz)e®. 10.317.y" -6y’ +13y =0, y = (C) cos 2z + Cy sin 2z)e3®.
10.318. y"" — 6y" + 12y’ =8y =0, y = (C) + Caox + C32°)e2*.

10.319. y" — 8y" + 16y’ = 0, y = C, + (Cy + Czz)e?*. 10.321. y =
= Cre=V3z 4 Chel+V3z 10.322. y = e73%(C} cos 2z + Cysin2z).
10.323. y = €37(C) + Caz). 10.324. y = C1e*® + Che™**/3. 10.325. y =

=e(Cy cos% + Cysin %) 10.326. y = e~%/2(Cy + Caz). 10.327.y =
= Cye® + e**(Cy cos 3z + C3 sin 3z).

10.328. y = Cy cosz + Cz sinx + C3 cos V3z + C, sinV/3z.

10.329.y = C,+Caz+(C5+Cyz)e . 10.330.y = C1+Caz+C3e*+Cye™*.
10.331. y = C,cosz + Cysinz + z(C3cosz + Cysinz). 10.332. y =
= (C1+Caz)e** +(C3+Cyz)e 2. 10.333.y = C) +C; cos 2z +C3 sin 2z +
+ z(Cy cos 2z + Cs sin 2z). 10.334. y = Cy + Coz + C32% + €3%(Cy + Cs).
10.335. y = (Cy + Cax)e® + (C3 + Csz) cosx + (Cs + Cez) sin .

10.336. y = C) + Caz + C3z% + Cy2® + €7 %(Cs + Cexr). 10.337. y = €®.
10.338. y = (7 — 3z)e® 2. 10.339.y =2 +e%. 10.340. y = shz. Yxa-
3auue. Hauansusle yenosua: y(0) =0, y'(0) = 1. 10.341.y = gex— —%e?‘m.
10.342. y = C1e7% + C2e72® + (7% + e72%) In (e® + 1).

10.343. y = (Ci — In|sinz|) cos 2z + (Cz -z — %ctg:c) sin 2.

10.344. y = (01 + Coz + V4 — 22 + zarcsin %) e®.

10.345. y = (Cl + Coz + %ﬁ Inz — %:ﬂ) e~2%,

10.346. (Az3 + Bz?)e'®. 10.347. z(Acos4z + Bsindz). 10.348. Az +

+ Bcos8z + Csin8z. 10.349. (Az + B)sin2z + (Cz + D)cos2z.
10.350. (Az? + Bz)e'®. 10.351. Az® + Bz? + Cx.
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10.352. e® ((Az + B) cos 2z + (Cz + D) sin 2z).
10.353. ze?* ((Az® + Bz + C) cos 3z + (Dz* + Ez + F)sin3z).

. h
10.354. y = Cre® + (C"z - -;‘) e, 10.355.y = Cy chz + Cysha + s

1
10.356. y = Cye® + Che~47 — %e“” (52- n 3—6) e
1
10.357. y = C,e2® + Cye®® + 6(5 cos 3z — sin 3z).

2 — n?)sinnz + 2mn cosnz

(m? 4 n?)?

10.358. y = (C) + Cax)e™™ + (m

1
10.359. y = (C; + Caz)e™® + oy COSME- 10.360. y = C,cosz +
+ Cysin2z + z(rsinz + cosz). 10.361. y = C) cos2z + Cssin2zx +
1
+—8—(1+msin 2z). 10.362.y = C1e*/24+Cre~%/2—13. 10.363.y = C1e~2* +
+ Coe™3% 4 %e"‘” +ze"2%, 10.364. y = C; + Cye%* + %e“ + 2z + 3z
10.365. y = C) + Coz + (C3 + z)e™* + 23 — 322,

3
10.366. y = <01 + Coz + C3z? + %) ev. 10.367. y = C) + Cox +

2
+C3coszx + Cysinz + %(xz + 2z — 12). 10.368. y = Cie® + Cae™® +

+ Cscosz + Cysinz + ic-(:1c - 3)e* — zsinx. 10.369. y = C; + Caz +

8
4 2
+ Cg:z:2+C4:z:3+;—4+ (% —4z + 05) e®. 10.370.y = e2* 1 —2e® 4 e—1.

T
4
= 2cosz — Ssinz + 2e*. 10.374. y = 2ze”. 10.375. y = cosz + 2sinz +
+ e7" 4+ 3e® + 2ze®.  10.376. y = e"((2z — m — 1)sinz — mcosx).
10.377. y = Cjcosln|z| + Cysinln|z|. 10.378. y = C)cos(2In]z|) +

+ Cysin (2In|z|) + 2z. 10.379. y = C 2% + % —2lnz + % 10.380. y =
z

=C, + C’zIL‘2 + 03114. 10.381. y = Cy +CsIn I.'Ll + 031,‘3. 10.382. y =
= (2z + 1)(Cy + Ca1n|2z + 1]). 10.383. y = L shz. 10.384. y
shz

sh 27
“shl 10.385.y = "csi)j:f (enuncrenHoe peruexue). 10.386. Her pewe-

uutt, 10.387. (z—2)2 + y?> =5. 10.388.y = 1 —sinz—cosz. 10.389.y =

e—e " T Y 9
= .10.390. y = = -z +z°Inx.
o1 10.390. y 5 z°+z°lnz

7
10.371.y = e* —e~"+z2. 10.372.y = = +cos2z+ 6" sin2z. 10.373.y =
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A
10.391. z = e~ {acos Bt + ga+ vy sinft],rmea=—, = k - a?.
B 2m m
YrxasaHue. YpaBHEHHE UMeeT BU m-ig'i + P +kz=0
- oP AT T g TR
A k
10.392. z = e~ ¢ [ ach Bt + aa+ Y shft), tnea=—, B=1/a%+ —.
B8 2m m
d? d
YrazaHue. YpaBHeHue umees BUI leg + /\E% —kz =0.
10.393.a) r = achwt; 6) r = = shwt. Yrasanue. YpaBHeHue UMeeT BUI
&r = w?r. 10.394. r = ae ! [{chwy/14 p2t + —E shw17 urtl.
dt2 /1+ u2
10.395. T = 3 In(9+ v80) = 3c. YrazaHue. YpaBHeHUe UMEET BUI
V9
d’s g g
T2 T ¢° = g TAes — mymh, NIPOMIEHHBI 32 BpeMA ¢ KOHIOM OIlyCKAaro-
2gsin 30t — 60, /g si t
mrefica vactu uermu. 10.396. z = 950 vgsin g (cM). Yrasa-

g —900
2

z
Hue. Eciim & orcuuThIBaTH OT MOJIOKEHUA [OKOA Ipy3a, TO 42125 = 4g —

— k(zo+2z—y—1), rne zop — paccToAHME TOYKY NOKOA TPY3a OT HAYAJILHOMN

TOYKH IoaBeca IMPYMHUHBI, l — IOJIMHA OPYAUHBI B COCTOAHHU IIOKOA, O3~
2

d
tomy k(zo — l) = 4g u, cienopareinHo, 4# = —k(z — y), rne k = 4g,
g =981 cm/c?.

2
10.397. i = e~ 2:* E__ ((Lw - —1—) cos o — ot
(Lw - 1/(Cw))” + R? Cw LC 4L
—E w+ 1 ! sin —l— — R—2t +
2 LCw/ \/1/LC — R%/(4L?) VIc ™ a2

* (1/(Cw) —ELw)2 + R2 ((% - Lw) coswt + Rsinwt) .

Y kaszaunue. JuddepennuansHoe ypaBHeHue enu'Lﬂ+Rﬁ+-l—i _ de
e PERK yp memt S TV et T at

10.398. ¢ = Ej%tsin —\/2=0 < NUmeem %? = Ewcoswt. Tuddepernuans-

d%i .
Hoe ypaBHeHue uenu: L—— + —1? = Ewcoswt. O6uiee peuieHue cOOTBeT-

iz =~ C i )
CTBYIOLLET0 ONHOPONHOrO ypaBHeHua: 49 = C) cos —\/—E_gt + (s sin ——=t.

VLC
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Hactuoce pelieHue JHMHEAHOTO HEOQHOPOLHOTO YPABHCHMA MMEET LU i =

di
= t(Acoswt+ Bsinwt). Toraa — = #(— Aw sin wt+ Bw coswt) + A cos wt +

dt
2¢

d
+ Bsinwt, Eié = t(— Aw? coswt— Bw? sinwt)+ (-2 Aw sin wt+2Bw coswt).
~ d%

loncranans B yparHeHUC BLIPAKEHHA ¢ M —— gz 1 VAMTLIBAA, YT Luw? — o

= 0, nomyunm Tomaectso L(—2Awsinwt + 2Bwcoswt) = Ew cos wt,

~ E . i
CaegoBaTeapHo, i = —tsin ——=. O6wee

E
2L‘ 2L VILC'

petterue: ¢ = C) cos ——=1t + Cy sin — ! t+4+ — E tsin !
: : f gt \/_Lé oL " T
di

E 1
— = sm cos t cos t 4+
dt \/ V LQ \/ L v LL/ IVILC VvVLC

n

+-— sin —===t ¥ UCHONIL3YA HAYaILHBIE YCioBuA, Haftnem C) = Cy = 0.
2L \/ C

otkyza A =0, B =

t. Beruncaana

E 1
Uckomoe yacTHOE peluenue: ¢ = — tsin —=1t¢. >
P o1, """ IC

E E
10.399. 7 = 5T cos psinwt + Q—Etcos (Wt +p).  10.400. 22 + y% =
=22 -2y —zy), z+yy =22 —2'(y — xzy'). 10.401. yy' + 22’ = 0,
d ( d d
y? + 222" = 222'%. 10.402. oW _Z_ T 10403 dw _
1 z u Tyz — 28 1
dy _du_do v oo e dy de | dw_ _dy
1 v w y? ' 1 v w t v+ w
4 v 4
:dw:d.mmsc_lz:d_y:iz‘:_du :_d_b:_ dw N
w+t  t4wv 1 v u 2y -z w L+y—=z
d dy , d d
10.406. —f—’-:—': de _dt_dw _dv_ dw 0 419,000 =

t 22 —uz z4+u dv w  -zyY
=2+ Cy, y* = C1(2t + Cr). 10413. 2% = t* + Cy, y* = t* + Cs.
(01+CQ—.’E)2 5 ( 02+3)“

2 — = B . =
10.414. y* = NCr—7) 2 2(62—1‘) . 10.435. =
= In |C';(Clt +C)|, ¥y = lnng(Clt = Cz)l - Cy, z = (Cy + )t + Ch.

Y e . 2
10.416. 22 + y®> + 22 = C1y, 2 = Coy. 10.417. 2 = Cit, y = Cae’ + o
1

10.418. 2 -2y = C}, 2/Z2 -z — y+y = Co. 10.419. 2% = Cye* + Cae™?,
1

y? = Cre®t — Che . 10.420.y = 2+ =——e~ 1%, 2z = Cre™'®; y =
Ch1Cy
. 3z’ 3 .
=z—e% z=e" 10421.2=Cyy, 3> = 20 —— 4 Cy z=y, Yy’ = 5.‘324—1.
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10.422. a) [a; 6) ver. Y kazanue. Coornomenue (¢, x, y) = C apaaerca
nepBbIM MHTerpagom cucreMsl zp = fi(t, z, y), yi = fa(t, , y) Torza u

Oy Op
A t) 3 a-
TOALIO TOrAA, KOTAA + fi(t, z, y) o

10.423. 2¢27Y = 22+ (y—1)%. 10.424. 9> +3y(2®>-1)—10 = 0. 10.425.y =
= z(l +In\/|z]). 10.426. (y — z)? + 22 = 1. 10427y = Cyz'+V2 +

+ Cort V2 2 = V2101 (2 4+ V2) + 27 VEICL(2 - V2). 10.428. y
C
= Cy + Cox, z = 2Cy + %l— 10.429. z = Cyt + -—tz, y = —Cit +

+ %’z 10.430. z = %2-, Yy = Cael — % 10.431. = = Cyet + Cze%,

y = Crel + 2C:e*.  10.432. r = 3C1e* + Che, y = Cie? +
+Chett; =3, y =,  10.433. z = ¢*(C} cos2t + Cysin 2t),
y = e’ ((Cy — Cy)sin2t — (Cy + Ca)cos2t); z = e%(cos2t — sin2t),
y = 2¢% sin 2t. .

10.434. = = e~ 24(C cos 3t + Cysin 3t),

0
+ £t z, y)-a—j’;- =0.

1

y = —ée’Q‘((ziCl — 3C5) cos 3t + (3Cy + 4C5) sin 3t).

10.435. z = (2C1t + 2C, + C4 )e“", y = (Cit + C;))C“t.

C
10.436. © = (C1t + Cy)e™3, y = (—CIH- =L CQ> e 3t g = 2te™ 8,

2
y = (1—=2t)e 3. 10.437. z = Ciet + e~t/2 (C-z cos ?t + C3sin —\g—gt),
y = Cret + %e“tﬂ ((Cg\/_ ~ C5) cos ?t ~ (C2/3 4 C3) sin -—\—g—it>, z =

i

Ciet + %e_‘/z ((02\/‘_ — C3)sin ?t — (C3V/3 + C3) cos l?t); T =

=y =2z =c¢€. 10438. z = Cie® + Cre™t, y = Cre* + Cszet,
z=C1e? = (Ca+Cylet; z =ce¥ et y=cetet 2z =¢2 —
— 2e7t. 10.439. z = C; + 3Cye?, y = —2Cye* + Cze™t, z = C, +
+ Cae? — 2C3e7t. 10.440. x = Cret + Che®t + Cse’t, y = Cre! + 2C3e3,

) 2 5
z = 2Cie' + 0262t + 2C3e3. 10.441. ¢ = 2C e?t + 026'35 - gt - —1-§,
3 1
y = C1e? + 3Cye 3 % -1 10.442. ¢ = (Cycost + Casint — 1)et,

<
Il

23
(Cisint — Cycost)et. 10.443. z = (Cl + Cat + Tt3- 36‘) e,
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2
10.444. £ = Ci cost + Cysint — tcost,

t3
Y= (Cl—%+02t+——26‘>62‘

y = (Cy — Cy)cost — (Cy + Cy)sint + t(cost + sint).
10.445. z = Cycost+ Cosint +tgt, y = —Cysint+ Cycost + 2.
10.446. = = 3(C1e® + Cye™?!) 4+ C3 cos 2t + Cy sin 2t,
y = 2(Cre* + Cye™2t) — 2(C3 cos 2t + Cy sin 2t).

Yraszauue. Uckath pemenue cuctems: B pume © = Aeft, y = Bekt
10.447. z = (l(l—f-t—), y = 3—a(—1%2_—t). Yraszauue. Cucrema gud-
depennuanpHbix ypapHenuit: & = ki(a —x —y), y = k2(a — z — y).
10.448.w:ac0s%t, Yy = 0\/— \/_t z—z-kl::z; =1. Yraza-

Hue. Huddepenuuannbune ypaBHeHun IBH/AREHUA: ME —k%z, mij =
—k%y. 10.449. Heycrotuuso. 10.450. Ycrotruuso. 10.451. Heycrottuuso.
10.452. Acumnroruuecku ycrofuuso. 10.453. AcuMnTOTHYECKH yCTOHYUBO,
ecm @ < —1/2; yeroftuuso, ecin @ = —1/2, u Heycrotuuso npu o > —1/2.
10.454. 2 = —¢; + fi(f, 21 + 01(t), ..., 20 + @u(t)) = Fi(t, 21, ..., zn),
i=1,2,...,,n. Yrasauue. [Ipeobpasosars cucremy (1) k HOBbIM mepe-
MEHHBIM, NoJlaraa z; = T; — @i, 1t =1,2, ..., n
10.455. Touxa mowoa z; = 0 (1 = 1,2, ..., n) cuctemsl auddeperuuans-
HBIX ypaBHEHMIH ycroﬂqnna ecau gaa mwoboro € > 0 Haﬁnercn d(e) > 0 ta-

KO€, UTO U3 HEPABEHCTBA Z > (to) < 62(g) cuemyer Z z2(t) < € npu BCex
i=1 i=1

t > to. Ecam, kpome TOro, BBINOJHEHO COOTHOILLEHUE t—lél-gloo izn:l z?(t) = 0,
TO TOYKA HOKOA CHCTEMbI aCUMITOTMYECKH YCTOHUYMBA. Touka HOKOA He-
ycTo#umBa, eciu Hainyrca € > 0 u Homep ¢ Takue, yTo npu jrobom & > 0
u3 HepaseHcTBa |z;(to)| < d caenyer |z;(t)] > € mna HewoToporo t > io.
10.456. Heycroituuseiit doxyc. 10.457. Cenmo. 10.458. Heycrotiuuseiii ¢o-
Kyc. 10.459. Ycro#uuseiii y3en. 10.460. Ycroiuuseiit yzen. 10.461. Ycroit-
upsbilt y3ea. 10.462. Hu npu xarux a. 10.463. o > 2

10.464. o < 0, |a| > |B] — cayyait 60abLIOr0 «OTPHULATENLHOIO TPEHHAY,
TOYKa MOKoA — HeycToMuusbi ysen; a < 0, |a| < |B| — cayuait «orpu-
[aTeJbHOr0 TPEHUA», TOUKA NMOKOA — HeyCTOoHumBhIA doxryc; a = 0, Touka
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noKoA ycrofiuusa — ueHtp; @ > 0, |a| < |B|, Touka mokoa — ycToituMBbIHA
doryc; a > 0, |a| > |3|, conporusneHye cpenbl BeIMKO, TOYKA IOKOA —
yCTOMUMBEIY y3el. Y Ka3aHHUe. 3aMEHHUTL YDABHEHHE SKBHBAJEHTHOMN
HOPMAJIBHOM cucTeMolt £ =y, ¥ = —2ay — B%z.

10.465. Yraszauue. cnons30o8aTh 3amuch 4acTHOTO peLIEHHA OXHOPOJ-
HOM CHCTeMBI NPM DA3AUYHBIX 3HAUEHUAX XaPAKTEPUCTHUECKOrO KOPHA.
10.466. Heycrofrumsa. 10.467. Yeroftumsa. 10.468. V = z? + 42; ycroi-
vupa. 10.469. 17 = z2 + y?; ueycrofiunsa. 10.470. V = 2t + y*; yeroft-
umpa. 10.471.V = z%+y?; weycrotrumnsa. 10.472.V = 2x24y?; ycrottuusa.
10.473. V = 42 - ;)1-:1;2; Heycrofiuusa. 10.474. Ycroiuusa. 10.475. He-
ycrofumsa. 10.476. T{eycroﬁqua. 10.477. Ycrottyusa. 10.478. Ycroituusa.
10.479. Heycroituasa. 10.480. V = 32 + 4y?; acumnTorudecku yCToluBa.






